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0 Introduction

0 Introduction

Representation theory is the theory of how groups act as groups on vector spaces.
Here

1. groups are either finite or compact topological groups,

2. vector spaces are finite-diemnsional and usually over C,

3. actions are linear.



1 Group actions

1 Group actions

Notation.

1. F is a field, usually C, R or Q. In particular F is a field of characteristic
zero. Thus in this course we mostly deal with what is known as ordinary
representation theory. Sometimes F = F, or ]Fi,, and the study of which is
known as modular representation theory.

2. Vis a vector space over F and will always be finite-dimensional.

3. GL(V) ={6:V — Vlinear invertible}.

1.1 Review of linear algebra

If dimp V' = n, choose basis e, ..., e,, over F so we can identify it with F”. Then
0 € GL(V) correponds to an n x n matrix 4y = (a,;), where

H(ej) = Z a;;e;

for 1 < j < n. In fact we have A, € GL,,(F), the general linear group. Thus

j

Proposition 1.1. The map

GL(V) — GL,,(F)
0= Ay

is a group isomorphism.
Proof. Check Ay » = Ay Ay, and bijectivity. O

Choosing a different basis gives different isomorphism to GL,, (F), but

Proposition 1.2. Matrices Ay, Ay represent the same element of GL(V)
with respect to different basis if and only if they are conjugate or similar,
i.e. exists X € GL,, (F) such that Ay = XA; XL

Recall that the trace of a matrix A is

trA = Zaii.
i

Proposition 1.3. As tr(XAX ') = tr A we can define
tr = tr(Ay)
which is independent of the basis chosen.

Some notes on diagonalisation:

Example. Let a € GL(V) where V'is a finite-dimensioanl vector space over C
with o™ = id for some m. Then « is diagonalisable.
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Proposition 1.4. Let V a finite-dimensional vector space over C and o €
End(V). Then « is diagonalisable if and only if there exists a polynomial f
with distinct linear factors with f(a) = 0.

Remark. In the previous example take f(X) = X™—1 = H;’;l (X —w’) where

27

w=em.

Proposition 1.5. A finite family of commuting separately diagonalisable
non-singular transformations of a C-vector space can be simultaneously di-
agonalised.

1.2 Basic group theory
We have an ample supply of basic groups:

1. symmetric group S, = Sym(X) on a set X = {1,...,n} is the set of all
permutations of X. |S, | =nl.
2. alternating group A, with |A, | = %‘ consists of all even permutations.

3. cyclic group of order n: C,, = (x : 2™ = 1). For example (Z/mZ,+). It’s
also

o the group of mth root of unity in C (which embeds to GL;(C) = C*),

« the group of rotations, centre 0 of a regular m-gon in R? (which
embeds to GLy(R)).

4. diahedral groups: D,,, = (z,y : 2™ = 3?> = L,yzy ' = 27 !) of order
2m. Think of this as set of rotations and reflections preserving a regular
m-gon.

5. quaternion group: Qg = (z,y : #* = 1,9? = 2%, yzry~! = 271) of order 8.
In GL,(C), can put

(00 (Y ()

then Qg = {1, £, +k, £1,}.

Definition (conjugacy class, centraliser). The conjugacy class of g € G is
Calg) = {wga™" : x € G}.

Then
Cq(9)l =G : Cilg)]

where C,(g) = {= € g: g = gz} is the centraliser of g in G.

Definition (group action). Let G be a group and X be a set. G acts on X




1 Group actions

if there exists a map

GxX—=X
(g,2) = gx

such that

lx =z forall x € X
(gh)x = g(hz) for all g,h € G,z € X

Proposition 1.6 (permutation representation). Given an action of G on
X, we obtain a homomorphism 0 : G — Sym(X), called the permutation
representation of G.

Proof. For g € G the function 0, : X — X,z = gz is a permutation of X (with
inverse 1. Moreover for all g;, g, € G,

=40,0

09192 91" 92
since (g,95)x = g;(gox) for all x € X. O

In this course X is often a finite-dimensional vector space over Fand the
action is required to be linear, namely

g(vy +v3) = gv; + gvy
g(Av) = Ag(v)

for all v;,v, € V,g € G, € F.
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2 Basic definitions

Let G be a finite group, F a field.

Definition (representation). Let Vbe a finite-dimensional vector space over
F. A (linear) representation of G on V'is a group homomorphism

p=py:G— GL(V).
Write p,, for py(g).

So for each g € G, p, € GL(V),py; = id and py ;. = py Py, Py = Py
The dimension or degree of p is dimp V.
Reall that ker p < G and G/ kerp = p(G) < GL(V). We say p is faithful if

ker p = {1}.
We repeat what we said in introduction, namely the correspondence between
group representation and group action:

Definition (linear action). G acts linearly on V'if ther exists a linear action
G xV =V, (g,v) — gv such that

(9192)v = g1(g20), lv = v
9(vy +vy) = gu1gvy, g(Av) = Ag(v)
Now if G acts on V, the map
G — GL(V)
g p,

with p, @ v = gv is a representation. Conversely, given a representation G —
GL(V) we have a linear action of G on V via

gv = p(g)(v).

Remark. We also say that Vis a G-space or that Vis a G-module. This use of
“module” might seen unconventional but if fact if you define the group algebra

FG = {Zagg Py GIE‘}
geG

with natural addition an multiplication, then Vis an FG-module. FG is an ex-
ample of F-algebra, i.e. a ring which is also an F-module such that multiplication
is bilinear.

If we bring in a basis for V, we get yet another equivalent definition:

Definition (matrix representation). R is a matriz representation of G of
degree n if R is a homomorphism G — GL,, (F).



2 Basic definitions

Given a linear representation p : G — GL(V') with dimpV = n, fix a basis
B then we get a matrix representation

G — GL,(F)
g+ [p(9)ls

Conversely, given a matrix representation R : G — GL,,(F), you get a linear
representation

p: G — GL(F")
grp,
via py(v) = Ry(v).
Example. Given any group G, take V =T (the 1 dimensional space) and
p:G— GL(V)
g idy,
is known as the trivial representation. degp = 1.

Example. Let G = C;, = (z : 2* = 1). Take F = C and let n = 2. Then
R : 2z — X will determine =7 — X7 and thus the matrix representation R. We
need X* = I. We can take

o either X diagonal: any such with diagonal entries in {41, +4} (16 choices),

o or X is not diagonal: then it will be conjugate to a diagonal (by diagonal-
isability criterion).

2.1 Equivalent representations

Definition (G-homomorphism, G-isomorphism). Fix G and F. Let V and
V'’ be F-vector spaces and p : G — GL(V),p’ : G — GL(V’) be repre-
sentations of G. The linear map ¢ : V. — V' is a G-homomorphism or
intertwining homomorphism if

In other words, the following diagram commutes:

vy

=l

' Pg Vv’

We say ¢ intertwines p and p’. Write Hom(V,V’) for the F-space of
all such.

p is a G-isomorphism if ¢ is also bijective. If such a ¢ exists, say p and
p’ are isomorphic or equivalent. If ¢ is a G-isomorphism we can write the
intertwining condition as

p=opp .
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Lemma 2.1. Being isomorphic is an equivalence relation on the set of all
representations of G over F.

Proof. Exercise. O

Remark. If p and p’ are isomorphic representation then they have the same
dimension. The converse is false: C, has four non-isomorphic 1 dimensional
representations.

Remark. Given G,V ,F with dimp V =n and p: G — GL(V), fix a basis B of
V. We get an isomorphism

p: V= F"
v [v] g

And ¢ gives a representation p’ : G — GL(F™) isomorphic to p.

Proposition 2.2.

1. Transformations in terms of matriz representatives: R : G — GL,,(F), R’ :
G — GL,,(F) are G-isomorphic or G-equivalent if exists X € GL,,(F)
with

R'(g) = XR(g9)X!

forall g € G.

2. In terms of linear G-actions, the action of G on' V., V' are G-isomorphic
if there exists o : V — V' such that

gp(v) = p(gv)

forallge G,ve V.

2.2 Subrepresentation

Definition (G-subspace). Let p : G — GL(V) be a representation of G. We
say that W < V'is a G-subspace if it is a subspace and it is p(G)-invariant,
ie. p,(W)C WHorallgeg.

Obviously {0} and Vare G-subspaces. On the other hand,

Definition (irreducible/simple representation). p is said to be érreducible
or simple representation if there are no proper G-subspaces.

Example. Any 1 dimensional representation of G is irreducible. The converse
is not true. For example Dg has a 2 dimensional irreducible representation.
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Definition (subrepresentation). If W is a G-subspace then the correspond-
ing map

G — GL(W)
g p(9)lw

is a representation of G, known as a subrepresentation of p.

Lemma 2.3. If p : G — GL(V) is a representation, W is a G-subspace
of V.and B = {vy,...,v,} is a basis containing a basis {vy,...,v,,} of W,
where 0 < m < n, then the matriz of p(g) with respect to B has block upper
triangular form

for each g € G.

Example. Let F =C.

1. Trreducible representation of C;, = (x : * = 1) are all 1 dimensional and

four of them are
r= e —lo —i,x 1.

In general C,, has precisely m inequivalent complex irreducible represen-
tations, all of degree 1. Actually all complex irreducible representations
of a finite abelian group are 1 dimensional, by simultaneous diagonalisa-
tion and primary decomposition. Alternatively, this follows from Schur’s
lemma.

2. G = Dg: every irreducible C-representation has dimension < 2. Let
p: G — GL(V) be an irreducible representation of G. Let r be a rotation
and s be reflection. Take an eigenvector v of p(r) so p(r)v = v for some
AeC,A#0. Let

W = (v,p(s)v) < V.

Since

p(s)p(s)v = v
p(r)p(s)0 = p(s)p(r) 1o = A Lp(s)0

so W is G-invariant. Since V'is irreducible W = V.

Definition ((in)decomposable representation, direct sum). We say that p :
G — GL(V) is decomposable if there are proper G-invariant subspaces U, W
with V.= U @ W. Say p is the direct sum py @ py. If no such subspaces
exist we say p is indecomposable.

Lemma 2.4. Ifp : G — GL(V) is decomposable, B = {vy, ..., Uy, Wy, ... ,w,}
is a basis of V consisting of a basis of U and a basis of W, then p(g) with
respect to B is block diagonal for all g € G.

10
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Definition (direct sum). Let p : G — GL(V),p’ : G — GL(V’) be two
representations. The direct sum of p, p’ is

p®p G- GLVaV)
(p@p)(g)(v+2") = plg)v+p (g

For matrix representations R : G — GL,,(F),R’ : G — GL,,/(F), define
R®R :G— GL, ., (F) is given by

g (R(()g> R’%g))

for all g.

11
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3 Complete reducibility and Maschke’s theorem
Given G, F as usual.

Definition (completely reducible/semisimple representation). A represen-
tation p : G — GL(V) is completely reducible or semisimple if it is a direct
sum of irreducible representations.

Remark. Irreducible implies completely reducible. The converse is not true.
See example sheet 1 question 3.

From now on take G to be finite and ch F' = 0 throughout this chapter.

Theorem 3.1 (complete reducibility theorem). Fuvery finite-dimensional
representation V of a finite group over a field of characteristic 0 is completely
reducible, i.e. V.=V, @--- @V, is a direct sum of representations with each

V; irreducible.

In fact it is enough to prove

Theorem 3.2 (Maschke). Suppose G is finite and p : G — GL(V) is a
representation with V finite-dimensional, ch F = 0. If W is a G-subspace of
V then there exists a G-subspace U of V such that V=W @ U, a direct sum
of G-subspaces.

Proof. Let W’ be any complementary subspace of Win V, i.e. V=W @& W’.
Let g : V. — W be the projection of Vonto W along W’ i.e. if v = w + w’ then

q(v) = w. Define
g Y
9q(g
P

the “average of q over G”. Note that we’ve dropped the p in p(g) and p(g~!) to
avoid excessive notations.

Claim that g: V. — W: for v € V, ¢q(g7*(v)) € W and g(W) C W. Also
q(w) = w for w € W as

aw) |G|qu v |G|Zg \G|Zw “

geG geG geG

Thus g projects V onto W.
As G is a projection we can write V = imq@® kerqg = W & kerg. Need to
show ker g is G-invariant. Note that if h € G

hg(v | a qu g 'v)
= @ ; hgq(g~'v)
- > (haluth) o)
= Té' Eg:gq(g !
— 4(w).

12



8  Complete reducibility and Maschke’s theorem

Thus if v € kerg, h € G then
ha(v) = 0 = (ho)
so hv € kerq. Therefore
V=img@kerg=W @ kerg
which is a G-subspace decomposition. O

In fact, we only need chF } |G].

Remark. Complements are not unique. For example, take G = 1. Then a
representation of G is just a vector space. Take V = C2. Then any proper
subspace W < V will do.

Exercise. Deduce complete reducibility theorem from Maschke by induction
on dimension.

We'll present another proof using inner product. This will generalise easily
to compact Lie groups. Take F = C.
Recall that for Va C-vector space. (-, -) is a Hermitian inner product if

1. (w,v) = (v, w) for all v, w.
2. sesquilinear: linear in second argument.
3. positive definite: (v,v) > 0 if v # 0.

Furthermore (-, -) is G-invariant if

{90, gw) = (v, w)

forall v,w e V,g € G.

If W is a G-invariant subspace of V (with a G-invariant inner product) then
W+ is also G-invariant and W = W@W': enough to show for allv € W, g € G,
have gv € W+. But by definition (v, w) = 0 for all w € W. Thus by G-invariance
{gv, gw) = 0 for all g. Certainly (gv,w’) = 0 for all w’ € W as we can choose
w = g 'w’ € W. The result thus follows.

Therefore if there is a G-invariant inner product on any complex G-space
then we get another proof of Maschke’s theorem.

Lemma 3.3 (Weyl’s unitary trick). Let p be a complex representation of a
finite group G on the C-vector space V. Then there is a G-invariant inner
product on V.

Proof. There exists an inner product on V: take basis eq,...,e, and define

(€;,€;) = 6;;. Extend sesquilinearly. Now define

1
(v, w) = @ Zg:(gv,gw)-

13



8  Complete reducibility and Maschke’s theorem

Easy exercise that (-,-) is a G-invariant inner product. For example for G-
invariance, for all h € G,

(hw.hu) = 2 (g (gh)w)

1 4 4
= @Z(Q v, g'w)
g/

= (v, w)

Corollary 3.4. Every finite subgroup of GL,,(C) is conjugate to a subgroup
of U(n).

Proof. Example sheet 1 Q5, Q12. O
Definition (regular representation). Recall group algebra of G is the F-

space
FG = span{e, : g € G}.

There is a linear G-action
h. E age, = g ag€ng = g Ap1g€g-
g g g

This is known as regular representation of G, denoted p,,.

This is a faithful representation of dimension |G|. We call V = FG (some-
times also written as F[G]) the regular module.
It turns out that every irreducible representation of G is a subrepresentation

Of Preg:

Proposition 3.5. Let p be an irreducible representation of G over a field
of characteristic 0. Then p is isomorphic to a subrepresentation of p,,-

Proof. Let p : G — GL(V) be irreducible and let v € V nonzero. Consider
0:FG -V

D agey > D aggv
g g9

This is a G-homomorphism. Now V'is irreducible and im# = V since im# is a
G-subspace. Then ker 6 is a G-subspace of FG. Let W be a G-complement of
ker§ in FG. Thus

W =TFG/kerf = imf ="V.

More generally,

14



8  Complete reducibility and Maschke’s theorem

Definition (permutation representation). Let G act on a set X. Let FX =
span{e, : € X} with G action

g' § a’xex = z a’$€g$
x x

so we have a G-space FX. The representation G — GL(FX) is the corre-
sponding permutation representation.

15



4 Schur’s lemma

4 Schur’s lemma

Theorem 4.1 (Schur’s lemma).

1. Assume V and W are irreducible G-spaces (over field F). Then any
G-homomorphism 0 : V. — W is either 0 or a G-isomorphism.

2. Assume F is algebraically closed and let V be an irreducible G-space.
Then any G-endomorphism V — V is a scalar multiple of the identity
map 1y, (a homothety).

Proof.

1. Let 8 : V — W be a G-homomorphism. Then ker 6 is a G-subspace of V.
Since V'is irreducible either ker § = 0 or ker § = V. Similarly im0 = 0 or
im@ = W. Hence either § = 0 or 6 is injective and surjective.

2. Since F is algebraically closed, 6 has an eigenvalue A\. Then 6 — A1y, is a
singular G-endomorphism on V; so must be 0.

O

Recall the F-space Homq(V, W) of all G-homomorphisms V' — W, we can
restate Schur’s lemma

Corollary 4.2. If V and W are irreducible complex G-spaces then

1 if V,W are G-isomorphic

0 otherwise

dim¢ Hom (V, W) = {

Proof. If V.and W are not isomorphic then the only G-homomorphism V' — W
is 0. Assume V =, W and 6,,60, € Homq(V,W), both nonzero. Then 6, is
invertible and 6516, € End (V) and nonzero, so 6516, = Al,. Then 6§, =
A0,. O

Corollary 4.3. If G has a faithful complez irreducible representation then
Z(G) is cyclic.
Remark. The converse is false. See example sheet Q10.

Proof. Let p : G — GL(V) be a faithful representation over C. Let z € Z(G),
then ¢, : v = zv is a G-endomorphism, hence multiplication by a scalar, say
1. Then

Z(G) — C*
g by

is a representation of Z(G) and is faithful since p is. Thus Z(G) is isomorphic
to a finite subgroup of C* so cyclic. O

This is our first group theoretic result based on representation theory. This
is a recurring theme in representation theory.

16



4 Schur’s lemma

Corollary 4.4. The irreducible C-representations of a finite abelian group
G are all 1 dimensional.

Proof. One can use Proposition 1.5 to invoke simultaneous diagonalisation: if v
is an eigenvector for each g € G and if V'is irreducible then V = (v).
Alternatively, let V be an irreducible representation. Given g € GG, the map

GQ:V—>V

v gu

is a G-endomorphism of V. Hence 6, = A 1, for some A\, € C. Thus gv = Ajv
for any g € G. Thus as V # 0 is irreducible, V = (v). O

Remark. This fails for R. For example C; has two irreducible R-representations,
one of dimension 1 and one of dimension 2.

Recall that every finite abelian group G is isomorphic to a product of cyclic
groups. In fact it can be written as product of C,. for various primes p and
a > 1. The elements are uniquely determined up to order.

Proposition 4.5. The finite abelian group G = C,, x--x C,, has precisely
|G| irreducible C-representations as described below.

Proof. Write G = (x1) X -+ X (z,.) where |z,| = n;. Suppose p is irreducible so it
is 1 dimensional. Let p(1,...,x;,...,1) = A;. Then )\;-lj = 150 ), is an n;th root
of unity. Now the values (Aq, ..., \,.) determine p, and no two are equivalent. [

Note that however, there is no canonical bijective correspondence between
the elements of G and the representations of G. If you choose an isomorphism
G=C, x..C, then we can identify the two sets, but it depends on the choice
of isomorphism.

4.1 Isotypical decompositions

We know that in characteristic 0, every representation V of G decomposes as
P V; where each V; is irreducible. How unique is this?
A wishlist of properties:

1. uniqueness: for each Vthere is only one way to decompose V' = @V, with
V; irreducible.

2. uniqueness of isotypes: for each V there exist unique subrepresentations
Uy s Uy such that V = @ U, and if V; < U,;,V/ < U; irreducible sub-
representations then V, = Vj’ if and only if i = j.

3. uniqueness of factors: if @le V, = @il V/ and V,,V/ are irreducible

?

then k =k’ and there exists m € Sy such that V=V,

Evidently 1 is too strong (G = 1 acting on any V with dimension > 1).
However 2 and 3 do work. We will skip the proof and refer the reader to
Teleman §5. However, we shall discuss how to calculate multiplicities of simples
in the isotypes.

17



4 Schur’s lemma

Lemma 4.6. Let V,V;,V, be G-spaces.
1. Homg(V,V; @ V) = Homg(V, V) @ Homg (V, Vs).
2. Homq(V; @ V5, V) = Hom(V;,V) @ Hom (V,, V).

Proof. Let 7, : V; & V5 — V, be the G-linear projections in V, with kernel V;_,.
Then
Hom(V,V; & V,) — Hom(V,V;) @ Homg (V,V,)
¢ (T, Tap)

has inverse (¢, %) > 11 + Py.
Also the map

Homg (V) ® V5, V) — Homg(V3, V) @ Homg (V,, V)
e (el ely,)

has inverse (¢, 15) > 17, + YyTs. O

Corollary 4.7. Suppose F is algebraically closed and V = @?:1 V. is a
decomposition into irreducibles. Then for each irreducible representation S
of G,

#{j:V; = S} = dimHomg(S,V).

This is known as the multiplicity of S in V.

Proof. By induction on n. Obvious for n = 0,1. For n > 1, write

Then

dim Hom (S, (@ V)@ V,) = dimHom.(S, @ V;) +dim Hom(S,V,,)
i=1 i=1

and use Schur’s lemma. O

Definition (canonical decomposition). A decomposition V' = @ W, where
each W is isomorphic to n; copies of irreducible representation S; (each non-
isomorphic for each j) is the canonical decomposition or the decomposition
into isotypical components W ;.

For F closed, the above lemma says that n; = dim Homg(S;,V), i.e. n; is
detectable at G-homomorphism level.

Example. Teleman §5 gives an example on Dy.
If G is finite abelian then every complex representation V of G has unique
isotypical decomposition.

18
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5 Character theory

We want to attach invariants to a representation p of a finite group G on V.
Matrix coefficients of p(g) are basis-dependent so not true invariants. det is an
invariant but not a very useful one, as lots of inequivalent representations have
determinant 1. Instead we’ll use trace.

Let F = C and let p = py,: G — GL(V) be a representation.

Definition (character). The character x, = xy = x is defined as

x:G—C
g trp(g)

The degree of xy is dim V.

X is linear if dimV = 1, in which case x is a homomorphism G — C*.
X is @rreducible/faithful /trivial (or principal) if p is. In the last case we also
write x = 14.

It turns out that y is a complete invariant in the sense that it determines p
up to isomorphism. We’ll prove this later.

Theorem 5.1.
1. xy(1) =dim V.

2. xy is a class function, namely it is conjugation invariant. Thus Xy, is
constant on conjugacy classes of G.

8 xvlg™h) = xvl9).

4. For two representations V and W,

Xvew = Xv + Xw-
Proof.

1. Clearly trI, =n.

2. x(hgh™') = tr(R, R R;") = tr R, = x(g).

3. g € G has finite order so diagonalisable so can assume p(g) is represented

by diagonal matrix
( A - 0 )
0 - A,

so x(g) = >_ \,. Now g~! is represented by

)\1*1 0
( 0 - Agl)
X =Y =D =D N=x9.

19
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5 Character theory

4. Suppose V =V, & V,,p;, : G — GL(V,),p : G — GL(V). Take basis
B = B, UB,, where B, and B, are basis for V; and Vj respectively, of V.
With respect to B p(g) has matrix

("8 o)

x(g) = trp1(g) + trpa(g) = x1(9) + x2(9)-

and so

O

Remark. We'll see later that if x;, x, are characters of G then x;x, is also a
character of G (spoiler: tensor product).

Lemma 5.2. Let p: G — GL(V) be a (complex) representation affording
the character x. Then for g € G, |x(g)| < x(1) with equality if and only if
p(g) = M for some X € C a root of unity. Moreover x(g) = x(1) if and only
if g € ker p. In other words, the kernel of x ker x is

kerp={gcG:x(9) =x(1)}.

Proof. Example sheet 2 Q1. O

Lemma 5.3.

1. If x is a (complex irreducible, respectively) character of G then so is
X-

2. If x is a (complex irreducible, respectively) character of G then so is
ex for any linear (i.e. 1 dimensional) character € of G.

Proof. If R : G — GL,,(C) is a (complex irreducible) representation then so is

R:G— GL,(C)
g+ R(g)
Similarly r" : g = €(g)R(g). Check the details. O

Definition (class function, class number). Define
C(G)={f:G— C: f(hgh™') = f(g) for all h,g € C},

the complex space of class functions. It is a C-vector space.

Let k = k(G) be the class number of G, i.e. number of conjugacy classes
of G. List conjugacy classes as €; = {1},C5, ..., C}. Choose g; = 1,95, ..., g
representatives of the classes. Note that dim €(G) = k, as the characteristic
functions §; of the conjugacy classes form a basis.
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5 Character theory

Define a Hermitian inner product on C(G) as follow:

- G 2T

geG

_ %T,'Z|€j|@f'(gj)

Z e )

For characters we have

k
X)) = Z mx(gﬁ)x/(gj)

which is a real symmetric form (in fact we will show it is an integer).
Theorem 5.4 (completeness of characters). The C-irreducible characters
of G form an orthonormal basis of C(G). More precisely,

1. 9fp: G — GL(V),p" : G — GL(V') are irreducible representations of
G, affording characters x and x’ then

, 1 if p,p’ are isomorphic
6x') = .
0 otherwise

This is called row orthogonality.

2. each class function of G is a linear combination of irreducible charac-

ters of G.

Proof. See chapter 6.

Corollary 5.5. Complex representations of finite groups are characterised
by their characters.

Note the finiteness condition. For counterexample otherwise take G = Z,
Il Tand 1+ (3 1).

Proof. Let G be a finite group and p : G — GL(V) be a representation affording
X- By Maschke’s theorem p = m,p; @---@®myp, where py,..., p, are irreducible
and m; > 0. Then m; = (x;,x) where x; is afforded by p;: for x = m;x; +

-+ myx; and thus

0Gox) = (G, maxq + -+ myx;) =m;
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5 Character theory

Corollary 5.6 (irreducibility criterion). If p is a C-representation of G
affording x then p is irreducible if and only if (x,x) = 1.

Proof. = is row orthogonality. For <= | suppose (x,x) = 1. Complete
reducibility says that x = > m;x; where x;’s are irreducible and m; > 0. Then
> m? = 1so0 x = x; for some j, so x is irreducible. O

Theorem 5.7. If the irreducible C-representations of G, pq,...,p, have
dimensions nq, ..., n, then
k
Gl = _ni.
i=1

Proof. Recall p,o, : G — GL(CG), the regular representation of G of dimension
|G|. Let 7., be its character, the regular character of G. Note that

Mglg) = 1 9=
ree 0 otherwise
Also claim that 7., = Zj n;x; with n; = x;(1):

nj 7< reg?XJ ‘Gl Z reg XJ ‘ ||G|XJ( ) X](]')
geG

Corollary 5.8. The number of irreducible characters of G (up to equiva-
lence) equals to the class number.

Corollary 5.9. Elements g;,9, € G are conjugate if and only if x(g,) =
x(g5) for all irreducible characters x of G.

Proof. = : characters are class functions. <= : if x(g;) = x(go) for all
irreducible characters x then f(g,) = f(g,) for all class fucntions of G. In
particular this is true for the characteristic function ¢ taking 1 on conjugacy
class of g; and 0 otherwise. O

Recall the inner prodcut on €(G) and the real symmetric form (-,-) for
characters.

Definition (character table). Let G be a finite group and F = C. The
character table of G is the k x k matrix X = [x;(g;)] where 1 = xq, ..., X}
are the irreducible characters of G and €, = {1},...,C}, are the conjugacy
classes with g; € €.

Example. G = S; = Dg = (r,s : 73 = s> = 1,srs7! = r1). The conjugacy

classes are
¢, ={1},¢, = {s,.s7",sr2},6’3 = {r,r 1}

22



5 Character theory

Thus from the corollary there are three representations. It is easy to write
down two of them: the trivial representation 1 and the sign S of permutation.
Think geometrically, it’s not hard to come up with a 2 dimensional irreducible
representation W of symmetry of an equilateral triangle. sr/ acts by matrix
with eigenvalues +1 so x(sr?) = 0 for all j. 7 acts by the matrix

cos 2T _gin %
sin QT” cos 2’“7”
so x(r*) = 2cos %T’T = —1 for all k. Thus we have character table
1 ¢ 6
111 1 1
S|1 -1 1
wi2 0 -1

We can do a few sanity checks: the sum of squares of the first column is 6, which
equals to the order of G. Also

so indeed it is irreducible.
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6 Proof of orthogonality

6 Proof of orthogonality

Proof of completeness of characters 1. Fix bases of Vand V’. Write R(g), R’ (g)
for matrices of p(g) and p’(g) with respect to these bases respectively. Then

1 L
ZX ) \G| Z R'(g 1)iiR(g)jj'
QEG geG
1<i,j<n

Let ¢ : V — V' be linear and define its “average”

then @ is a G-homomorphism. To see this, if h € G then

P’ (h)@p(h)(v) |G|Zp (gh)~)ep(gh)(v)
geG
|G|gzejcp )ep(g’)(v)
= o(v)

Case 1: p,p’ are not isomorphic Schur’s lemma says @ = 0 for any ¢ :
V' — V' linear. Take ¢ = ¢,4, having matrix E,5; with respect to our basis
with 0 everywhere except 1 in (a, 8)th entry. Then

aﬁ |G‘ Z aBR( ))
9eG
SO
71 —
|G‘ Z R za B3 — 0
geG

for all 7, j. Specialise to ¢ = a, 7 = § and sum over ¢, j to get
X', x) =0.

Case 2: p,p’ are isomorphic y=x". Take V=V’ p=p". . Ifp:V = Vis
linear endomorphism then @ € Endg (V). Now try = tr $:

trp= |—(1;| ;mp(g—l)w(g)) - ﬁ ;tw —tr

By Schur, @ = Aidy, for some A € C. Then A = %trap where n is the dimension
of V.
Let ¢ =¢,5 s0 trp =4,4. Hence

- 1. . 1 _
Pas = ﬁéaﬁ id = @ ZP(Q 1)5043%)(9)
g
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6 Proof of orthogonality

In terms of matrices, take (7, j)th entry:

1
=650

‘*Cl” Y R(g1)iaR(9)s; =

and put a =4, 5 = j to get

n

1 1 1
@ ;R(g )iiR(g)jj = *51‘]"

Finally sum over i, j to get
ox) =1
O

Before proving 2, let’s prove column orthogonality, assuming Corollary 5.8.

Corollary 6.1 (column orthogonality relations).

B

4 Xi(gj)Xi(gé): je|CG(9j)|-

This has an easy corollary:

Theorem 6.2.

Proof.

K2

(|CG<91) 0 )
D=
0 1C(gr)

Since X is square, it follows that DX is the inverse of X s0 X X = D. [

where

Proof of completeness of characters 2. List all the irreducible characters x4, .. , Xy
of G. Claim these generate C(G), the C-space of class functions on G. It’s
enough to show that the orthogonal complement to span(xy,...,x,) in C(G)
is 0. To see this let f € C(G) with (f,x;) = 0 for all x; irreducible. Let
p: G — GL(V) be irreducible representation affording x € {x1,...,x,}. Then

(fix) =0.

Consider the G-endormophism

& S F@pte) v = v
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6 Proof of orthogonality

so as p is irreducible it must be Aidy for some A € C. Take trace,

nA = tr@;ﬂg)p@ - g;f@x@ — (fx) =0

so A = 0. Hence >_ f(g)p(g) = 0 for all representation p by complete reducibility.
Take p = p,eq SO

S T @bes(9)er) = 3 Flade, =0

so f(g) =0 for all g. O
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7 Permutation representations

7 Permutation representations

Let G be a finite group acting on X = {zq,..., 2, }. Recall that CX is the free
C-space generated by X. The corresponding permutation representation

px : G — GL(CX)
g plg)

is given by p(g) : €r, 7 €gp, We call px the permutation representation

corresponding to the action of G on X. Matrices of py(g) with respect to basis
{e;}zcx are permutation matices: 0 except for one 1 in each row and column
and (p(g));; = 1 when gz; = x;. The corresponding permutation character
is

mx(9) = lfixx(9)] = {z € X : gz = x}|.

| Lemma 7.1. my always contains 1.

Proof. span(e, +--+e, )isa trivial G-subspace of CX with G-invariant com-

n

plement span(}_ . a,e, i > a, = 0). O

Lemma 7.2.
(7x,1a) = #G-orbits of G on X.

Proof. If X = X, U---U X, is the disjoint union of orbits then
Tx =Tx, T+ 7y,

with TX, the permutation character of G on X;. So prove the lemma, it is

enough to show that if G acts transitively on X then (7y,1) = 1. Assume G is
transitive on X,

(mo1) = lélgmm
zl—é“{(g,x)erX:gx:x}\

1

reX
1

= —|X

_ 1
|G
—1

|G| orbit-stabiliser

The whole proof can be seen as different ways to write fixed points of G. O
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7 Permutation representations

Lemma 7.3. Let G act on the sets X;,X,. Then G acts on X; x X, via
9(x1,25) = (971, 925). The character nx ,x = 7mx Tx, and so

(mx,smx,) = #{orbits of G on X; x X,}
Proof. If g € G then my , x,(9) = 7x (9)7x,(g). And

(Tx,»7x,) = (Tx,Tx,,1) = (Tx «x,,1) = #{orbits of G on X; x Xy}

O
Definition (2-transitive). Let G act on X, |X| > 2. Then G is 2-transitive
on X if G has exactly two orbits on X x X: {(x,2): 2 € X} and {(x,z,) :
x; € X, # 2o}
Lemma 7.4. Let G act on X with |X| > 2. Then
Tx =14+Xx
with x irreducible if and only if G is 2-transitive on X.
Proof. Write
Tx = myl 4+ myXe + - 4+ myx,
with 1, x5, ..., X, distinct irreducibles and m; € N. Then
‘
<7TX77TX> = ng
=1
Hence G is 2-transitive if and only if £ = 2, m; = my = 1. O

Example. S, acting on X = {1,...,n} is 2-transitive. Hence 7y = 1 + x with
X irreducible of degree n — 1. Similar for A4,, n > 3.

Example. Let’s write down the table of G = S;:

1 3 8 6 6

11 (12)(34) | (123) | (1234) | (12)
x; |1 1 1 1 1

sgn =y, | 1 1 1 —1 —1
Tx—1=x3|3 —1 0 -1 1

X3X2 = X4 | 3 -1 0 1 -1

X5 | 2 T Y z w

By column orthogonality, x = 2,y = —1,z = w = 0. Alternatively, we can use

Xreg = X1 + X2 + 3X3 + 3X4 + 2X5

to deduce x5. It is the lifting character of S,/V, = S;. See next chapter.
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7 Permutation representations

7.1 Alternating groups
Suppose g € A,, then
€5, (@) =15, : Cs.(9)]
1Ca, (@) =14, :Cy (9)]
Cy, (g) is contained in Cg (g) but they are not necessarily equal. For example,
let g = (123) € A;. C,(9) = g but Cg,(9) = {9,971} Recall from IA Groups
Lemma 7.5.
1. If g commutes with some odd permutation in S,, then Cg (g) = €4 (g).

2. If g does not commute with any odd permutation then Cg (g) splits
into two conjugacy classes in A,, of equal size.

Exercise. Character table for A;. See Teleman §12.
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8 Normal subgroups and lifting characters

8 Normal subgroups and lifting characters

Lemma 8.1 (lifting). Let N < G and let p: G/N — GL(V) be a represen-
tation of G/N. Then

p:G = G/NS aLw)

is a representation of G where p(g) = p(gN). Moreover p is irreducible if p
is. The corresponding characters satisfy

x(g9) = X(gN)

and degx = degX. We say that X lifts to x.
Lifting X — x is a bijection between

{irreducible reps of G/N} + {irreducible reps of G with N lying in kernel}.
Proof. Example sheet 1 Q4. O

Lemma 8.2. The derived subgroup G’ = ([a,b] : a,b € G) of G is the unique
minimal normal subgroup of G such that G/G’ is abelian. G has precisely
¢ = |G/G’'| representations of dimension 1, all with kernel containing G’
and obtained by lifting from G/G’. In particular ¢ | |G|.

Proof. Easy to check G’ < G and given N < G, G’ < N if and only if G/N
is abelian. By Proposition 4.5, G/G’ has exactly ¢ characters Xq, ..., Xy, all of
degree 1. The lifts of these to G also have degree 1 and thus by Lemma 8.1 these
are precisely the irreducible characters x of G such that G* < ker x. But any
linear character of G is a homomorphism x : G — C*, hence (g th~tgh) = 1.

Thus G’ < ker x. Thus x;, ..., x, are all the linear characters of G. O
Example.
1. G=8,. Show S, = A,,. Since G/G’ = C,, S,, must have exactly 2 linear
characters.

2. G=A, Let V={1,(12)(34),(13)(24), (14)(23)} < G and G** = GV =
C5. Hence there are three linear characters, all of them trivial on V. Thus
A, has character table

1 3 4 4

1] (12)(34) | (123) | (132)
la |1 1 1 1
Xo | 1 1 w w?
X3 |1 1 w? w
X4 | 3 -1 0 0

where the last row is from orthogonality.

Lemma 8.3. G is not simple if and only if x(g) = x(1) for some irreducible
character x # 1o and some 1 # g € G. Moreover any normal subgroup of
G is the intersection of the kernels of some of the irreducible characters of

30



8 Normal subgroups and lifting characters

| G.

Proof. If x(g) = x(1) for some non-principal character x (afforded by p) then
g € kerp by Lemma 5.2. So if g # 1 then ker p is a nontrivial proper normal
subgroup of G. If N is a nontrivial proper normal subgroup, take non-principal
irreducible ¥ of G/N. Lift to get an irreducible x, afforded by p of G, then
N < ker p < G. Hence x(g) = x(1) for all g € N.

Claim that if 1 # N < G then N is the intersection of the kernels of the lifts
of all the irreducibles of G/N: < is clear. For >, if g € G\ N then gN # N
so X(gN) # X(N) for some irreducible ¥ of G/N. Lifting ¥ to x we have

x(g9) # x(1). O
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9  Dual spaces & tensor products

9 Dual spaces & tensor products
Recall that €(G) is the C-space of class functions with dimension k. It has

an orthonormal basis x;, ..., x; of irreducible characters of G. There exists an
involution f  f* where f*(g) = f(g7!).

9.1 Duality

Lemma 9.1 (dual representation). Let p: G — GL(V) be a representation
over F and let V* = Homy(V,F), the dual space of V. Then V* is a G-space

under
(P*(9)¢)(v) = (p(g 1)),

the dual representation to p. Its character is

X (9) = X, (g7 ")
Proof. First show p* : G — GL(V™*) is indeed a representation:
P*(91)(0*(92)#) (v) = (p*(g2)) (p(g7 ") (v))
e(plgz (g1 ) (v))
©(p(g192) " (v))
(p*(9192)) (V)

For the character, fix ¢ € G and let eq, ..., e,, be a basis of V of eigenvectors
of p(g), say

plg)e; = Aje;.
Let €4, ..., €, be the dual basis. Then
(p*(9)g;)(e;) =;(plg " )e;) = ;0 ey = /\;153'61'

for all i so p*(g)e; = A;'e;. Thus

Xp(9) =D A =x,(g7h).

Definition (self-dual). p : G — GL(V) is self-dual if V =, V*. Over
F = C, this holds if and only if

Xp(9) = X,(97") = X, (9)
if and only if x,(g) € R for all g.

Example.

1. All irreducible representations of S,, are self-dual: the conjugacy classes
are determined by cycle types so g,¢g ' are always S, -conjugate. Not
always true for A,,.

2. Permutation representations CX are always self-dual.
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9  Dual spaces & tensor products

9.2 Tensor products

Definition (tensor product). Let V, Wbe F-spaces with dim V' = m,dim W =
n. Fix basis vy, ..., v, of V, w; ..., w,, of W. The tensor product space V@zW
or V ® W is an nm-dimensional F-space with basis

{v,@w;: 1<i<m,1<j<n}
Thus
Vew ={> \ueu,: )\, cF}
with obvious addition and multiplication.

2. fv=> v, € V,w=73 pw; €W define
v®w:Zaiﬂj(vi®wj).

Remark. Note not all elements of V ® W are of this form — some are combi-
nations, e.g. v; ® wy + vy ® wy, which can’t be further simplified.

Lemma 9.2.

1. ForveV,weW,\eF,
W) @uw=Av@w) =v8& (\w).
2. If(E,SCl,SCQ € Vvyvyhy? € W then

(T +2) QY=2, QY+, @Y
TR (Y +Y) =TQY +TR Y,

Proof. Easy verifications:

Loifv=> au;,w=73 B;v; then

2710

AM@w= Z()\ai) 0 ® w;

,J

Av@w) = Z()\ai) 0, @ w;
0,J

VR AW = Z()\ai) 0, @ w;
4,J

2. exercise.

It follows that the map

VxW-=VW
(v, w) VW

is bilinear.
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9  Dual spaces & tensor products

Lemma 9.3. If {eq,...,e,,} is any basis of V, {fy,..., f,} any basis of W
then {e;® f; : 1 <i<m,1 <j<n}isa basis of VR W.

Proof. Writing v, = 3_, ay.;, wy = Zj Bjefj, we have
v @ wy = Zaik jee; @ [
0,J

hence {e¢; ® fj} spans V ® W. And since there are nm of them, they are a
basis. O

Remark. One can define V ® W in a basis independent way in the first place.
See Teleman §6.

Proposition 9.4. Let p: G — GL(V),p’ : G — GL(V’) be complex repre-
sentations of G. Define
(p®p)(g): Z AijV; @ w; Z Aiip(9)v; ® p'(g)w;.

Then p ® p’ is a representation with character

Xpox' (9) = X,(9)X, (9)

for all g. Hence product of two characters of G is also a character.

Remark. On example sheet 1, we saw p irreducible, p” of degree 1 implies that
p® p’ is irreducible. If p’ is not of degree 1 this is usually false.

Proof. Tt is clear that (p® p’)(9) € GL(V® V') forall g € G and so p® p’ is a
homomorphism G — GL(V ® V). Let g € G. Let vq,...,v,, be a basis of Vof

rYm

eigenvectors of p(g), wy, ..., w,, be a basis of V' of eigenvectors of p’(g), say
P(Q)Uj = Ajv;, P/(9>wj = Hw;.
Then
(P®p")(9)(v; ®w;) = p(g)v; ® p'(g)w; = A\v; @ pyw; = (Ap;) (v; ® w;)

SO

Xoap (9) = D Nitty = D A D115 = X,(9)X, (9)-

Let F = C. Take V =V’ and define
Ve2=_vy V.

Let 7: 30 Aj;0; ®vj = . \;j0; ®;, a linear G-endomorphism of V2 such that
72 =1, so has eigenvalues +1.
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9  Dual spaces & tensor products

Definition (symmetric/exterior square). Define

S?V={zeV®: 1(z) =z}
ANV={zeV®:1(z) = -z}

the symmetric and exterior square of V.

Lemma 9.5. S%V, A%V are G-subspaces of V&2 and
V2 = 52V @ A?V.
S2V has basis
v, =1, Qv +v;®v;: 1 <i<j<n}
A2V has basis
{fvinv,=v,®@v;—v;®v;: 1 <i<j<n}.

(Note that in some conventions the definition of v;v; and v; Av; is half what
we defined here.) Hence

dim S?V = nint1)
2

dim A2y = " =1
2

Proof. Easy exercise by noting that for any x € V2,

1 1
v = 5(@+7() + 50— 7(2))

Lemma 9.6. If p : G — GL(V) is a representation affording character x,
then

xX* =Xs+ Xa

where X g, X are the characters of G in the subrepresentations S?V and A%V,
Moreover

xs(9) = 5(x*(9) + x(g*))

Proof. Compute the characters xg, xa in the usual way: fix an element and
choose an eigenbasis. O
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9  Dual spaces & tensor products

Example. G = S5,: We have worked out the character table before

1 3 8 6 6
11 (12)(34) | (123) | (1234) | (12)
X1 |1 1 1 1 1
sgn = xo | 1 1 1 —1 —1
Tx—1=x3|3 —1 0 —1 1
X3X2 = X4 | 3 -1 0 1 -1
X5 | 2 2 -1 0 0

Take x5, we can work out its symmetric and exterior square

1 3 8 6 6

1| (12)(34) | (123) | (1234) | (12)

X319 1 0 1 1

xs(g?) | 3 3 0 3 -1
S2x5 | 6 2 0 2

A%x; | 3 -1 0 -1 1

By simply calculating the inner prodcuct, we see that x, = A%y; is irreducible.
We also see
S%x3 =1+ x5+ Xs-

9.3 Characters of product groups

Proposition 9.7. If G, H are finite groups, with their irreducible characters
X1s -5 X 0nd Py, ..., 1, respectively, then the irreducible characters of their
direct product G < H are precisely {x;1; : 1 <i < k,1 < j <r}, where

Xﬂ/’j(ga h) = Xz(g)%(h)
Proof. If p : G — GL(V) affords x, p’ : H — GL(W) affords 1 then

pRp :Gx H— GL(VQW)
(9,h) = plg) ® p'(h)

is a representation of G x Hon V ® W and x,g,, = Xx¢-
Claim that x;9;’s are distinct and irreducible:

1 P
<Xz'wja quljs>(}'><H = m (gzh) Xz"l/)j(gv h)ers (97 h)

1 R 1 _
= <|G| ;Xi(g)Xr(g)> <|H| Eh:wj(h)ws(h))
—5.6

irvjs

To show that they are complete, we take their squares at identity:

St (12 = 30 Y wR(1) = [GIIH| = |G x H].
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9  Dual spaces & tensor products

9.4 Symmetric and exterior powers

Let V' be an F-space with dim V' = d. Choose a basis {vy, ..., v4}. Let

Ve =vV@--V
N ——

n

which has a basis {v; ® =~ ®uv; :i,...,%, € {1,...,d}} so dim V" = d".
There is an S,-action on the space V: for each o € S,,, we can define a linear
map

o Ven 5 yen
fvl ® “ee ® U’I’L = U0_<1> ® ® on_(n>

for vy, ..., v, € V, which induces a (right) action of S, on V®".
Given a representation p : G — GL(V), define a (left) action of G on V&
by
pE v ® - ® vy, b p(g)vy ® - ® p(g)v,

which commutes with the S, -action. So we can decompose V®™ as S, -spaces,
and each isotypical component is a G-invariant subspace of V®". In particular

Definition (symmetric/exterior power). For G-space V, define

1. the nth symmetric power of V

S"W={reV® :o(x)=xforalloeS,},

2. the nth exterior power of V

A"V ={z e V® :0(x) = (sgno)z for all o € S, }.

Both are G-subspaces of V®", but for n > 2, SV & A"V is a proper subspace
of V®". See example sheet 3 Q7 for bases of S"V, A"V.

9.5 Tensor algebra
Take chF = 0.

Definition (tensor algebra). Let TV = V®". The tensor algebra of V'is

T(V)= 1"V

n>0
with 7°(V) = F. This is an F-algebra. T'(V) is a graded ring with product
zeT"(V),yeT™V) = z-y=xzQy e T ™).
There are two graded quotient rings

SV)=T(V)/(u®v—-v@u)
A(V)=T(V)/(v®v)
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9  Dual spaces & tensor products

the symmetric and exterior algebra respectively. Have

S(V)=sv

n>0

AV)=PArV

n>0

9.6 Character ring

C(G) is a commutative ring.
Definition (character ring, virtual character). The Z-submodule of C(G)
spanned by irreducible characters of G is called the character ring of G,

sometimes also known as Grothendieck ring, denoted R(G). Elements of
R(G) are called generalised characters or virtual characters.

R(G) is a ring. Any generalised character is a difference of two ordinary
characters. {x;} form a Z-basis for R(G) as a free Z-module.
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10 Induction and restriction

10 Induction and restriction

Throughout the chapter let F = C and H < G.

Definition (restriction). Let p : G — GL(V') be a representation affording
x- We can think of V as a H-space by restricting attention to h € H. We
get Resgp = p ly= ry, the restriction of p to H. It affords the character

Resf x = X bu= Xur-

Lemma 10.1. If ¥ is any nonzero character of H then there exists an
irreducible character x of G such that 1 is a constituent of Resg X, i.€.

(Resf x,v) # 0.

Proof. List the irreducible characters of G' as x4, ..., x- Recall 7,,. Have

_lél

k
Z deg Xi <RGS§ Xi» ’l/}> = <RGSEI ﬂ—rcgv ¢> - |H|

i=1

(H#0

so (Res% x;, %) # 0 for some 4.

Lemma 10.2. Let x be an irreducible character of G and write
Resfix = Y _ ¢

where x,;’s are irreducible characters of H. Then

Zcfg\a:m

with equality if and only if x(9) =0 for all g € G\ H.
Proof. We have

1={xx)

= ﬁ > Ix(g)?

geG

= ﬁ (Z X@P+ > |x(9)2>
geH GEG\H
|H|

1
= @(RGS%}X,RQSA% X) + €] Z Ix(9)]?

geG\H
1
> 2
> (G L

with equality if and only if x(g) = 0 for all g € G \ H.
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10 Induction and restriction

Definition (induction) If ¢ is a class function of H, define the induced
class function Ind =1 19= 9% by

Ind Z 1/1 x tgr)
mEG
where
oo Jly) yeH
vly) = {0 otherwise

Lemma 10.3. If ¢ € C(H) then Ind$% ¢ € C(G) is a class function of G
and

Indf ¢(1) = |G = H|y(1),

Proof. Obvious. O
Let n = |G : H|. Let t; = 1,¢,,...,t, be a left transversal of H in G, i.e.

t\H =H,t,H,...,t,H are precisely the left cosets of H in G.

Lemma 10.4. Given ¢ € C(H) and a left transversal t, ..., t,,, have

n

Ind% = Wt igty).

=1
Proof. Note that every z € G can be written as t;h where h € H and
Yl tgr) = Pt gt )h) = Ot gt,)

as 1 is a class function of H. O

Theorem 10.5 (Frobenius reciprocity). Let ¢ € C(H),¢ € C(G). Then

(Resf o, 9) = (p, Indf ).
Proof.

(¢, Ind% ¥ |G\ ng Y Ind$ 4(g)
geG

1
IGHHI

> wlg)i(age)

z,9eG

set 7 lgr =y
|G\|H| 2 oW

z,yeG

Zs@

yeG’

|H|Z@

yeH
= <RCSH 2 7/)>

40



10 Induction and restriction

| Corollary 10.6. If 1 is a character of H then Indflw is a character of G.
Proof. If x is an irreducible character of G then by Frobenius reciprocity

(X Indjy ) = (Res x, ) € Zs
since 1, Resg x are characters. Hence Indgw is a linear combination of irre-

ducible characters with nonnegative coefficients, hence a character. O

Proposition 10.7. Let ¢ be a character of H < G and let g € G. Let
m
Calg)NH = UC’H@? )
i=1

where x;’s are representatives of the m H-conjugacy classes of elements of
H conjugate to g. Then if m =0 then Indg ¥(g) = 0. Otherwise

Ind% Cul

n ‘ G |Z |CH

Proof. If m =0 then {x € G : 2 gz € H} = () and so Indfl ¥(g) = 0. Assume
that m > 0 and let

X, ={x € G: 2 gz € H and conjugate in H to z,}.

The X,’s are pairwise disjoint and their union is {z € G : v gz € H}. By
definition

Ind w rlgx)
|H| Z

Need to understand the quotient |‘X1j‘|. Fix some 1 < 7 < m and choose some
g; € G such that g;1gg, = x;. So for all ¢ € C(g) and h € H,

(cg;h)tg(eg;h) = h tg;tctgeg;h = hlgitgg;h = h™la,h € H

ie. cg;h € X, hence C(9)g; H C X;.
Conversely, if z € X, then

xtgr =h7teh = h (g ggi)h
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10 Induction and restriction

for some h € H. Thus zh1g;! € C(g) and
z € Cgl9)gih € Calg)g H

so we have equality
X; =Cql9)g:H.

Thus
|X;| =1[Ccs(9)9;H|

_Cu(g)lIH|
|H N g;'Cq(9)9;]

Note that g; ' C5(9)g; = Calgi '99:) = Cg(x,),

=[H : HN Cg(x;)||Cq(9)|
= [H : Cy(x;)||Cq(9)]
where we used a formula for double coset size. The result thus follows. O
Remark.
1. If H,K <G, an (H, K)-double coset of H and K in G is a set
HgK ={hgk:he H ke K}
for some g € G. Facts:

(a) two double cosets are either disjoint or equal.
(b) for finite |HK]|,
\HI|K]  _ H[K]

HgK| = -
HgK]| |[HNgKg™| |g7'HgN K|

See chapter 12 for more on double cosets.
2. An alternative proof can be found in James and Liebeck, chapter 21, 23.

Example. H = C, = ((1234)) < G = S, with index 6. We calculate the
character of induced representations Indg(a), where o is a 1 dimensional faithful
representation of Cj.

If «(1234) = i then character of « is

1 (1234) (13)(24) (1432)
Xo |1 i —1 —i

The induced representation of S, is

1 6 8 3 6
1 (12) (123) (12)(24) (1234)
md%y, [6 0 0 —2 0

The first three entries are easy. For (12)(34), only one of the three elements in
C, it’s conjugate to lies in H, namely (13)(24) so

Ind% x,,((12)(34)) = 8- _Tl =2
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10 Induction and restriction

For (1234) its conjugate to six elements of S, of which two are in Cy: (1234)
and (1432). So o

nd$ v, (1234 :4-(3—3):0.

it HXQ( ) 4 4

Lemma 10.8. If ¢ = 14 then
Indg lH = 7T)(7
the permutation character of G on the set X of left cosets of H in G.

Proof.

n

Indf 15(g) = Z Lp(ti'gt;)

=1
=i« t;tgt; € H}|
={i:get,Ht;'}|
= [fixx(9)|
=7x(9)

Remark. It follows from Frobenius reciprocity

(mx.la)e = Indf 1y, 1g)e = (g 1g)g =1

as predicted in chapter 7.

10.1 Induced representations

What are the representations affording induced characters? Let H < G with
index n. Let 1 =t¢,,...,t,, be transversals. Let W be an H-space.

Definition. Let
V=IndGgW =P t,eWw

where t, @ W ={t,Quw : w e W}.

Have dimV = ndim W.
We can define a G-action on V. If g € G then for all ¢ there exists a unique
4 with t;l gt; € H (namely t;H is the coset containing gt;). Define
g(t; @ w) =t; @ ((t; ' gt;) w) = t;((t; ' gt;)w).
€H

where we omit the tensor symbol in the last expression. Check this is a G-action:
91(got;w) = g4 (tj<t;192ti>w>
= te((fZlgltj)(tjlggti)W)
= t,(t; ' (9192t )w
= (9192)(t;w)
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10 Induction and restriction

where j, £ is unique such that g,t;H = ¢;H and g,t;H = t,H. It follows that ¢
is unique such that (g,g-)t,H = t,H. Note that g permutes the cosets as

g twi t(t gt w

so the contribution to the character is 0 unless j = 4, i.e. t;1gt; € H, then it
contributes ¥(t;1gt;) so

Indf; (g) = > _(t; gt;).
=1

Proposition 10.9 (properties of induced modules).
1. nd%(A @ B) = nd§ A ® Ind§, B where A, B are H-spaces.
dimIndG W = |G : H| dim W.

G
Ind{l} 1= preg'

e e

If H< K <G then

Ind$ Ind& W = Ind% W.

5. (Frobenius reciprocity)

Hom (W, Res% V) = Hom, (Ind$, W, V)

naturally.

Proof. Exercises. For 4 see exmaple sheet 3. For 5 see Teleman 15.6. O
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11 Frobenius groups

11 Frobenius groups

Theorem 11.1. Let G be a transitive permutation group on finite set X, say
|X| = n. Assume that each non-identity element fizes at most one element
of X. Then

K={1}U{g € G:ga+# a foralac X}

is a normal subgroup of G of order n.
Note that G is necessarily finite, being isomorphic to a subgroup of X .

Proof Due to I. M. Issacs. Required to show that K < G. Let H = G, the
stabiliser of « for some o € X, so conjugates of H are the stabilisers of single
elements of X, i.e.

No two conjugates can share a non-identity element by hypothesis so H has n
distinct conjugates and G has n(|H| — 1) elements that fix exactly one element
of X. Now

G| = |X[[H| = n|H]

because X and G/H are isomorphic as G-sets by transitivity. Hence
K| = |G| =n(H[-1)=n

If 1 # h € H and suppose h = gh’g~! for some g € G,h’ € H, then h lies in both
H=G, and gHg! = G o by hypothesis ga = «, hence g € H. Therefore the
intersection of conjugacy class in G of h with H is precisely the conjugacy class
in H of h.

Similarly if g € C(h) then

h=ghg™'e Gy
and hence g € H, which implies

Ca(h) = Cy(h).

Every element of G is either an element of K or lies in one of the n stabilisers,
each of which is conjugate to H. Thus every element of G\ K is conjugate to a
non-identity element of H. Hence

{1a h27 '“vhtvylv vyu}

is a set of conjugacy class representatives for G, with 1,..., h, representatives
of H-conjugacy classes and v, ...,¥, representatives of conjugacy classes of G
comprises K \ {1}.

Let 15 = 4y,%,, ..., %, be irreducible characters of H. Fix 1 <4 <t¢. Then

G+ H(1) = npy(1) g =1

Ind$ ;(g) = ¥, (h;) g=h;2<j<t
0 g=9y,,1<k<u
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11 Frobenius groups

Let 6, = 1. Fix some 2 < <t and define virtual characters
0, = ¢ — ()Y +,(1)8, € R(G)

Write down a table

‘ 1 h; Yk
%G m/’i(l) ¢i(hj) 0
(DY | np; (1) (1) 0
(D01 | (1) (1) (1)
0,1 ¥:;(1)  ¢;(hy) (1)
Check the inner product:
1
(0;,6;) = @;Wi(g)P
- (Z OED DS |92-<g>|2>
geK aeX 1#geG,
-G <nwi<1>2+n > |9i<h>|2)
1#heH
= g 3 P
heH
= <wi7'¢}i>

=1

Thus either 6, or —6, is an irreducible character of G. But since 6,(1) > 0, it
must be that 6, is an actual character.
Now define 6§ = Zle 6,(1)0,. By column orthogonality, for 1 # h € H

and for any y € K,

|H| ge K

Hence 6(g) = {0 gEK S0

K={geG:0(g)=6(1)} =ker§ <G.

Definition (Frobenius group). A Frobenius group is a group G having a
subgroup H such that H N gHg ' = 1 for all g ¢ H. H is the Frobenius
complement of G.
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11 Frobenius groups

Proposition 11.2. Any finite Frobenius group satisfies the hypothesis of
Theorem 11.1. The normal subgroup K is a Frobenius kernel of G.

Proof. Suppose G is Frobenius with complement H. Then the action of G on
G/H is transitive and faithful. Furthermore, if 1 # g € G fixes both zH and
yH then g € tHx ' NyHy ! and hence

HO(y ) Hy 'a) ' # 1
so xH = yH. O
Example.

1. If p,q are distinct primes and p = 1 (mod ¢), the unique non-abelian
group of order pq is a Frobenius group. See JL §25 and Teleman §11.

2. If n is odd, D,,, is a Frobenius group with complement C,. The smallest
example is S3 with K = C3, H = C,.

Remark.

1. J. Thompson (thesis, 1959) proved that any finite group having a fixed-
point-free automorphism of prime power order is nilpotent. This implies
that the Frobenius kernel of a Frobenius group is nilpotent (which is equiv-
alent to K being the direct product of its Sylow subgroups).

2. There is no known proof of Theorem 11.1 in which character theory is not
used.
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12 Mackey theory

Let F = C. Mackey theory describes restriction to a subgroup K < G of an
induced representation Indg W. K and H are unrelated, but usually we take
K = H, in which case we can characterise when Indg W is irreducible.

We'll work with the special case W = 1y first. Then Indg 14 is the permu-
tation representation of G on G/H. Recall that if G is transitive on a set X and
H = G, for some o € X then the action of G on X is isomorphic to the action
of G on G/H, namely

g.o g

is a well-defined bijection and commutes with the G-action
z(ga) = (zg)a < x(gH) = (zg)H.

Consider the action of G on G/H and let K < G. Then G/ H splits into K-orbits:
those correspond to double cosets

KgH = {kgh: ke K,he H},
namely the K-orbits containing gH.

Notation. Denote by K\G/H the set of (K, H)-double cosets. They partition
G. Let S be a set of representatives. Note

#K\G/H = (T¢/k, Tem)
by Lemma 7.3.
Clearly Gy = gHg™ . Restricting to K, we get
Hg:: gH:gHgflﬂK.
So by above as K-set, KgH ~ K/K NgHg ' = K/H,. As
md% 1, =CX

where X = G/H, and if X =X, then it decomposes into orbits CX = | JCX
we have

Proposition 12.1. If G is finite, H, K < G then

Res% Ind§j 1 2 (P Indf g1 1.
geSs

Let S ={1=g,,...,9,} be the such that G = Ul K g, H as a union of disjoint

set. Let H, = gHg ' N K < K. Take a representation (p, W) of H. For g € G
define (pg, Wg) to be the representation of H  with the same underlying vector
space W but now the H j-action is

py(x) = p(h) = p(g~'xg)

where x = ghg~!. This is well-defined because g 'zg € H for x € gHg!. Since
H, < K we obtain an induced representation Indgg w,.
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12 Mackey theory

Theorem 12.2 (Mackey’s restriction formula). Let W be an H-space. Then

Resf Indf W = (D Indy W,
geSs

as representations of K.

Corollary 12.3 (character version of Mackey’s restriction formula). If ¢ is
a character of a representation of H then

Res Indf ¢ = ) " Indfy ¢,
geSs

where 1, is the character of H, given as ,(z) = (g ' xg).

Corollary 12.4 (Mackey’s irreducibility criterion). Let H < G and W an
H-space. ThenV = Indg W is irreducible if and only if

1. W is irreducible,

2. and for each g € S\ H the two H,-spaces W, and Resgg W have no
irreductible constituents in common.

Remark. The set of representatives is arbitrary so we could just as easily
demand in 2 that g € G\ H. However it suffices to check for g € S\ H.

Proof of Mackey’s irreducibility criterion. Use characters and recall that W is
irreduchbile if and only if (¢,¢) = 1 where W affords the character 1. Take
K = H in Mackey’s restriction formula. Note H, = gHg ' N H. Use Frobenius
reciprocity,

(Ind$ 4, Ind% ) o = (¥, Res§ IndG )
= > (W, Indff Yy) g

ges

= Z<Resgg ’(/}7 z/}g>Hg

ges

g€eSs
g¢H
where d, = (Resgg ), 1/19>Hg. For g € H we have H, = H. Hence this is a

sum of nonnegative integers which is > 1, so Indg 1) is irreducible if and only if
(,9) = 1 and all the other terms are 0. In other words W is irreducible and
for all g ¢ H, W and W, are disjoint representations (of H N gHg™1). O

Corollary 12.5. If H < G and v is an irreducible character of H then
Indflw is irreducible if and only if v is distinct from all its conjugates v,
forge G\ H.
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12 Mackey theory

Proof. Take K = H. Double cosets are left or right cosets and H, = gH g N

H = H for all g. Moreover W, is irreducible since W is irreducible. Thus Indg
is irreducible precisely if W ¢ W, for all ¢ € G \ H. This is equivalent to
)+ () (Again could check condition on set of representatives: actually the
isomorphism class of W, where g € G, depends only on gH) O

Proof of Mackey’s restriction formula. Write V' = Indg W. Fix g € G. Now
V'is direct sum of x ® W with z running through set of representatives of left
cosets of H in G. Consider a particular double coset KgH € K\G/H. The
terms

V(g) = @ QW
veKgH

form a subspace invariant under the action of K (it is the direct sum of an orbit
of subspaces permuted by K as kx € KgH for all z € KgH).
Now viewing V as a K-space, Res%V = @geSV(g). Thus need to show

V(g) = Indgg W, as K-spaces for each g € S.
Now

Stabr(g@W)={ke K :kg@W =g@ W}
={k € g 'kg € Stabs(1Q W) =H}
=KngHg!
This implies that if x = kgh, 2" = k' gh’ then t @ W = 2’ W if and only if k, k’
lie in the same coset in K /H,. Hence V(g) is the direct sum B, E®

(g W).
Therefore as a representation of K, this space is

ep keK/H,

V(g) = Indgy (9@ W).

But W, = g ® W as representations of H using linear isomorphism w = g ® w.
Putting all these expressions together gives the result. O
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13 Integrality and group algebra

Definition (algebraic integer). a € C is an algebraic integer if a is a root
of a monic polynomial in Z[z]. Equivalently, the subring of C

Zla] = {f(a) : f(z) € Z[z]}
is a finitely-generated Z-algebra.
Fact.
1. The algebraic integers form a subring of C.
2. If a € C is both an algebraic integer and a rational number then a € Z.

3. Any subring S of C which is a finitely-generately Z-module consists of

algebraic integers. (suppose $i,...,s, are generators of S as Z-module

and a € S. Then for all i exists a;; € Z such that as; = }_ a;;s;. Put
J

A = (a;;) then Av = av where v = (sq,...,8,), s0 a is the root of the

characteristic polynomial of A, and is thus an algebraic integer)

Proposition 13.1. If x is a character of G and g € G then x(g) is an
algebraic integer.

Proof. x(g) is the sum of nth roots of unity, where n is the order of g. Each
root of unity is an algebraic integer. O

Corollary 13.2. There are no entries in the character table of any finite
group which are rational but not integers.

13.1 The centre of CG

Recall that the group algebra CG of a finite group G, the C-space with basis G
and dimension |G|. Tt is also a ring and a C-algebra.
Let {1} = €4, C,,...,C}, be the G-conjugacy classes. Define the class sums

C;=Y geCaq.

gee;

Now each C; € Z(CG), the centre of CG. Moreover

Proposition 13.3. C, ..., C)}, is a basis of Z(CG). There exist non-negative
integers a;;,, 1 <i,7,¢ < k with

ClC] = Z aijecl.
4

These are the class algebra constants or structure constants for Z(CG).
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13 Integrality and group algebra

Proof. Check ngg’l = C; for all g € G so C; € Z(CG). Clearly C;’s are
linearly independent because C;’s are disjoint. For spanning, suppose z =
deG a,9 € Z(CG). Then for all h € G, a1, = a, so the function g - a, is
constant on G-conjugacy classes. Writing a, = a; if g € €;. Then

k
z= g ajC'j.
=1

Finally Z(CG) is a C-algebra so C;C; = Zif:l a;;0C, as the Cy’s span. We claim
that a;;, € Z: fix g, € €, then

aijo=H(z,y) €C; x C;: 2y = gy}| € Zsy.

Definition (representation of algebra). Let p : G — GL(V) be an irre-
ducible representation over C affording character x. Extend linearly to a
map p: A =CG — End(V), an algebra homomorphism. Such a homomor-
phism of algebra A into End(V) is called a representation of A.

A central homomorphism is a ring homomorphism Z(A) — C.

Let z € Z(CG). Then p(z) commutes with p(g) for all g € G, so by Schur’s
lemma p(z) = A\, I for some A\, € C. Consider the central homomorphism

w, =w:Z(CG) = C
2 A,

Now p(C;) = w, (C;)I so taking traces,

X(Dwy (C) =D x(9) = 1C,Ix(g,)-

gel;

Thus

o X(Qi) .

| Lemma 13.4. The values of w, (C;) are algebraic integers.

Proof. Since w, is a homomorphism

Kk
WX(Ci)WX(Cj) = Z A 50Wy (Oé)
=1

where a,;, € Z-o. Thus the span of {w, (C;) : 1 < j <k} is a subring of C, and
is a finitely-generated abelian group, so consists of algebraic integers. O

Exercise. Show that a,;, can be obtained from the character table. In fact,

Qa.

B G " x5 (90)X5(9,)X (977
at |CG(91‘>\CG(9J‘)| ; Xs '

(1)
See JL 30.4.
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Theorem 13.5. The degree of any irreducible complex character of G di-
vides |G|.

Proof. Given an irreducible character x,

Gl 1 X
() = Vi) ;X(Q)X(g_ )
k
- ﬁ > Ieix(oniar)
£ 1C;1x(g;)
= _x()

alg integer

x(g:h)
which is algebraic integer. LHS is rational. O
Example.

1. If G is a p-group then x(1) is a p-power. In particular if |G| = p? then
x(1) =1 for all x, hence G must be abelian.

2. If G = S,, then every prime p dividing the degree of an irreducible char-
acter also divides n!, so in particular p < n.

3. No simple group has an irreducible character of degree 2. See James and
Liebeck 22.13.

| Theorem 13.6. If x is irreducible then x(1) divides |G : Z(G)|.

Proof. Exercise. O
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14 Burnside’s theorem

Theorem 14.1 (Burnside). Let p,q be primes. Let |G| = p®q® where a,b €
Z~q, with a4+ b > 2. Then |G| is not nonabelian simple.

Remark.
1. If fact more is true: G is soluble.

2. This is the best possible in the sense that |A;| = 22 -3 - 4 has exactly 3
prime factors.

3. If either a or b = 0 then G is p-group, so nilpotent so soluble.
4. Feit and Thompson proved in 1963 that any group of odd order is soluble.

5. H. Bender and D. Goldschmidt independently found the first proof without
the use of representation.

The theorem follows from two lemmas, one of which is starred.

Lemma 14.2. Suppose 0 # o = %Z;n:l Aj with N7 =1 is an algebraic
integer. Then |a| = 1.

27

Proof*. Clearly 0 < |a| < 1. Observe that & € F' = Q(¢) where e = e™» . Let
G = Gal(F/Q). We know

{feF:0(f)=ptorallc € G} =Q.

Define norm

N(a) =[] o(a).

oeG
Then N(«) is fixed by every element of G so N(«a) € Q. Now N(«) is an alge-
braic integer since Galois conjugates of algebraic integers are algebraic integers.
Thus N(«) € Z. But for o € G,

o)l = |- 3ot

Thus N(«) = +1, which implies that |a| = 1. O

<1

Lemma 14.3. Suppose x is an irreducible character of G and C is a con-
jugacy class in G such that x(1) and |C| are coprime. Then for all g € C,

Ix(9)] = x(1) or 0.
Proof. By Bézout’s theorem exist a,b € Z with ax(1) + b|C| = 1. Define

x(9) x(9)
= —=5 = ax(g) +b=—2(C]
(1) o)
which is an algebraic integer. Thus « satisfies the conditions of the previous
lemma. O

54



14 Burnside’s theorem

Proposition 14.4. If in a finite group G, the number of elements in a
conjugacy class C; #+ 1 is of prime power order then G is not nonabelian
simple.

Granted this, we can prove Burnside: if a,b > 0 let @ be a Sylow ¢g-subgroup,
so @ # 1 (otherwise G is p-group). Now 1 # Z(Q) so exists 1 # g € Z(Q).
Then as Cx(g) > @, we have

Cq(9)| =G : Cgqlg)| =p"
for some 0 < r < a.

Proof. Suppose G is nonabelian simple, and there exists 1 # g € G lying in the
conjugacy class € of order p”. If x # 1, is a non-trivial irreducible character
of G then |x(g)] < x(1) (otherwise G not simple). Then for every non-trivial
irreducible character, either p | x(1) or |x(¢g)] = 0. By column orthogonality

applied to {1} and €,
0=1+ > x(1x(g)

x#la
plx(1)
SO . )
X
Loy
pa P
is an algebraic integer in Q. Absurd. O

55



15 Representations of compact groups

15 Representations of compact groups

See Teleman §19 - 22 and C. Thomas §6 for more detailed treatment of this
chapter.

Definition (topological group). A topological group G is a group which
is also a topological space and for which multiplication G x G — G and
inversion G — G are continuous. It is compact if it is so as a topological
space.

Example.
1. Any finite group G with discrete topology.

2. GL,,(C) and GL,,(R) are topological groups (as open subsets of C"* or
R"™).

3. Examples of compact groups:
) finite groups,
) S = {2z € C:|z| = 1} under multiplication, the circle group,
) torus: finite product S! x -+ x S1,
(d) O(n) ={A € GL,(R) : AA* = I}, orthogonal group,
) SO(n) = {A € O(n) : det A = 1}, special orthogonal group,
) U(n) ={A € GL,(C) : AA' = I}, unitary group,
) SU(n) ={A € U(n) : det A = 1}, speical unitary group.

1. U(1) 2 S0(2) =2, S* where =, means the homomorphism is also a home-
omorphism.

2. SU(2) = {(21,25) € C?: 2,2 + 252, = 1} C R* == C? is isomorphic and
homeomorphic to S2.

Definition (representation of topological group). A representation of a
topological group G on a finite-dimensional space V'is a continuous group
homomorphism p : G — GL(V).

Remark. If X is a topological space then p : X — GL(V) = GL,(C) is
continuous if and only if x p(m)ij are continuous for all 7, j.

15.1 The compact group U(1)

We prove

Theorem 15.1. Every 1-dimensional continuous representation of S* is of
the form z +— 2" for some n € Z.
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15 Representations of compact groups

Remark. It can be easily seen that these are representations. Why are they
the only ones? If one drops continuity condition, the number of 1-dimensional
representations is uncountably infinite. See Teleman §19.8.

To prove the theorem we need two lemmas from real analysis

Lemma 15.2. If¢: (R, +) — (R, +4) is a continuous group homomorphism
then there exists ¢ € R such that (z) = cx for all x € R.

Proof. Given ¢ : (R,+) — (R, +) continuous, let ¢ = 1(1). As v is a homomor-
phism,

P(na) = P(z + -+ n) = ny(z)
for x € R,n € Z.y. In particular ¢(n) = cn. Also ¥(—n) = —(n) = —cn so
Y(n) =cnforallneZ Putx="¢€Q,

ni(x) = p(ne) = d(m) = em

so ¥(z) = cx for all x € Q. As Q C R is dense and 1 is continuous, ¢(z) = cx
for all z € R. O

Lemma 15.3. Continuous homomorphisms ¢ : (R,+) — S are of the form
o(z) = e¥® for some c € R.

Proof. Define

e: (R, +)— St
x el
This homomorphism wraps real line around S' with period 2.
Claim given any continuous map ¢ : (R, +) — S! such that ¢(0) = 1, there

exists a unique continuous map 9 : R — R, called a lifting, such that ¢ (0) = 0,
making the diagram

(R, +)

v 7
/// €
.

.

p

(R,+) —2— S!

commute. (The lifting is constructed by starting with ¥ (0) = 0 and then ex-
tending a small interval at a time to get a continuous map (R, +) — (R, +))
If ¢ is a homomorphism then so is its lifting ¥: p(z + y) = p(z)p(y) so

e(W(z+y) —¥(z) —¥(y) = 1. Thus ¢(z +y) —¢(z) — Y(y) = 2k for some
integer k depending continuously on x, ¢, so must be constant. Settingz =y =0

we get k= 0. O

Proof of Theorem 15.1. Let p : S* — C* be a continuous 1-dimensional repre-
sentation. Then p : ST — S1: since S* is compact and p is continous, p(S?) is
closed and bounded. As p(2") = p(2)" for all n € Z, we must have p(S1) C St.
We get a continuous homomorphism

R — St

x> ple™)
so exists ¢ € R such that p(e®®) = €. But 1 = p(e2™) = €2™¢ s0 ¢ € Z. Put
n=c, p(z) = z" as claimed. O
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15 Representations of compact groups

In studying representations of finite groups we “averaged” over the group
via the operation ﬁ >". An analogous operation exists for topological groups,

if we replace “sum” by fG dg.

Definition (Haar measure). If G is a topological group, let
C(G)={f:G — C: f continuous, f(grg~t) = f(z) for all g,x € G}

Then a non-trivial functional
/ :C(G)—=C
G

is called a Haar measure if

1. normalisation: fG 1dg =1,

2. trangation invariance: fG flxzg)dg = fG flg)dg = fG f(gz)dg for all
ASHEN

Example.

1. If GG is finite then

is a Haar measure.

2. G=S

3. G =SU(2): see later.

Theorem 15.4. If G is compact and Hausdorff then there exists a unique
Haar measure on G.

Proof. Omitted. O

We compute Haar measure for SU(2) below. Henceforth “compact” means
“compact Hausdorff”.

As a general theme, results we proved using “averaging” techniques work for
compact groups by replacing averaging by the Haar measure on the topological

group.

Corollary 15.5 (Weyl’s unitary trick). Let G be compact. Then every
representation (p, V') has G-invariant inner product.

Proof. Take any inner product (-,-) on V. Then

/G Jw)dg

is a G-invariant inner product. O]

58



15 Representations of compact groups

Corollary 15.6 (Maschke). If G is compact then every representation of G
is completely reducible.

We can use the Haar measure to endow C(G), the space of continuous func-
tions, with an inner product

U f) = / F@)/ (9)dg.
G

If p: G — GL(V) is a representation then yy = X, = trp is a continuous class

function since each p(g),; is continuous.

Theorem 15.7 (row orthogonality). Suppose G is compact and V,W are
irreducible representations of G. Then

1 V=w

<XVaXW> = {0 VW

Naturally one may wonder if irreducible characters form a basis of €(G). The
answer is not quite. We need some Hilbert space theory and Peter-Weyl theo-
rem. For S' see Teleman §19.14, 19.15.

15.2 Representations of SU(2)
Let

G=SU@2)={A€GL,(C): AA=1,detA=1}

:{<a b) 7a,bE(C,|a|2—i—|b|2:1}
—-b @

Topologically G =, S3. More precisely, let

Hamilton’s quaternion algebra. H is a 4 dimensional Euclidean space and | A||> =
det A defines a norm on H = R* with G the unit ball. If A € G and X € H then

|AX] = [ X] = [ XA

Thus after normalisation (by #), usual integration of functions on S3 defines
Haar measure on G.
We first discuss conjugacy classes in G. Let

T:{(a O) :ote(C,|a|=1}%S1
0 a

the maximal torus in G. Let s = (_01 é) ed.
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15 Representations of compact groups

Lemma 15.8.
. Ift € T then sts™t =t71.
.82 =—-T1€Z(G).

.NG(T):TUST:{<8 a(ll),(_g_l 8>:a€(C,|a|:1}

. Bvery conjugacy class € in G contains an element of T, i.e. CNT + ().

In fact,

. CNT = {t,t71} for somet € T. Moreovert=t"1 if and only ift = +1

when € = {t}.

. There exists a bijection {conjugacy classes of G} < [—1,1] given by

A %trA.

Proof.

1.
2.

Direct computation.
Ditto.
Ditto.

Every unitary matrix X has an orthonormal basis of eigenvectors, hence

is conjugate in U(2) to one in T, say QX@t € T. We want @ such that
det@ = 1. Put § = det@ so |6] = 1. If € is a square root of § then

Q, =2Q € SU(2) and @, XQ| € T.

Let g € G and suppose g € C. If g = +1 then € NT = {g}. Otherwise
g has distinct eigenvalues A\, A™! and € = {h(},% )h~' : h € G}. Hence
enT={(},%).(* %)} by noting that

0 A
A 0Y) 4 (X0
lo »1)% “Lo )

Furthermore, if (’6 .‘121) € C then {u,u1} = {\ A1} (i.e. eigenvalues
preserved under conjugation).

By 5 matrices are conjugate in G if and only if their eigenvalues agree up
to reordering. Now

1 A0 1 —
itr (0 /\1) = 5()\—1—)\) =Re\ = cosf

where A = €. Hence the map is surjective. It’s also injective: if %trg =
%tr g’ then g, ¢’ have the same characteristic polynomial, namely

X2 —(trg)X +1,

hence the same eigenvalues and are conjugate.
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15 Representations of compact groups

O
Thus we write )
@tz{gerﬁtrg:t}
for t € [—1,1]. In particular ¢, = {I},C_, = {—I}. In fact
| Proposition 15.9. Fort e (—1,1), €, =, S°.
Proof. Exercise. O

Now we can study the representations of G. Let V, be the space of all
homogeneous polynomials of degree n in variables z,y, i.e.

V, = {roz" +ra" ly + 4yt i, € Ch

an (n + 1) dimensional C-space, with standard basis ™, 2" ly,...,y". Then
GL,(C) = GL(C?) acts on V,, via

pn : GL(C?) = GL(V,,)
(@5 f(wy) = flax + cy,bx + dy)
Exercise.
1. If n = 0 then p, is trivial.

2. If n =1 then p, is the natural 2 dimensional representation where p; (¢ 4)

has matrix (%) with respect to standard basis of V.

3. If n =2 then
ab b?

a2
P2 (i Z) = (2@0 ad + be 2bd>
c? cd d?
with repsect to standard basis of V.

Now G < GL4(C) so view V,, as a representation of G by restriction.

Lemma 15.10. A continuous class function f : G — C is determined by
its restriction to T, and f|p is even (in the sense that f(g‘ )\91) = f( Aal 9\))
Proof. Each conjugacy class in G meets T so a class function is determined by
its restriction to 7. Evenness follows from 7N € = {t,t~1}. O

Lemma 15.11. If x is a character of a representation of G then x|r is a
Laurent polynomial, i,e. finite Ny-linear combination of functions (3‘ )\91 ) —
A" where n € Z.

Proof. If Vis a representation of G then Resg V'is a representation of T and its
character XResS v is the restriction of xy to 1. But every representation of 7T has
character of given form by Theorem 15.1. O
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15 Representations of compact groups

Put

Nylz,271] = {Zanz” :a, €Ny, finitely many a,, # 0}

nez
Nolz, 27 ey = {f € No[z,271] : f(2) = f(z71)}

By these lemmas for continuous representations of G, the character xy is in
Ny[z, 271, by identifying it with its restriction to 7. We calculate the character
X» Of (P, Vi,)- Recall

P (Z Z) "Iyl i (ax + cy)" (bx + dy)
and extend linearly. To find x,,(g) = trp,,(g), note that g ~ (7 % ) € T'and

w5 2) ) = Gy = sty

so p, (& %) has matrix

with respect to standard basis. Hence

Z 0 — N n—2 —n
Xn<0 zl>_z +z + e+ 27

Exercise. x, = 1o, x; = €% + ¢ % = 2cosf, x3 = 1 + 2cos26. In general it

+1_,—(n+1)

— unless z = +1.

equals to -

Theorem 15.12. The representations p,, : G — GL(V,)) of dimension n+1
are irreducible for all n € Zq.

Proof. Assume 0 # W <V, is a G-invariant subspace. Claim V,, = W. Claim
it 0 # w =) ra" 7y € W with some r; # 0 then 2"'y* € W. Argue by
induction on the number of non-zero r;. If unique r; # 0 then result is clear
(as w is a non-zero multiple of 2" y%). So assume more than one and choose i

such that r; # 0. Pick z € St with 2", 272 ..., 227" 2" distinct in C. Then
Z 0 n—21 n—2j n—21 n—j,,J
ol e = S ) € w
J
as Wis G-invariant. Now 7;(2"72 — 2"72") & 0 precisely when r; # 0 and j # 4.
By induction 2" 7y’ € W for all j # i with r; # 0. Hence also

I | o
" Zylzg(w—erx" Tyye W
J

7
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15 Representations of compact groups

as required.
We now know ™ *y* € W for some i. We find matrices in G, the action of
which will give all 2" *y* € W. Since

1 /1 -1 o 1 . .
: Infz Y3 [EEN - T + n— —x + K3 6 ‘1)
and we can use the claim to deduce " € W. Similarly if a,b # 0

a —b n n
(b a)m  (az+by)" e W

and so by the claim 2" y* € W for all . Thus W = V. O

Remark. Alternatively, see Teleman §21.1 we can evaluate (x,,, x,,) = 1 using
Weyl’s integration formula.

Now show all irreducible representations of G are of this form.

Theorem 15.13. Every finite-dimensional continuous irreducible represen-
tation of G is one of the p,, : G — GL(V,,) above.

Proof. Assume py,: G — GL(V) is irreducible affording character x, € N[z, 27}]
We show y = ¥, for some n. Now xq, X1, ... form a basis of Q[z,27}],,. Hence
Xy = Zn @, Xy, & finite Q-linear combination. Clearing the denominators and
moving all summands with negative coefficients to LHS gives the relation

mxy+ ZmiXi = anXj

il jed

ev’

with I, J disjoint finite subsets of N, and m,m;,n; € Ny. The left and right
hand sides are characters of GG. Hence

mV @ @lel = @n]Vj

iel jeJ
Since V'is irreducible we must have V" =V, for some n € J. O

15.2.1 Tensor products of representations of G

We know from Lemma 15.10 for V, W representation of G, Resg V=~ Resg w
implies V = W. We want to understand tensor products of representations for

G.
Proposition 15.14. If G = SU(2) or St, V., W representations of G then

Xvew = XvXw-

Proof. Suffice to consider G = S'. V,W have eigenbases €,,...,€,, fi, -, fm
such that

— n,;
Z€; = Z€;

afy =2"1;
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respectively. Then
2(e; ® f;) = 2" Mi(e; ® f;)

Xvew(z) = ) 2" = xy(2)xw(2).

,J
Example.

Xviov, (2) = (2 + 27 1) =22 42422 = (P +1+27 ) +1=xy, +xy,
Xvier, (2) = (B2 H 1427 +271) = 2+ 224 2270 4270 = Xy

The next result analyses the product structure of representations
Theorem 15.15 (Clebsch-Gordon formula). For any n,m € N,
Vn ® Vm = Vn+m ©® Vn+m72 SERE Vv\nmeQ & Vv\nfm\

Proof. Use characters. Wlog n > m so

Zn+1 _ Z_"_1
(XnXim)(2) = ﬁ(zm +2M72 f )
m ontm41-25 _ 2j—n—m—1
- = z—2z"1
m
- Z Xnt+m—2;(%)
7=0

15.2.2 Representation of some closely related groups

Proposition 15.16.
1. SO(3) 2 SU(2)/{+1} = PSU(2).
2. SO(4) = SU(2) x SU(2)/{=(,1)}.
3. U(2) = U(1) x SU(2)/{(I,1)}.

In fact, these are not only group isomorphisms but also homeomorphisms.

The homeomorphism bit can be deduced from a continuous bijection from com-
pact space to Hausdorff space being a homeomorphism.

Corollary 15.17. FEvery irreducible representation of SO(3) is of the form

for some m > 0.
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Proof. Irreducible representations of SO(3) correspond to irreducible represen-
tations of SU(2) such that —I acts trivially. But —I acts on V,, as —1 when n
is odd, and as 1 when n is even. O

Sketch proof of Proposition 15.16 1. Recall SU(2) can be viewd as the space of
unit norm quaternions in H = R*. Let Hy, = {A € H : tr A = 0}, called pure
quaternions, which are spanned as R-space by

(10N L _ (0 1) (0
“lo )97 =1 o) i o)

equipped with norm ||A|? = det A. It is a 3 dimensional Euclidean space and
SU(2) acts by isometries on H:

X -A=XAX"1

This gives a group homomorphism ¢ : SU(2) — O(3) with kernel Z(SU(2)) =
{£I}. Now SU(2) is compact, O(3) is Hausdorff, hence we have a continuous
group isomorphism @ : SU(2)/{£I} — im ¢ which is also a homeomorphism.
Left to show imp = SO(3). ime < SO(3): we know SU(2) is path-
connected, so only one of the two possible values +1 can be taken by the
continuous function det ¢. But ¢(I,) = I3 with determinant 1, so have value 1.
Need to show that all rotations in (i, j)-plane are implemented by elements
a + bk, and similarly with any permutations of i, j, k. (the rotations generate

SO(3)). Now

e’ 0 ai b e 0\ ai e2i0p
0 e®)\-b —ai 0 ) \—pe 20 _g

o) (ew 0, ) acts on R(i, j, k) = H, by rotation in (j, k)-plane through an angle

0
26. Check
cosf) sinf sinf  isinf
—sinf cosf)’'\—isinf cosf
act by rotation of 26 in (i,k)- and (i, j)-planes respectively. O

Exercise. Mimick this for SO(4) and U(2).

To get the representations in 2 and 3, we need results about products G x H
of two compact groups G and H. Complete list of irreducible representations
comprises the tensor products VW, as V', W ranges over the irreudibles of G, H
respectively. Compare with the finite case. So complete list of irreducibles of
SO(4) is p,, ® p,,, m,n > 0,m = n mod 2. Complete list of U(2) is det®” ®p,,,
m,n € Z,n > 0.

65



Index

2-transitive, 28
G-homomorphism, 8
G-module, 7
G-space, 7
G-subspace, 9

action
linear, 7
algebraic integer, 51

Burnside’s theorem, 54

canonical decomposition, 18
centraliser, 5
character, 19
faithful, trivial, 19
irreducible, 19
kernel, 20
character ring, 38
character table, 22
class algebra constant, 51
class function, 19, 20
class number, 20
class sum, 51
Clebsch-Gordon formula, 64
column orthogonality, 25
complete reduciblity theorem, 12
completeness of characters, 21, 24
conjugacy class, 5
constituent, 39

degree, 7

derived subgroup, 30

dimension, 7

double coset, 42, 48

dual representation, 32
self-dual, 32

equivalent, 8

exterior algebra, 37
exterior power, 35, 37
exterior square, 35

faithful, 7

Frobenius complement, 46
Frobenius group, 46
Frobenius kernel, 47
Frobenius reciprocity, 40

66

Grothendieck ring, 38
group action, 5
group algebra, 7, 51

Haar measure, 58
Hamilton’s quaternion algebra, 59

induction, 40

inner product, 13

intertwining homomorphism, 8
irreducibility criterion, 22
isomorphic, 8

isotypical component, 18, 37

left transversal, 40
lifting, 30

Mackey’s irreducibility criterion, 49
Mackey’s restriction formula, 49
Maschke’s theorem, 12, 59
matrix representation, 7
multiplicity, 18

permutation character, 27
permutation representation, 6, 15,
27

regular module, 14
representation, 7
completely reducible, 12
decomposable, 10
direct sum, 10, 11
indecomposable, 10
irreducible, 9
of topological group, 56
regular, 14
semisimple, 12
simple, 9
trivial, 8
representation of algebra, 52
restriction, 39
row orthogonality, 21, 59
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