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0 Introduction

0 Introduction

Question: how can we tell when two objects are different? This is in general a
difficult question and to answer it we need a variety of techniques.

e N =Q is easier thatn Q Z R.

e To show two finite dimensional vector spaces are not isomorphic we can
compute their dimensions.

« For simplicial complexes, we can compute that homology groups H,(X).
Note that this is a partial invariant, in contrast to dimensiona which is a
complete invariant for finite dimensional spaces.

o We can also consider 71 (X). However in contrast to Hy(X), m1(X) is not
necessarily abelian. The Adian-Rabin theorem says that there can be no
algorithm which decides if a finitely presented group is trivial or not. Can
we build algorithm which sometimes work? We can solve the problem
for finite groups. For infinite groups we can build upon this idea. We
can write out the lists of finite quotiesnts of two groups G; and G2 and
compare them. The question: when does this work?

Before we answer this question, note that a list of quotient groups is a
very unpleasant object. Instead, we can combine this list into a single
“limiting” object, called the profinite completion. This technique works
in other situations:

— p-adic integers Z, being the “limit” of Z/p"Z,
— Galois theory: let

K = Q(nth root of unit for all n)
Ky = Q(nth root of unit for n < N)

Then K = |J Ky and is a Galois extension over Q so we can consider
Gal(K/Q), which is the “limit” of Gal(X,/Q).

— étale fundamental groups in algebraic geometry.

Aside from profinite groups, we will also study group cohomolgy in this
course. It is another invariant of groups. This is related to the homology of a
simplicial complex and gives abelian invariants. Among other things, it tells if
a group is free. It answers the question: given a group G and an abelian group
A, how many groups F exists such that A < F and E/A = G?
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1 Inverse limits

1.1 Categories & Limits
Recap on categories and limits. Refer to III Category Theory.

1.2 Inverse limits and profinite groups

Definition (profinite completion). Let G be a group. Let N be the category
whose objects are finite index normal subgroups IV <d; G' and with an arrow
N; — Ny if and only if N; C N,. This is a poset category.

The assignment

N — G/N
(Nl — NQ) — (G/N1 — G/NQ)

is a functor N — Grp. X
The limit of this diagram is a group called the profinite completion G of
G.

Notation. G is equipped with homomorphisms making the following diagram

commutes:
G \

G/Nl Emd G/N2

In this course we refer to them as projection maps and the horizontal map as
transition map. In addition, we have a canonical map i : G — G which exists
by the definition of limit.

We haven’t shown profinite completion exists. We will prove it shortly in a
more general context, by showing that it is an exmaple of a particular kind of,
in some sense well-behaved, limit.

Definition (inverse system). A poset (J, <) is called an inverse system if
for all 7,j € J exists k € J such that kK <4 and k =< j.

Example. In N, N; N N; is a subgroup of both Ny and Ns.

Definition (inverse system, inverse limit). An inverse system (of groups,
sets etc) is a functor J — C where J is the poset category corresponding to
an inverse system.

If F: J — Grp is an inverse system, the limit of F' is called the inverse
limit of the objects F(j).

Since this is the central subject of this course, we spell out this definition
explicitly



1 Inverse limits

Definition. An inverse system of groups, indexed over an inverse system
(J, =), consists of

e agroup G, for all j € J,

o forall i < j, a transition map ¢;; : G; — G such that ¢;; = idg,, ¢k 0
Gij = Pik-
The inverse limit of the system (G;) ;s is a group T&njeJ G; with projection

maps p; : lim G; — G such that ¢;; o p; = p; and such that for any Z with
qﬂZ—)é?amapq:Z—)I'glGj such that p; o ¢ = g;.

Definition (profinite group). A profinite group is the inverse limit of an
inverse system of finite groups.

Example.
1. The profinite completion of a group G is a profinite group.

2. Zy, the p-adic integers, is @Z/p”Z.

Proposition 1.1. Let (G;)jcs be an inverse system of groups indexed by
an inverse system J. @Gj ezists and is equal to

L ={(gj)jes € H Gj :pi(9i) = g;}
jeJ

Proof. Let p; : L — G, be the restriction of the projection [[G; — G;. Then
wij op; = pj. Now let ¢ : Z — G; be a cone. There is a unique map
f:Z — []Gj such that pjo f =¢; and f(Z) C L. O

Note that we do not use any properties of inverse system or posets. The
construction works equally well for sets (except that the resulting inverse limit
is not a group). We will see that the finiteness and inverse system requirement
ensures that the construction gives a nonempty set. To do so we need to bring
in topology.

1.3 Topology on a profinite group/set

Give each finite group G in an inverse system the discrete topology. Then give
[[G; the product topology and @Gj C 1 G the subspace topology. [[ G; is
Hausdorff and compact (Tychonoff). It follows that lim G; is Hausdorff. Since
the conditions defining the subgroup are closed conditions, it is also compact.

Proposition 1.2. If (X;);cs is an inverse system of nonempty finite sets
then lim X; # 0.

Proof. Consider the set

Y = {(ij) € HXJ : ¢2](mz) =T; for all i,J € I}
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where I C J. The Y7’s are closed and |J; g0 Y7 = @Xj.

To show for I finite, Y7 # @, by definition of inverse system exists k € J such
that £ < i for all i € I. Now X}, is nonempty so exists x € Xg. For i € J,
set X = pp;(zx). For j ¢ I, set x; to be arbitrary. Then this gives a sequence

(Il) €Y.
Now use finite intersection property: suppose Iy, ..., I, are are finite, then
Y, N---NYr, 2Ynueun, #0
so lim X = Urcy finite Y1 # 0. N

It is perhaps psychologically comforting to point out that the topology on a
profinite group is metrisable, thanks to

Proposition 1.3. If (X;) is a countable family of metric spaces then [ X;
18 a metric space.

Proof. 1B Metric and Topological Spaces. O

In applications to profinite completions this is often implied by

Proposition 1.4. If G is a finitely generated group then it has only count-
ably many finite index normal subgroups.

Proof. Every finite index normal subgroup arises as the kernel of some homo-
morphism G — S,,. For a fixed n the homomorphism is determined by the
image of the generators of G, so finitely many. O

Proposition 1.5. Let G be a profinite group. Then multiplication u :
G x G — G and inversion i : G — G are continuous maps.

Proof. Example sheet 1. O

Thus G is a topological group.

| Definition. An isomorphism of topological groups is an isomorphism f :
G — H which is also a homeomorphism.

From now on we only consider homomorphism between profinite groups
which are continuous.

Lemma 1.6. Let H be a topological group and let G = lim G; be an inverse
limit of finite groups with projections p; : G — G;. Then a homomorphism
f+H = G is continuous if and only if pjo f : H — G; is continuous, if
and only if ker(p; o f) is an open subgroups of H.

Proof. The first iff is by definition of the product topology on [[G,. For the
second, let f; = p;jo f. If f; : H — Gj is continuous then ker f; = fj_l(l) is
open. Conversely, if ker f; is open then fj_l(gj) = h-ker(f;), where h € fj_l(gj)
if nonempty, is open for all g; € G;. Thus f;l(U) isopen forallU C G;. O
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Proposition 1.7. Let G be a compact topological group. Then a subgroup
U C G is open if and only if it is closed and has finite index.

Proof. Example sheet 1. O

Proposition 1.8. Let G = limG; be an inverse system of finite groups.
Then the open subgroups U; = ker p; form a basis of open neighbourhoods of
the identity.

Proof. Let V'3 1 be open. By definition of the product topology, V' contains
a basic open set of the form pjfll(Xj )N - ﬂp;j(Xj ) 2 1, where X, C
G,, open. Then 1 € X, C G,, so by shrinking wlog X;, = {1}. Thus 1 €
kerp;, N---Nkerp;, . Now can find k € J such that k£ < j; for all ¢. Then
1€ U, Ckerpj, N---Nkerp; CV. O

| Corollary 1.9. A basis of open sets in G is {p]l(gj) 1j€J,g; € G}

Corollary 1.10. Let X C G = @Gj be a subset. Then X is dense in G
if and only if p;(X) = p;(X).

Proof. If X is not dense then exist nonempty open set U such that U N X = ().
wlog U = pj_l(gj). Then g; € p;(G) \ p;(X). Similarly if X is dense and U is
nonempty open, wlog U = pj_l(gj), then g; € p;j(G) =p;j(X)so XNU #0. O

Proposition 1.11. Let (G;) be an inverse system of finite groups and
G =1lmG;. Let X C G be a subset. Then X = lim X; where X; = p;(X).

Proof. Let
X' =1im X; = {(g:) € [[ G : 9; € X; for all j, ¢;(g:) = g}
=(p; (X))
=(p; ' i(X)

which is closed. X C X' so X C X'. Let g € G\ X. Then exists a basic open
set pj_l(gj) C G\ X. Hence X ﬂpj_l(gj) =0,s09; ¢ Xj,s09¢ X' O

| Corollary 1.12. X is closed if and only if X = @Xj

Along the same line

Proposition 1.13. Let G be a profinite group. Then

X = ﬂ XN.
N<,G
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Proof. Since kerp; form a neighbourhood basis of the identity,

X =(p; (X)) =X -kerp; C (] XN.
N<,G

Conversely if g ¢ X then can find a neighbourhood pjfl(gj) of g that is disjoint
from X. Then g ¢ X - kerp;. O

Example. If I' is an abstract group, I its profinite completion with 7 : I' — r
then p;(i(T")) =T/N; = p,;(T), so ¢(T') is dense in T'.
1.4 Change of inverse system

1.4.1 Surjective inverse system

Let (G;);es be an inverse system with transition funcitons ;; and projections
Dj-

Definition (surjective inverse system). An inverse system is surjective if
the transition maps ¢;; are all surjective.

Proposition 1.14. Let (X;) be a surjective inverse system of nonempty
finite sets. Then all projections pj : l'Lan — X are surjective.

Proof. Example sheet 1. O

Proposition 1.15. Let (X;) be an inverse system of finite sets. Then there
erists a surjective inverse system with the same inverse limit.

Proof. Recall that
m X; = {(wj) e 1% wisi) = SUJ‘}-

Define Y; = p; (l&n X,). Then Y; with transition maps ¢;;|y, form an inverse
system: if y; € Y; then ¢;;(y;) € Y;. Then HYJ = l<i£1Xj, and this is a
surjective inverse system. O

1.4.2 Cofinal subsystems

Definition (cofinal). If J is an inverse system, I C J is cofinal if for all
j € J exists i € I such that ¢ < j.
Therefore I is also an inverse system.
Example.
1. In the system of finite index subgroups of Z, one cofinal system is {n!Z}.
2. If k € J, then Jei, = {j € J : j < k} is a principal cofinal system.

3. A cofinal system of N°P is the same as an increasing sequence of integers.
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Definition (linearly ordered inverse system). An inverse system is linearly
ordered if it is isomorphic to a subset of N°P,

Proposition 1.16. Let J be a countable inverse system with no initial
element. Then J has a linearly ordered cofinal system.

Proof. Example sheet 1. O

Proposition 1.17. Let (X;) be an inverse system of (finite) sets. Let I C J

be a cofinal system. Then I&HjeJXJ’ ~ @iel X;.

Proof. We prove the proposition for profinite groups. Let G = yLnjeJ G;,H =
fim, G;. The map [[G; — [[ G; is a continuous homomorphism and restricts
toamap f: G — H. Remains to check this is a bijection. Suppose (g;) € ker f,
then p;(g) = ¢; = 1 for all i € I. For every j € J exists ¢ € I such that i < j so
g; = wi;(g;) = 1. Thus (g;) = 1. For surjectivity, let (g;) € H. For j ¢ I, let
i € I be such that ¢ < j and set g; = ¢;;(g;). It is well-defined and (g;) € G. O
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2 Profinite groups

2.1 Z,, the p-adic integers

Let p be a prime. Consider the inverse system

— L[p" —— - —— 7p? Z/p 1

of finite rings. The inverse limit is the profinite ring p-adic integers
Zp = JmZ /p".

An element a € Z, is a sequence (a,) of elements of Z/p"™ such that a, =
ar, mod p" if n > m, where a,, = a (mod p") = p,,(a).

Addition and multiplication are done component-wise. One way to get such
a is to take a € Z and let a,, be reductions mod p" of a. This gives v : Z — 7Z,.

Definition (pro-p group, pro-p completion). A pro-p group is an inverse
limit of p-groups.
The pro-p completion of T" is
= lm  T/N.

p—
N4ar

T'/N a ‘p-group

Therefore Z,, = Z(p). Usually we suppress ¢ and regard Z C Z,,.

There is a natural metric on Z,: let o = (ay,),8 = (by). If @ = S then
d(c, 8) = 0. Otherwise let n be the smallest integer such that a,, # b, and set
d(c, B) = p~™. The restriction of this metric to Z is the “p-adic metric” on Z.

The open ball is

B(O7T) = {(an) DOy =0 for p7™ > 7’}
= {(an) : am =0 for m < —log, 7}
= ker(Z, — Z/pl =18 "])

which is an open subgroup of Z,,.
| Proposition 2.1. Z, is abelian and torsion-free.

Proof. Abelian is obvious. For torsion-free, let o = (a,) € Z,, with o # 0 and
ma = 0 for some m > 0. Write m = p"s where s is coprime to p. As a # 0,
exists n such that a # 0 (mod p"), i.e. ap # 0 € Z/p™. As m # 0, s # 0.
Now consider ma (mod p™*"). Claim this is nonzero: if p"™" | ma,, then
p" | @nir, hence apir =0 (mod p™) = a,, (mod p"). O

| Proposition 2.2. The ring Z, is an integral domain.

Proof. Example sheet 1. O

2.2 The profinite integers Z
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| Proposition 2.3. 7 is abelian and torsion-free.

| Proposition 2.4. 7 has zero divisors.

Both follow from

Theorem 2.5 (Chinese remainder theorem). There is an isomorphism of
topological rings
z= 1] 2,
P

prime

Proof. There is a continuous homomorphism 7 — Z,, for every p as

7 \
Z[p" — L/p™
We thus have a continuous homomorphism f : 7 — Hp prime L.

f is surjective if and only if im f C [[Z,, is dense, if and only if im f inter-
sects all basic open sets of [[Z, non-trivially. A basic open set has the form
¢~ (z1,...,z) where ¢ : [[Z, — Z/p}* x -~ x Z/pl. Now invoke the classical
Chinese remainder theorem: let m = py'---pl'", then we have a commutative
diagram

z—— 11z,

| I

Z/m = Z/p{t x - x L/pprr

As (21,...,2,) € im(¢o f), have im f N~ (xq,...,x,.) # 0.

Now suppose g € Z \ {0}. Then exists m such that the image of g in
Z — Z/m is nonzero. Now use injectivity of the isomorphism to conclude f
must be injective. O

2.3 Profinite matrix group

If R is a commutative ring with 1 then there is a matrix ring Mat,,(R) of n x n
matrices whose entries are in R. In particular

Mat, (Zp) 2 lim Mat,, (Z/p"™)

Mat,(Z) = lim Mat,, (Z/m)

for similar argument as above.
Define

SL,(R) = {A € Mat,(R) : det A =1}
GL.(R) = {A € Mat,(R) : det A € R*}

10



2 Profinite groups

As det : Mat,(Z,) — Z, is a polynomial so continuous, SL,(Z,) C Mat,(Z,) is
a closed subset and is a group under multiplication. We will show in example
sheet that Z) and 7% are closed subsets of Z, and 7, and in fact they are
isomorphic to ]ziil(Z/pm)X and @(Z/m)x. We have

SLn(Zp) = @SLn (Z/p™)

etc. A version of Chinese remainder theorem also holds.

Problem: consider the inclusion SL,,(Z) C SL,(Z). How does this inclusion
look like? For example, is this inclusion dense? (the answer is yes, see example
sheet 2). We know from general theory this holds if and only if SL,(Z) —
SL,,(Z/m) is surjecitve. But this is not obvious at all. For example how can we
find an element that is mapped to (7 §) € SLa(Z/13)?

—

Another question: do we have SL,(Z) = SLy(Z), i.e. does SL,(Z) have
any other finite quotients other than SL,(Z/m)? The answer is no for n = 2
(example sheet 2), and yes for n > 3 (hard theorem of Bass-Lazard-Serre).

2.4 Subgroups, quotients and homomorphisms

A reminder that we are working in the category of topological groups so sub-
groups are closed and homomorphisms are continuous (non-closed subgroup can

be pretty wild: Z 2 [[Z, 2 [[Z).

| Proposition 2.6. A closed subgroup of a profinite group is a profinite group.

Proposition 2.7. Let G = %ln G; be a profinite group of a surjective inverse
system, H < G a closed subgroup. Let H; = p;(H). Then H has finite index
(i.e. open) if and only if |G; : Hj] is constant for j € I for some cofinal
subsystem I C J, in which case |G : H] =[G, : Hj] for j € 1.

Proof. Exercise. O

Proposition 2.8. Let G be a profinite group and N 4. G. Then G/N
equipped with the quotient topology is a profinite group.

Proof. Let G = lim G; be a surjective inverse system. Define N; = p;(N). Then
N; < G, and define Q; = G;/N;. Exists 1;; such that the following diagram
commutes:

GzLGJ

| |

Gi/N: —225 G5 /N,

Check that (Qj,%5;) is an inverse system. Let Q = mQ] There exists a

continuous map [[G; — [[Q; restricting to f : G — Q. (g;) € ker f if
and only if g; € ker(G; — @Q;) = N; for all j, if and only if ¢ € N. Thus

11
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ker f = N. By first isomorphism theorem for groups, exists group isomorphism
f: G/N — @ making the diagram commute

G— Q@

G/N

f is continuous by definition of quotient topology. f is a homeomorphism be-
cause G/N is compact and @Q is Hausdorff. O

Theorem 2.9 (first isomorphism theorem for profinite groups). If G and Q
are profinite groups, f : G — Q is a continuous surjective homomorphism,
then exists an isomorphism of topological groups f : G/ker f — Q making
the following diagram commute

a7t > Q

P
-
-
-
P
-
- f
-

G/ ker f

Corollary 2.10. A (closed) quotient of a profinite group is a profinite group
when given the quotient topology.

Definition (morphism of inverse system). Let (G;) and (H;) be inverse
system of finite groups, indexed over the same poset J. A morphism of
inverse system is a family of group homomorphisms f; : G; — H; such that
for all ¢ < j, the following diagram commutes

Gi L Hj

b o
fi

Gj —— H;

Proposition 2.11. Given a morphism of inverse systems as above, exists
a unique continuous homomorphism f : G — H such that

¢ 1 m
el
Gj i) Hj
commutes for all j.
Proof. Exercise. O
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Proposition 2.12. Let (G;)jes, (H;)ier be inverse systems of finite groups,
G = %iLnGj,H =1lmH;. Let f : G — H be a continuous homomorphism.
Assume J and I are countable. Then there are cofinal subsystems J' C
J, 1" C I with an isomorphism o : J' — 1" and a morphism f : Gjr — Hjny
of inverse system which induces f.

Proof. We may assume J and I are linearly ordered, i.e. isomorphic to N°P.
Also we may assume (G;);es is surjective. Set J' = J. Construct an increasing
sequence k, of natural numbers inductively as follows: the composition G —
H — H, is continuous so the kernel is open, hence containing a basic open
subgroup kerpkcn of G. As kerpkqn C kerpl f, exists a quotient map f,, : Gy, —
H,. Increase k,, if necessary so k,, > kp_1. Set I’ = {kn}. O

2.5 Generators of profinite groups

Definition (topological generating set). Let G be a topological group. A
subset S C G is a (topological) generating set for G if (S) is dense in G. G is
(topologically) finitely generated (tfg) if it has a finite topological generating
set.

Definition. Let G be a topological group and S C G. The closed sub-
group generated by S is the smallest closed subgroup of G which contains S.
Equivalently, it is the intersection of all closed subgroups which contain S.

Exercise. The closed subgroup generated by S is (S). More generally, the
closure of a subgroup is a subgroup.

Proposition 2.13. If G is a profinite group, U <, G then G is tfg if and
only if U is tfg.

Proof. If G = (S) for some finite S then U N (S) is finitely generated. As U is
open, U N (S) is dense in U.

Conversely if U = (S) and T is a set of coset representatives for U in G,
then S UT is a finite generating set for G. O

Proposition 2.14. Let G = lim G; be an inverse system of finite groups.
Then S C G is a topological generating set if and only if p;(S) generates

pi(G).

Proof. (S) is dense if and only if p,;(G) = p; ((S)) = (p,(S)) for all j. O
| Proposition 2.15. a € Z,, is a generator is and only if & # 0 (mod p).

Proof. Let a = (a,). « is a generator if and only if a,, generates Z/p" for all n,
if and only if a,, is coprime to p", if and only if a,, is coprime to p. O

13



2 Profinite groups

If o is a generator then consider multiplication by «, fo : Z, — Z,. The
image of f, contains (a) and hence im f, O (a) = Z, so exists 3 such that
a3 = 1. The converse is also true so we can identify the set of generators of Z,
with Z.

Z) is an open subset of Z, and for all n the natural map Z, — (Z/p")*
is surjective. Thus many elements of Z are invertible in Z,. For example to
compute the inverse of 2 € ZJ, we can compute its inverse in (Z/3")* for
increasingly large n to get

27 =(...,41,14,5,2) € [ [ Z/3"

so 271 =(...,81,27,5,2) € Zs.

Proposition 2.16. a € 7 is a generator if and only if a # 0 (mod p) for
all p.

By Chinese remainder theorem this set is [[Z,, and thus can be identified

with 7%. Tt is a closed subset of Z and just as in the p-adic integer case,
7> — (Z/n)* is surjective for all n.

Theorem 2.17 (Gaschiitz’s lemma for finite groups). Let f : G — H be a
surjective homomorphism of finite groups. Assume that G has a generating
set of size d. Then for any generating set {z1,...,2z4} of H, there exists a
generating set {x1,...,x,} of G such that f(x;) = z;.

Proof. We formulate the theorem in terms of generating vectors: (x1,...,24) €
G4 whose underlying set generates G. f extends to f¢: G% — H?. Let y be a
generating vector for H and let N¢(y) be the cardinality of the set of generating
vectors z for G such that f4(x) = y. We show Ng(y) is independent of y, and
then the results follows.

Induction on |G|. Let y be a generating vector for H. Let C be the set of
< d-generated proper subgroups of G. Then for all x such that f¢(z) = y, either
(x) = G or (x) € C. Therefore

ke f9) = [{z € G+ fU(z) = y}| = Na(y) + ) Ne(y).
cec

As ker f¢ is manifestly independent of y, by induction hypothesis Ng(y) is
independent of y. O

Theorem 2.18 (Gaschiitz’s lemma for profinite groups). Let f : G — H be
a continuous surjective homomorphism of profinite groups. Assume G has a
topological generating set of size d. Then for every generating set {z1,...,24}
of H, exists a generating set {x1,...,x,} of G such that f(x;) = z;.

Proof. wlog G = m. G;,H = 1&2@ Hj; and f is induced by a morphism of
inverse systems f; : G; — H; (see lemma below) and the inverse systems are
surjective. Let

X; = {z; generating vector for G, : f;(z;) = pf(z)}

14



2 Profinite groups

which is nonempty. (X;);cs forms an inverse system so
Im X; = {x € G*: 2 generator of G : f(z) = 2}

is nonempty. O

Proposition 2.19. Let G be a profinite group and U be a collection of
open normal subgroups of G which form a neighbourhood basis at 1. Then
G=lm,, G/U.

Proof. There exists a homomorphism f : G — l'geru G /U which is surjective

since G surjects G/U, and injective because U is a neighbourhood basis: for
all g € G\ {1} exists V <, G such that g ¢ V and exists U € U such that
Ucv. O

Example. If G is tfg, take U = {U,} where
U, = ﬂ{normal subgroups of G of index < n}

which is open since the collection is finite.

As a corollary

Lemma 2.20. If G is a tfg profinite group then G = l'gljej G; where J is
countable.
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8 Profinite completion

3 Profinite completion

3.1 Residual finiteness

Let I be an abstract group (usually finitely generated), I' = I&H Na,T T'/N its

profinite completion, and a canonical map ¢ = ¢p : ' — I.
We have seen for I' = Z this canonical map is an injection. This injection is
sufficiently important that it deserves its own name.

Definition (residually finite). Let I' be an abstract group. I is called
residually finite if for every v € T'\ {1} there exists N <Jj I' such that
v ¢ N. Equivalently, 7 is not in the kernel of I' — I'/N.

| Proposition 3.1. T is residually finite if and only if i : T — T is injective.

| Proposition 3.2. A subgroup of a residually finite group is residually finite.

Proof. Suppose A <T'. If vy € A\ {1}, exists N <; I" such that v ¢ N. Then
NNA <Dy Aand vy¢ NNA. O

A partial converse holds, provided the subgroup has finite index:

Proposition 3.3. Let I" be an abstract group, A < T of finite index. Then
if A is residually finite so is T.

Proof. Let vy € T\ {1}. If v ¢ A, take

N = Corer(A) = ﬂ gAg™t <, T
gel

and v ¢ N. If v € A then exists M < A such that v ¢ M. Then M <; T so
N = Corer(M) <y T"and v ¢ N. O

Proposition 3.4. Direct product of residually finite groups is residually
finite.

Proof. Example sheet 2. O

| Proposition 3.5. All finitely generated abelian groups are residually finite.

Remark. Finite generation is necessary here. For example Q has no nontrivial
finite quotient.

A source of residually finite groups is matrix group.

| Proposition 3.6. SLy(Z) and GLy(Z) are residually finite for all N.

Proof. If A € GLy(Z), take a prime p greater than an entry of A. Then A is
not in the kernel of GLy(Z) — GLn(Z/p). O

16



8 Profinite completion

Proposition 3.7 (Non-examinable). [Mal’cev’s theorem] Let T' be a finitely
generated subgroup of GLy(K) (resp. SLy,PSLy ) where K is a field. Then
T is residually finite.

As a corollary, fundamental groups of surfaces are residually finite (as they
are contained in PSLy(R) by hyperbolic geometry).

Theorem 3.8. Let G and H be tfg profinite groups. Then G = H if and
only if the set of isomorphism types of continuous finite quotients of G and
H are equal.

Proof. Let GG, be the intersection of all open normal subgroups of G of index
<mn. Then G, <, G and G = l'glG/Gn. Define H,, similarly. Now G/G,, is
a continuous finite quotient of G so it is also a continuous finite quotient of H.
Thus exists V' <, H such that G/G,, = H/V. By definition the intersection
of all normal subgroups of G/G,, of index < n is trivial, so upon taking their
preimages under H — H/V we have H,, C V. Then

G/Gn| = |H/V| < [H/Hy|.

By symmetry we have equality so H, =V and thus G/G,, = H/H,.

To show there exists an isomorphism of inverse systems, let .S,, be the set
of isomorphisms G/G,, — H/H,,, which is nonempty. If f,, € S, then it takes
normal subgroups of G/G,, of index < n — 1 to those in H/H,, so defines an
isomorphism Gy_1/G,, — H,_1/H,. Thus f, descends to a map ¢, n—1(fn) :
G/Gn-1 — H/H,_; which makes the following diagram commute

G/Gn —I" H/H,

| |

G/Gnifn,nfl(fnh/ﬂ—nil

(Sn, Pn.n—1) is an inverse system of nonempty sets so Msn is nonempty and
its element defines an isomorphism of inverse systems. O

As a corollary
Theorem 3.9. Let I', A be finitely generated abstract groups. Then r~A

if and only if the set of isomorphism types of finite quotients of ' and A are
the same.

The following lemma characterises open subgroups of profinite completion

Lemma 3.10. Let I' be a finitely generated abstract group. Then the open
subgroups of I' are precisely the subgroups tr(A) for A <;T.

Proof. If A <; T then ¢ (A) is closed. It also has finite index so open: suppose
I' =J._, ¢;A is a finite (disjoint) union, then

I = or(T) = ULr(giA) = ULF(Qi)LF(A)

Conversely, let U <, T, then U N ¢p(T) is dense in U. Let A = 15 (U)
(7' (UNer(T)). Then A <; T and o (A) = U Nep(D).

o
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8 Profinite completion

Question: how much can we learn about I' from I, if T is residually finite?

Proposition 3.11. Iff ~ A, A is abelian and T is residually finite then T
is abelian.

Proof. If AA is abelian, all its quotients are abelian, so A is abelian. Then
ir : I' = T' = A shows T is abelian. O

Proposition 3.12. If G and H are finitely generated and G = H then
Gap = Ha,. In particular if G is abelian and H is residually finite then
G~H.

Proof. If G and H have the same finite quotients then they have the same finite
abelian quotients, which are precisely the finite quotients of abelianisation. Thus
suffices to show we can recover a finitely generated abelian group G = Z" x T
from its finite quotient. Have

r=max{k: G — (Z/n)"* for all n}
and T the largest finite abelian group such that G — (Z/n)" x T. O

Example (Baumslag). One does not have to go far from abelian groups to show
this fails in general. Let ¢ : Cos — Cas be the automorphism t — % where t is a
fixed generator. ¢ has order 5. Form semidirect products G1 = Ca5 x4 Z,Go =

Cas X g2 Z. Write Z = (s) multiplicatively. Claim G; 2 G2 but EN=Ne

Proof. Suppose ¥ : Gy — (G4 is an isomorphism. Then ¥ (Cao;) = Cas so
P(t, 1) = (t%,1) where t* generates Cps. Let ¥(1,s) = (t7,5°). As s° generates
Z, c = +1. Now compute

1/J((17 S) L) (t7 1) L) (17 5_1)) = "/]((bQ(t)’ 1) = (¢2(ta>7 1)'
On the other hand

so p2(t%) = ¢°(t*) so 2 = ¢ (mod 5), absurd.

To show the profinite completions are isomorphic, note G1 = Cos ><¢Z, Gy =
Cas X g2 Z: let G1 — Q@ be a finite quotient. If the composition Z — G; — Q
has image of order m, then f factors through the finite quotient Cos x4 (Z/5m),
so the quotients Cos X Z/5m are cofinal in the finite quotients, so

Gl = @1(025 X Z/5m) = 025 Del Z
Same for Gs. O

It is worth noting that if we try to compute the same expressions in the
profinite completions, we can merely conclude c¢ is a topological generator of
7 — but Z has many generators! In fact, for any ¢ € Z* such that ¢ = 2
(mod 5) we can define ¢’ : Gy — G, (%, s%) = (t%, s"¢) which is continuous and
injective. As c is a generator, it is also surjective.
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8 Profinite completion

Open problem: If G is finitely generated and residually finite and F' is a
finitely generated free group, does F~@ imply FF = G? Equivalently, does
there exists a finitely generated residually finite group G and n € N such that
a finite group @ is a quotient of G if and only if d(Q) < n, where d is the
minimum number of generators?

Proposition 3.13. If Fy, F» are both finitely generated free and Fy = F,
then Fy =2 F5.

Proof. Immediate. O

What about surface groups? They are fundamental groups of genus g ori-
entable surfaces and has presentation

S.‘] = <a17b17-'~7agabg|[a17b1] [a97b9]>'

Can we tell them apart from free groups? If S’g = F, then Z% ~ 7" so r = 2g.
What next?

Proposition 3.14 (basic correspondence). Let G, G be finitely generated
residually finite groups. Suppose G1 = Go. Then there is a bijection

¢ {H <y Gi} = {H <y Go}
such that if K <; H < Gy then
o [H:K]=[(H):¢(K).
« K < H if and only if $(K) < o(H).
« IfK < H then HIK = ¢(H)/¢(K).

. ﬁ%@

Every finite-sheeted cover of a surface is a surface, so every finite index
subgroup of Sy is a surface group so has abelianisation 7%, However F, has an
index 2 subgroup, which is free of rank 2(r — 1) + 1 by Nielsen-Schreier. Thus
from the corrspondence we deduce S, is not free.

The proposition itself follows from the correpondence between subgroups of
G and G.

Proposition 3.15. Let G be finitely generated residually finite and regard
G as a subgroup of G. Then there is a bijection
[H <, G}~ {U <, G)
H—H
UNG U

Furthermore if K <y H <; G then

e [H:K|=[H: K],
o K< H ifand only if K < H,
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8 Profinite completion

e If K< H then H'K = H/K,

« H~H.
Proof. Surjectivity is done in Lemma 3.10. To show injectivity enough to show
HNG = H. Consider the action of G on G/H, inducing a continuous « : G —
Sym(G/H). Then g € Stabs(H), an open subgroup. If g € G\ H then it is
disjoint from H, so g ¢ H.

Let {g;} be a set of coset representatives of H in G. Then G = Jg;H. This
is a disjoint union since H NG = H, so {g;} is also a coset representative of H
in G, so there is a natural bijection G/H — G/H.

If K <Hthen K=KNG<HNG = H. H normalises K if and only if K
lies in the kernel of the action H — Sym(H/K), so K C H so K < H.

Any finite quotient K of H is the quotient of H by the open subgroup K.
Thus by universal property there is a continuous homomorphism H — H. 1t is
injective since for any 1 # h € H, exists U open in G such that h ¢ U. Then h
is not mapped to identity under the composition H — H — H/HNU. O

Definition (Hopf property). A (topological respectively) group G has the
Hopf property (or is Hopfian, or Hopf) if every (continuous respectively)
surjective homomorphism G — G is an isomorphism.

Usually surjectivity is the easier condition to check — if we know a set of
generators then we only have to show that they lie in the image. On the other
hand to show injectivity requires understanding the image of each element.

Proposition 3.16. Let G be a tfg profinite group. Then G has the Hopf
property.

Proof. Let GG, be the intersection of all open normal subgroups of G of index
< n. G, is open and G = @G/Gn. If U <, G with [G : U] < n then
because f is surjective, [G : U] = [G : f~1(U)] < n so G, < f~Y(U). Thus
G, CNFfYU) = fYG,) so f(Gn) C Gy, inducing a surjective map f, :
G/G, — G/G,. Finite groups are Hopfian so f,, is an isomorphism. The result
thus follows. O

Corollary 3.17. If T is finitely generated and residually finite then I' has
the Hopf property.

Proof. Let f:I' = I' be a surjection. Then f induces a unique map f T 1.
I' is tfg and f is surjective because its image is compact and contains a dense
subset. The result then follows from the Hopf property of I'. O

Proposition 3.18. Let G, H be (topological respectively) groups, G with
Hopf property. If there exists (continuous respectively) surjections f : G —
H,f": H— G then both [ and ' are isomorphisms.

Proof. f'of:G — G is an isomorphism by Hopf property so f is injective and
an isomorphism. Then f’ = (f’ o f) o f~! is also an isomorphism. O
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8 Profinite completion

Proposition 3.19. Let ' be a group and suppose exists a finite quotient Q@
of ' such that d(T') = d(Q), where d is the minimum number of generators.
Then for a free group F, F 2T wunless T is free, i.e. T = F.

Proof. Let F be a free group with F =~ T'. Then Q is also a quotient of F
so d(F) > d(Q) = d(T') so exists a surjection f : F — I', which induces a
continuous surjection f A By Hopf property f is an isomorphism so f
is injective. O

Example. Non-Hopfian groups are not residually finite. For an example of
non-Hopfian group, let

BS(n,m) = (a,tla"t™* = a™)
where n, m coprime. Define
f:BS(n,m) — BS(n,m)
yr—=t

a+—a”

f is a surjection as it surjects the generators. But f is not injective: a does not
commute with tat~! (which we quote as a fact). But

f(a,tat™1]) = [a™, ta™t '] = [a™,a™] = 1

so BS(n,m) is not Hopfian. residually finite.

3.2 Finite quotients of free groups

| Theorem 3.20. Free groups are residually finite.

There are two proofs. The first proof in online notes is non-examinable (and
omitted). The proof actually shows that

Corollary 3.21. For allp, a free group F is residually p-finite. In particular
F injects to its pro-p completion.

We record the second proof here, which is an algorithm to produce finite
quotients.

Proof. Let F be free on finite generating set S so F' = m;\/4S. Write g €
F\ {1} as a reduced word s; - - - s,,. Write out g “along a line” to get a labelled
graph Y and there is a continuous map Y — X. We seek to make Y a covering
space of X by adding edges.

For each s € S, the number of vertices having an outgoing s edge is the same
as those having an incoming one. Thus we can add s edges so that every vertex
has exactly one s edge entering and one leaving. This gives a finite covering Y
of X so corresponds to a finite index subgroup mY of F. g ¢ mY since it is
not a loop.

For each s € S, following the edge s is a permutation of vertices to we have
an action of F' on vertices of Y. ¢ does not fix the initial vertex of Y as g is
not contained in the finite index normal subgroup corresponding to the kernel
of the action. O
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8 Profinite completion

Theorem 3.22 (Marshall Hall’s theorem). Let S C F be a finite subset. If
y & (S) then exists a finite group Q and a homomorphism f : F — Q such

that f(y) & f((S))-

Corollary 3.23. If S does not generate F then exists Q,f such that
fFUS)) # F(F).

Remark. Marshall Hall’s theorem actually says that exists H <y F' such that
SCHand H=(S)xH'.

Corollary 3.24. S generates F if and only if S (topologically) generates
F.

Note. As a result (S) N F = (S), which generalises the basic correspondence,
which holds only for finite index subgroup.

The proof uses monodromy action of the fundamental group. Let X be a
wedge of circles whose fundamental group is F. If we can find a finite covering
space Y of X such that S is contained in the image of mY then (S) is contained
in the stabiliser of a vertex of the covering action. Similar to the proof of
residually finiteness of free groups, if y ¢ (S) then we can construct Y so that
g does not lie in the stabiliser.

To construct the covering space first let Y be the graph with a distinguished
vertex and loops corresponding to words in S going around the vertex. We
would like to add edges as before so that Y becomes a covering space. Here
we encounter a problem as there might be more than one edge, say a, coming
from the distinguished vertex. We need to apply Stallings’ fold to identify
the repeated edges, and it is a fact that this procedure does not change the
fundamental group.

The formal proof is non-examinable. A worked example can be found in the
lecturer’s online notes.
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4 Pro-p groups

4 Pro-p groups

Recall that a pro-p group is an inverse limit of finite p-groups — finite groups
of order a power of p. The pro-p completion of T is

Ly = lm  T/N.
N<T
I'/Np-group

For example Z, = Z(p).

4.1 Generators of pro-p groups

Definition (Frattini subgroup). Let G be a finite group. The Frattini
subgroup of G is

P(G) = ﬂ{M : M maximal proper subgroup of G}.
Proposition 4.1. If f : G — H is a surjective group homomorphism then

f(®(G)) C ®(H). In particular ®(G) is a characteristic normal subgroup,
i.e. if G — G is an automorphism then f(®(G)) = ®(G).

Proof. Let M be a maximal proper subgroup of H. Then f~'(M) is a proper
subgroup and it is maximal: if f~1(M) C N C G, assume f~1(M) # N. Then
f(N) = H as M is maximal. Therefore G = N -ker f = N as N D ker f.
Therefore ®(G) C f~1(M), hence f(®(G)) C M. Taking intersection to get
f(2(G)) € o(H). O

Note that we did not use finiteness anywhere.
Proposition 4.2. Let G be a finite group. For S C G a subset, TFAE:

1. S generates G.
2. S®(G) generates G.

3. S®(GQ)/P(G), the image of S in G/D(G), generates G/P(G).
In other words, the elements of ®(G) are precisely the non-generators.

Proof. Only 3 = 1 is nonobvious. Suppose S does not generate G. Then (S)
is contained in some maximal proper subgroup. Here we used the crucial fact
that G is finite. Since ®(G) C M, M/®(G) is a proper subgroup of G/®(G).
Thus S®(G)/®(G) C M/®(G) € G/P(G). O

Definition. Let G be a group, H, K subgroups of G and m € Z. Define
HK ={hk:he H ke K}

which is a priori a set, but is a subgroup if either H or K is normal, and is
a normal subgroup if both H and G are.
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4 Pro-p groups

Define the commutator to be
[H,K] = ([h,k]=h 'k~ 'hk :h € H k € K)

which is a subgroup and is a normal subgroup if both H and K are normal.
Finally define
H™=(h™:he€ H).

which is a subgroup.

Proposition 4.3. Let G be a p-group. Then

B(G) = [G, GIG? = ker(G — Gap, — Gap/pGab) = {[g1, 92]95)-

Note that Gap/pGap is an Fy-vector space, so is isomorphic to (Z/p)? for
some d. Thus G/®(G) = F¢ where d = d(G) is the minimum size of a generating
set of G.

Proof. Example sheet 2. O

Definition. Let G be a profinite group. Define
o(G) = ﬂ{M : M maximal proper closed subgroups of G},
where M maximal proper closed means that if IV is a closed subgroup then

M C N C G implies N =M or N =G.

Proposition 4.4. Any proper closed subgroup of a profinite group G is
contained in a proper open subgroup, and hence is contained in a mazimal
proper closed subgroup, and maximal proper closed subgroups are open.

Proof. Suppose H <. G, G # H and G = 1'£1Gj. Since H is not dense, exists j
such that p;(H) # p;j(G). Then pj_l(pj(H)) is open proper and contains H. [

Similar to the finite case we have

Lemma 4.5. If f : G — H is a surjective continuous homomorphism of
profinite groups then f(®(G)) C ®(H).

Proposition 4.6. If S C G where G is a profinite group then TFAFE
1. S is a tgs for G.
2. S®(G) is a tgs for G.
3. SO(G)/P(G) is a tgs for G/P(G).

Proposition 4.7. Let (G;)jes be a surjective inverse system of finite
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4 Pro-p groups

groups. Let G = @Gj. Then

(G) = lim ®(G)).
Proof. Let p; : G — G, be the projection. Then p;(®(G)) C ®(G;) for all j.
Hence ®(G) C @@(Gj).

Now let M be a maximal proper closed subgroup of G. M is open so exists i
such that ker p; € M. Thus kerp; C M for all j <. Then p;(M) is a maximal
proper subgroup of G; so p;(M) 2 ®(G,) for all j <i. Thus

M D @@(Gj) = I'&nCI)(Gj).

J<i

Proposition 4.8. Let G be a tfg pro-p group. Then

®(G) = [G,G|GP
and G/®(G) = F§ where d = d(G).

Later we will see that [G, G]GP is in fact closed.
Note. G/®(G) is also denoted Hq(G,Fp).

Proof. Write G = lim G; as a surjective inverse limit of finite p-groups. Then
®(G) =lim|[G;, G;]GY. If g1, 92,93 € G then

p;([91,92195) = [pj(91),pj(92)lp;(93)" € |Gy, G;1GY

so p;([G,G]IGP) C [Gy,G4]GY for all j so [G,G]GP C ®(G). Now G/[G,G]|GP

is tfg abelian and every element has order p. Therefore it is isomorphic to

F¢ for some d (if ay,...,aq tgs of G/[G,G]GP then {a}" ---aj* : ny,...,ng €
0,...,p — 1}} is a finite dense subgroup). Then since ®(F%) = {0}, we find
P

®(G) C [G, G)GP as required. O

Corollary 4.9. Let f : G — H be a continuous homomorphism of tfg
pro-p groups. Then f(®(G)) C ®(H) and hence there is an induced map
fe : G/®(G) — H/®(H), which is a map of vector spaces over F,. f is
surjective if and only if f. is surjective.

Proof. If g1, 92,93 € G then

f(lg1,921985) = [f(91), f(g2)1f(g3)" € ®(H)

so f(®(G)) C ®(H).
f(G) generates H if and only if f(G)®(H)/®(H) = f.(G/®(G)) generates
H/®(H). As the image of both are compact so closed, the result follows. [

Example. Let F' = {a,b), the free group of rank 2 and G = F(p). Then
G/®(G) =F2. Let S = {ab?a,ba~?b}. Map S to G/®(G) to test generation:
a*b’a s (3)
ba b (3?)

They generate IE‘% if and only if det(g _22) =14 # 0, if and only if p # 2,7.
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4 Pro-p groups

4.2 Nilpotent groups

Definition. A commutator of length 2 is a commutator

l91,92] = 91 ' 95 ' 9192 = g1 ' g2

Define iteratively a commutator of length n

[913927 s 7gn] = [gla [927 s 7gnH
Definition (lower central series). The lower central series of G is the fol-
lowing sequence of subgroups:

G =G
Gny1 =[G, G =(lg,h] : g € G,h € Gy)

We sometimes denote G, by v, (G).

Definition (nilpotent group). A group G is nilpotent of class ¢ if v.4+1(G) =
1 but 7.(G) # 1.

For a nilpotent group we have
G=712>2722"2%41=1

Note. v.(G) is central in G and nilpotent of class 1 is the same as abelian.

Proposition 4.10. v, is fully characteristic in the sense that if f : G — H
is a homomorphism then f(v,(G)) C yn(H).

Proposition 4.11. Subgroups and quotients of nilpotent groups of class c
are nilpotent of class < c.

| Proposition 4.12. A finite p-group is nilpotent.

Exercise. If R is a ring, then the set of upper trianglular n x n matrices with
1 on the diagonal is a nilpotent group.

Definition. For G is tfg pro-p group, the lower central p-series is defined
by

G =G
Gni1 = [G,G,)Gh

1 (G) C Gy =1W(G).

Why are we doing this?
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4 Pro-p groups

1. G, /Gny1 are vector spaces over Fp,.

2. v{P(G) is open in G: inductively ®(G) = ’yép)(G) and ®(Gn_1) < W(G),
and Frattini subgroup of a tfg pro-p group is open.

3. {*yflp) (G)} forms a neighbourhood basis for the identity: if N <, G, G/N is
a finite p-group so 7\¥)(G/N) vanish for some n. Therefore v{¥)(G) C N.

4.3 Invariance of topology

| Theorem 4.13. Let G be a tfg pro-p group, H a profinite group and f :
G — H a homomorphism. Then f is continuous.

Corollary 4.14. Let G be a tfg pro-p group. There is no other topology on
G making it into a profinite group.

Proof. If 11 is our given topology and 75 is another topology such that (G, 1)
is profinite, then the identity homomorphism from 7; to 7 is continuous so a
homeomorphism. O

“The group structure determines the topology”.
Theorem 4.13 follows from

Theorem 4.15. Let G be a tfg pro-p group. Then any finite index subgroup
of G is open.

Proof of Theorem 4.13. Suppose f : G — H is a homomorphism. Then for all
U <, H, U has finite index so f~!(H) has finite index and hence open in G.
Thus f is continuous. O

Lemma 4.16. Let G be a nilpotent group generated by aq,...,aq. Then
every g € |G, G| can be written as

g = [alazl} e [ad7xd]
for some x1,...,x4 € G.

Proof. Induction on nilpotency class. ¢ = 1 is trivial. Assume true for nilpo-
tency class ¢ — 1. In particular it is true for G/~.(G) so

g = a1, z1] - [aq, zq] - u

for some u € v.(G). We can write u as a product

N

u= H[gi,vz‘]

i=1

where ¢g; € G,v; € 7.—1(G). Recall the commutator relations

[zy, 2] = [, 2]"[y, 2]
[, yz] = [z, 2][z,y)*
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which imply, for v € v.-1(G)

la;aj, v] = [as, v][a;v]
[ai_l’v] = [aivv_l] - [alvv]_l
[awv] [aivv] = [aivv2]
[a;, w][a;,v] = [a;, vw]
Now we can rewrite w in the form [ay,v]] - - [aq, V)] so
g= [a1,$1] e [ad7$d] [a17vi] e [ad,U&] = [ala zlvll] e [ad7deZi]'

| Proposition 4.17. Let G be a tfg pro-p group. Then [G,G] is closed in G.
Proof. Let aq,...,aq be a tgs for G. Let
X =Ala1, 1] -+ [ag, zq) : z; € G}.
X is the image of the map
G' =G
(x1,...2q) = [a1,21] - - [ad, Td)

so is compact so closed. Obviously X C [G,G]. Let g € [G,G]. Let G = @Gj
where p; : G — G;. Then p;(g) € [Gj,G,]. Gj is nilpotent as it is a p-group.
By the previous lemma

pi(g) = [pj(a1), z1] - [pj(aq), zd]

for some z1,...,2q4 € G;. Hence p;(g) € p;(X) for all j so g€ X = X. O

Proposition 4.18. Let G be a pro-p group and let K be a finite index
subgroup. Then [G : K] is a power of p.

Proof. wlog assume K is normal (otherwise replace K by its core). Let [G :
K] =m = p"m’ where m/ is coprime to p. Consider X = {¢g™ : g € G}. Then
X C K by Lagrange. X is closed so

X=X= ﬂ XN.
N<,G

We will show that g?" € X C K for all g € G, and this shows [G : K] divides
p" (7). Let N <, G be open normal. Let [G : N] = p® for some s. Let
t = max(r,s). Then g?" € N for all g € G. But (m,p') = p” so exists a,b € Z
such that am + bp! = p”. Then

t
g" = ()" (¢")" € XN.

This holds for all N <, G so the result follows. O
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Proposition 4.19. If G is a tfg pro-p group then [G,G|GP? is closed in G,
hence equal to ®(G).

Proof. Let GIPY = {g? : g € G},GP = (G{P}). As G/[G,G] is abelian,
G, G|GP =[G, G|Gir}
and [G, G]G1P} is closed as it is the image of the map
[G,G] x G = G
(z,9) — zg”
O

Proof of Theorem 4.15. Again wlog look at normal subgroups only. Suppose
K <y G is a counterexample with [G : K| is minimal. Consider

M =[G, GIGPK <; G

which contains K as a finite index subgroup.
Now G/K is a non-trivial p-group so

(G/K) = [G/K, G/K|(G/K)",

which is the image of M in G/K. Hence M is a proper subgroup of G so either
M =K, so K > [G,G]G? = ®(G) open, so K open, or M # K, therefore by
minimality K is open in M and M is open in G so K is open in G. O

4.4 Hensel’s lemma & p-adic arithmetic

We saw earlier that solving the equation ax = 1 in Z, just depends on the image
of a in Z/p. Hensel’s lemma allows us to do so for all polynomials, and gives an
algorithm for finding the root.

Lemma 4.20. Let f(z) be a polynomial with Z,, coefficients. Then f has a
root in Zy, if and only if it has a root modulo Z)p"* for all k.

The aim is to reduce just to mod p. To do so we use the method of Hensel
lifting. As an example let p =7 and f(x) = 22 —2. f(3) =0 (mod 7) so to find
a solution mod 49, consider the element 3 + 7a, 0 < a < 6. Then

(347a)>=9+7-6a+49a®> =2+ 7(1+6a) (mod 49)

so we only have to solve a linear equation since the square term vanishes. a = 1,
for example, gives a solution so (3 +7-1)2 = 100 = 2 (mod 49). Next we can
consider 10 + 72 - a € Z/343 etc.

Proposition 4.21 (Hensel’s lemma for square roots). Let p # 2 be prime.
Suppose X\ € Z,, is congruent to a nonzero square r? (mod p). Then exists
a unique p € Z, such that p> = X and p=r; (mod p).

Proof. We construct a sequence rj, € Z, unique modulo p*, such that
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o Thi1 =% (mod pb),

o 72 =X (mod p*).
The first condition can be either interpreted as (zj) forming a Cauchy sequence
in Z,, or as (r) € [[Z/p* compatible with transition functions. In either case
it gives an elemnt p € Z,. The second condition then says p? = .

Suppose we have constructed r. Consider the elements 7, +ap®, 0 < a < p.
Since r2 = A (mod p*), we can write r? = X + byp® for some by, € Z,. Then

(rg —l—pka)2 = X+ p"bi + 2p%ary, + p?*a® = A —I—pk(b;.C + 2ar)  (mod pk'H)

Now modulo p,
b + 2ary, = by + 2ar;  (mod p)

has a unique root for a (mod p), since 271 # 0 (mod p). Set rpy1 = rp+pFa. O

Proposition 4.22 (Hensel’s lemma). Let f(x) be a polynomial with Z,, coef-
ficients and let K € N. Letr € Z, be such that f(r) = 0 (mod p¥), f'(r) # 0
(mod p). Then exist a unique p € Z, such that f(p) = 0 and p = r
(mod p%).

This follows immediately from
Lemma 4.23. Forr,a € Z, and k > 1,
f(r+pfa) = f(r) +p¥af'(r) (mod p*T1).

Proof. The statement is linear in f so enough to show for f(z) = z". By
binomial formula,

n
(7’ +pka)n =" 4 npkarn—l + Z <7?‘>pkiairn—i
=2 v

1 k+1)

=" +npFar™ ! (mod p

We can adapt Hensel’s lemma to matrix groups.

Definition. Define filtrations
GLY(2,) = ker(GLy(Z,) — GLn(Z/p"))
= {I+p"A: AeMatyun(Z,)}
SLY(Z,) = ker(SLy (Z,) — SLn(Z/p"))
= {I+p"A: A e Matyxn(Z,),det(I +p*A) =1}

Proposition 4.24. GLE\P(ZI,) and SL%)(Z,,) are pro-p groups.
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Proof. Write
GLY(2,) = lim GL{ (Z/p")

kEZ
and GL()(Z/p*) = {I+pA : A € Maty n(Z/pF)} has order V" *=1)_ SLUY)(Z,)
is a closed subgroup of GL%)(ZP) and is also a pro-p group. O

For the rest of the section we assume p is an odd prime.
Proposition 4.25. The continuous function A — AP maps GLE\],C)(ZP) onto
GLE{?H)(ZP). Same for SL.

Slogan: every element in GLE1(Z,) has a pth root.

Proof. The proof is by Hensel-like successive approximations. Claim for all
r>1, for all A,

(I+p AP =T4+p"TPA+p"™™?B=T+p" ™A (mod p"*?)

where B is some polynomial of A: for ¢ > 2 the term

p 0 AL
A
(p - 4) P
always has a factor p"*2.

Let [+pftiA e GL%‘CH)(Z,,). We show inductively that: for all n > 1, exist
matrices B,,, F, both expressible as polynomials in A such that

. Bn+1 =B, (mOd pn)’
o (I4+p"B,)P =1+ pttA4prtntiE,.

Note that B,,, E,,’s commute and therefore we can apply binomial theorem. For
n =1, choose By = A. Then

I+ pkA)p =1+ pFttA+ pF 2R,
Inductively define B, 11 = B, — p"E,,

(I +pan+1)p = (I +pan - pk+nEn)p
= +p"Bp)? —p-p" T EL (I +p"Bp)P T + O(pF )
=7 +pk+1A +pk+n+1En _pk+n+lEn(I + O(pk)) 4 O(pk+n+2)
— T4 pFTTA 4 MR

for some FE,,;1. Thus the proposition holds for GL.
For SL, suffcies to show det C? = 1 then det C' = 1. See example sheet 3
Q10: Zy =Zp x Cp1. O

Lemma 4.26.

(I+p*A)I+p*"B) =T+ p"B)I +p*A) =T+ p"(A+ B) (mod p*+1).
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Proposition 4.27. For all k,
k k41
®(QALY(Z,)) = CLy ™ (2,)

and ,
GLY /GL{tY = F

Proof. By the previous proposition
GLYY ¢ (GLEYP € &(GLM).

By the lemma GLE\’;) / GLS\?H) is abelian and of exponent p so is isomorphic

to Iﬁ‘g for some d. But we have already seen that |GL§\’;) /GLE{?H) | = pN2 .

Corollary 4.28. For any k, the continuous map A — AP induces an iso-
morphism
GLY /GLE™ - aLiEt /aLit?.

| Theorem 4.29. If H is a closed subgroup of GLg\l,) then d(H) < N2.

Proof. Suffices to show d(H) < N? for any subgroup H of each finite group
G = GL%) / GLE\I;H) for each k. For each H < G, for m < k, set

Gm = GL(™ /aLtY
H,, =HNG,

Induction to show d(H,,) < N%: form =k
Hy, < G, =GLY /GLGTY =Y.
Inductively, let e be the dimension of
Hp/Hpg1 < G /G 2 FY

Have a surjection H,,/®(H,,) — Hy/Hpm+1 (7). Take e elements hq, ..., ke
of H,, which generate H,,/H,,+1. The pth-power map gives an isomorphism
Gm/Gm+1 = Gmt1/Gms2 and hence hY,---  h? are linearly independent in
Gurt1/Gmt2, thus linearly independent in Hy,q1/®(Hpq1) (7). By extend-
ing to a basis, we can find yi,...,y4—. elements of H,,+1 such that H,,41 =
(R, ... h2 Y1, ..., Ya—e). Then

Hm = <h17~~~ahe>Hm+1 = <h17'~'7he7y17~"7ydfe>

s0 d(Hy) < d(Hpt1)- O
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4 Pro-p groups

Corollary 4.30 (Non-examinable). There is no closed nonabelian free pro-p
subgroup in GLy(Zy).

Sketch proof. F, (p) has normal subgroups of index p™ for all n. These subgroups,
by a form of basic correspondence, are free pro-p of rank p"(r—1)+1, absurd. O

Compare this with the result that SLo(Z) contains a nonabelian free sub-
group.
As a converse we have

Theorem 4.31 (Non-examinable). If G is a pro-p group and ezists R such
that d(H) < R for all H <. G then there exists an abelian normal subgroup
A=7Z5 <G (e < R) such that G/A — GLg(Z,) x I where F is a finite

D-group.
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5 Cohomology of groups

5 Cohomology of groups

5.1 Group rings and chain complexes

Let G be an abstract group.

Definition (group ring). The group ring ZG is the free abelian group with
basis GG, with multiplication given on basis elements by g - h = gh.

ZG is in general noncommutative, but is commutative if G is abelian. The
multiplicative identity is le = e. Note that ZG is not necessarily an integral
domain, for example if G has torsion element.

Definition (G-module). A G-module is a ZG-module.
Remark.
1. We only need to think about the action of basis elements.
2. A G-module M is trivial if g-m =m for all g € G,m € M.

Definition. If My, M5 are G-modules, a morphism of G-modules or a G-
linear map is a ZG-module homomorphism M; — Ms.

Definition. Let M7, M3 be G-modules. The Hom-group Homg (M7, Ms) is
the set of G-linear maps M; — G5 with the structure of an abelian group.

Definition (chain complex). A chain complex of G-modules is a sequence
of G-modules and G-module maps

M, M, —ny By M,

such that d,, o d,,;1 = 0 for all n. Sometimes the chain complex is written
as (M,,d,).

The complex is exact at M,, if imd, 11 = kerd,,. The complex is ezact
if it is exact at M, for all t < n < s.

The homology of the complex is the sequence of abelian groups Hg(M,) =
kerdg, H,,(M,) = kerd,,/ imd, 1, Hi(Ms) = M/ imd; ;.

Revision on free/projective modules and free/projective resolution.

Example. Let X be a simplicial complex whose universal cover X is con-
tractible. let G = w1 X and let X, be the set of n-simplices of X. Now G acts
on X with quotient X and no fixed points. Thus the set of n-simplices of X is
in bijection with G x X,,. The reduced simplicial chain complex of X takes the
form

C—— LG{ X} — ZG{X 1} —— ZG{Xo} —— Z —— 0

which is a free resolution of Z by G-modules.
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5 Cohomology of groups

Definition (group cohomology). Let F, be a projective resolution of Z by
G-modules. Let M be a G-module. Apply the functor Homg(—, M) to get
a chain complex

Homg (Fo, M) BN Homg (Fy, M) e,
The nth cohomoogy group with coefficients in M is then
H"(G,M) =kerd" " /imd".

Elements of ker d"™! and imd" are called n-cocycles and n-coboundaries
respectively.

Example. Let G = Z = (t) (written multiplicatively). Consider the chain

complex

dy

0 G 7G —— 7 0

where
S(Z ngg) = an
di(z) =2(t—1)

It is easy to check this is exact with perhaps the exception kere C imd;. To do
SO suppose x = Zé:}( nith € kere so Y. ny = 0. Then

L1
T = nLthl(t -1 +npttt 4 Z nt®

k=K
L—-2
=npt" (= 1)+ (np + )" (E = 1) + (nn A gt 24> gt
k=K

= some expression - (t — 1) + (np + --- +ng)tF !

=0

Now let M be a G-module and apply Homg(—, M) to get
Homg(ZG, M) —X— Homg(ZG, M) —— 0

Note that Homg(ZG, M) = M as abelian groups so we can rewrite the chain

complex as
t—1)-
( )

M M —0

SO
HY(G,M) =kerd' = {m € M :tm =m} = MY
HYG,M)= M/imd"' = M/{((t —1)M) = Mg

which are called invariants and coinvariants of M respectively. H"(G, M) =0
for n > 2.
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Proposition 5.1. If G is a free group then H"(G, M) =0 for all n > 2.

Non-examinable. Let X be a wedge of circles with m X = G. The universal
cover X is a tree so contractible. The simplicial chain complex of X gives a free
resolution of G-modules of length 1. O

Definition (cohomological dimension). A group G has cohomological di-
mension n, written ¢cd(G) = n, if H™(G, M) = 0 for all M for all m > n
but exists M such that H"(G, M) # 0. If no such n exists then cd(G) = oco.

Thus free groups have cohomological dimension 1. The converse is a also
true, by a deep theorem of Stallings and Swan.

We now investigate morphisms between complexes of G-modules, which
should really be done in the context of homological algebra using derived cate-
gories. The proofs are omitted.

Definition (chain map). Let (A,,a,) and (B, 5,) be chain complexes of
G-modules. A chain map is a sequence of G-linear maps f,, : A,, — B, such
that

fnfloan :5nofn

for all n.

Proposition 5.2. A chain map (fn) : (An) — (Bn) induces maps fi :
H,(As) = Hp(B.).

Corollary 5.3. A G-linear map f : M — N induces maps f. : H*(G,M) —
H*(G,N).

Proposition 5.4. If

0 M, Mo Ms 0

is a short exact sequence of G-modules then there is a long exact sequence

- — H™(G,M;) — H"(G,M,) — H™(G, M3) — H""Y (G, M;) — ---

5.2 Different projective resolutions

Theorem 5.5. The definition of H"(G, M) does not depend on the choice
of projective resolutions.

This follows from the homological algebra fact that projective resolutions
are unique up to quasi-isomorphism. The proof is non-examniable except for
the definition of the chain map between two complexes.
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5.3 Bar resolution

We define the so-called bar resolution for the trivial G-module Z. Let G be
the set of symbols [g1]ga| - - |gn), gi € G. Let F,, = ZG{G™}. Define

do : Fy — Z
angHan

i.e. the augmentation map. Define

d, : F, > F,_1
1]+ 1gn] = g1lg2] -~ - |gn]
+ Z(—l)i[gl\ o 1gigival - |gn]
+ (=D)"g1] -+ gn-1]

| Proposition 5.6. The bar resolution is a free resolution of Z. by G-modules.

Non-ezaminable. F, is G-isomorphic to Z{G" !} (with diagonal G-action) via
[g1] - lgn] — (1,91,9192,---,91" - gn). The latter is a chain complex with
boundary maps

(902 9n) = > _(=1)"(g0s- -+ Gis- -+ Gn)

and the complex is acyclic via the obvious chain homotopy

(gOa"'7gn> = (1agOa"'7gn)-
[

Since different projective resolutions give the same cohomology groups we
might reinterpret group cohomology in terms of bar resolution.

Definition. The group of nth cochains of G with coefficients in M is
C"(G,M)={G" - M} = Homg(F,, M).
The nth coboundary map is
d*: c"YG, M) — C"(G, M)
¢ = (91,5 9n) = g1-0(g2,- -, 9n)

+ Z(*l)iéf’(glgm o1 9n)
+(=1)"(g1,-- - gn-1)

The nth cocycle and nth coboundary are

Z™(G, M) = kerd" !
B"(G,M) = imd"
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The nth cohomology is defined to be
H"(G,M)=2Z"(G,M)/B"(G,M).
We can write out the low-dimensional cocyles and coboundaries explicitly.
H°(G,M) =kerd" = {m € M : gm =m for all g} = M®
is called the set of invariants of M.

kerd® = {¢: G — M : ¢(gh) = go(h) + ¢(9)}
imd' = {¢: G — M : exists m such that ¢(g) = (g — 1)m}

are called crossed homomorphisms and principal crossed homomorphisms.
Example. If M has trivial G-action then

H'(G, M) = Hom(G, M).

Proposition 5.7. Let o : G1 — G5 be a group homomorphism and M
a Go-module. Then there is a natural homomorphism o* : H"(Ga, M) —
H"(Gy, M).

Proof. Given f € C™"(Ga, M), set o*f € C"(G1,M) to be the composition
foa™ O

Suppose we have a short sequence of groups

1 H G Q 1.

There is in general no long exact sequence on cohomologies in the style of the
snake lemma.

Example. Let M = Z (with trivial actions) and a short exact sequence 0 —
7 — 72 — 7 — 0. Then the sequence

H%(Z,7) —— H*(Z2,7) — H%(Z,7)

| |
0 0

cannot be exact as H2(Z?,Z) # 0.

There is, however, some exact sequences coming from spectral sequences,
namely the five-term exact sequence. In low dimensions they can be described
explicitly. We state the result below and sketch the proof.

Lemma 5.8. Let H < G and let M be a G-module. Let G act on C™(H, M)
via

(9- @)1y hn) = 989 g, .. g™ hng)-
Then this gives an action of G on H™(H, M). Moreover H acts trivially.
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Proof. The first part is an easy computation:

(g-d"¢)(ha,... hn) = gd"d(g™ hag,- ., g hug)
= g(g7 h1g)p(g~  hag, . g™ hng)
+ Z(_l)lg¢(g_1hlg7 e 7g_1hihi+lg7 e 7g_1hng)
+(=1)"gd(g~ " hag,- - g " hn_19)
=hi(g- ¢)(h2,... hn)
+ 3 (=Didlg - ¢)(ha, .. hihiga, . hy)
+(=1)"d(g - ) (P, hn_1)
=(d"(g-9))(h1,... hn)
To show H acts trivially, we show if h € H, ¢ € Z"(G, M) then h- ¢ — ¢ €
imd". Induction on n. n =1,
0 = (d?¢)(h1, ha) = h1p(ha) — ¢(h1ha) + ¢(ha)
SO
d(hihe) = hig(h2) + ¢(h1)
then
(h-¢=@)(h1) = (h-$)(h1) — d(h1)
= ho(h™ hih) — ¢(hy)
= h(h™ ¢(h1h) + ¢(h™1)) — ¢(h1)
= h1¢(h) + ¢(h1) + hé(h™") — ¢(ha)
= h1¢(h) — ¢(h)
= (hy — 1)¢(h) € imd"
The induction process is another messy calculation and is left as an exercise. [

Note if G has trivial action and ¢ € C'(H, M) then

(g-0)(h) = ¢(g~ " hg)

so ¢ € HY(H, M)% if and only if ¢(h) = ¢(g~'hg) for all g € G,h € H. Such a
¢ : H— M is called a G-invariant homomorphism.

Theorem 5.9 (inflation-restriction exact sequence). Let H < G and Q =
G/H. Let M be a G-module. Then there is an exact sequence

0 — HY(Q,M¥) —— HYG,M) —— H'(H,M)“

H*(Q, M™) —— H*(G, M)

Note that H'(H, M)% = H'(H, M)® by the previous lemma.
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Non-examinable. We only define the maps appearing in the sequence. This is
done via the restriction map

H™(G,M) — H"(H,M)“
¢ dlun
the inflation map
H™(Q,M"™) — H"(G, M)
¢ pog”

where ¢ : G — @, and the transgression map Tg : H*(H,M) — H?*(Q, M*™)
defined as follow: choose a set-theoretic section s : Q — G, i.e. a transversal,
with s(1) = 1. Define

p:G—H
grrg-s(gH)™!
It ¢ : H — M is a Q-invariant cocycle, define
Tg(¢): G* > M
(91,92) = &(p(g1)p(92)) — (p(9192))
Tg(¢) descends to Q> — M. O

Corollary 5.10 (Hopf formula). Let F be free, R F and Q@ = F/R. If A
is abelian with trivial F-action then

{F-invariant homomorphisms R — A}

HQ(Q, A) ~

- {restrictions of homomorphisms F — A}’

Example. Suppose Q = (z1,...,24|r1,...,7,) is a presentation, so F' = F{zy,...,24}, R =
({r1,...,7m)). Then

d
m
5.4 Cohomology and group extensions

Let E be a group, with an abelian normal subgroup M. Let G = E/M. Such
an F is called an extension of G by M. Two extensions are equivalent if there
is a commutative diagram of homomorphisms

1 M E G 1
1 M E' G 1

40



5 Cohomology of groups

| Lemma 5.11. Equivalent extensions are isomorphic as groups.

Proof. Same as five lemma. O

Note that M comes with the structure of a G-module: the conjugation action
of E on M descends to a G-action. If this action is trivial, the extension is called
a central extension.

Given a G-module M, the group extension problem is concerned about the
classification of the extensions. We can always form the semidirect product
E =M x G. Tt is sometimes also called a split extension.

Definition (splitting). The splitting of an extension E is a group homo-
morphism G — F that is a section to £ — G.

| Proposition 5.12. FExtensions which have a splitting are equivalent to M x

G.
Proof. Set M x G — E, (m, g) — i(m)s(g) where s is a section of F = G. O

Let E be an arbitrary extension of G by M. Let s : G — E be a set-theoretic
section with s(1) = 1. To measure how far s is from being a homomorphism,
consider the function

d(g1,92) = 5(g1)s(g2)s(g192) "

Then s is a homomorphism if and only if ¢ is constant. The image of ¢ is in M
so ¢ : G2 — M is an element of C?(G, M). Claim that in fact ¢ € Z2(G, M).

Proof. We compute s(g1)s(g2)s(g3) in two ways:

s(g1)s(92)s(g3) = (91, 92)s(9192)5(93)

= ¢(91, 92)#(9192, 93)5(919293)
s(g1)s(g2)s(g3) = s(91)9(92, 93)5(9293)
s(91)9(92,93)5(91) ™ 5(91)5(9293)
s(91)¢(92,93)s(91) " @91, 9293)5(919293)

SO
o(g1,92) (9192, 93) = 5(91)D(92, 93)5(91) " (91, g293).

Recognising the first three terms on RHS as the action of G on M and convert
to additive notation in M, we get

?(g1,92) + ¢(9192,93) = 910(92, 93) + ¢(91, 92, 93)-

In addition ¢ is a normalised cocycle, i.e.

(b(l’g) = ¢(gv 1) =0.
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If we had chosen a different section s’ : G — E, consider ¢(g) = s'(g)s(g)~*

so 1 € C1(G, M). Have

)W(

)( )" s(g1)s(g2)
91)1%(92)5(91) " 0 (g1, 92)5(9192)

)i( )

and a comparison with s'(g1)s'(g2) = ¢/(g1,92)'(g192) shows [¢] € H?(G, M)
is well-defined. This shows part of

Theorem 5.13. Let G be a group and M a G-module. There exists a
bijection
{equivalence classes of extensions of G by M} «— H?(G, M).

Proof. Let to construct the inverse map. Let [¢] € H?*(G, M) where ¢ is a
normalised cocycle. Define a group structure on the set M x G by

(m1,91) - (M2, g2) = (M1 + g1 - ma + &(91, 92), 9192)-

By the assumption on ¢, this defines a group structure with identity (0, 1) and
the inverse of (m,g) is (=g~ - (m + ¢(g,97')), ¢~ !). This is an extension.
If we choose a different normalised cocycle ¢’ such that ¢—¢’ = d4), then the
obvious map Eg — Eg, (m,g) — (m+(g),g) is an equivalence of extensions.
It is an exercise to check the two maps are inverses to each other. O

One result that is used in the proof is

Lemma 5.14. Every cohomology class is represented by some normalised
cocycle.

Proof. Let ¢ € Z*(G, M). Let ¥(g) = ¢(1,g). Then ¢ — d*i is normalised:
and they both vanish since ¢ is a cocycle. O

1
1

We may recover Hopf formula from this identification. Suppose G has pre-
sentation (z1,...,2p|r1,...,7m). Then take F' to be the free groups on z;’s and
R = ker(F — G). Suppose E is a central extension of G by A. Choose some
preimages T; € E of generators x; of G. Let 7; be the element of E given by
replacing each occurrence of z; in r; with Z;. Then 7; € A = ker(F — G), say
a;. Write down a group presentation

E=(T1,...,Zn,AlF1 = ai,...,Tm = am, A central, relations of A)

There exists a natural diagram of exact rows

A

1 A

o —
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It follows that A <+ E and £ = E. Can try to define F-invariant homomorphism
R — A by r; — a;. Fact (non-examinable): this is a well-defined F-invariant
homomorphism if and only if A — E is an injection. We made a choice of
preimages T; of z; in E. A different choice T, differ from Z; by an element
b; € A. Then z; — b; gives a homomoprhism f: F' — A and 7, =7, f(b;).

Example. Let G = (x1, 2|z 12007 ‘25 t21). We show H?(G,Z) = 0. Any
central extension of G' by Z has a presentation

E = (T, To, t|T1 72T, ' Ty ‘1 = t*,t central).
Now we can make a substitution 7 — Z1t % = T,
E = (T, T, t|T) " - T (T ) 717, L@ tF) = ¥, t central) = E
E and E' are equivalent as extensions and we can simplify E’
(T}, To, t|T T (T)) 1T, ') = 1, central) = Z x G

It follows that H?(G,Z) = 0.

5.5 Worked example: Z?2

Let T = Z? = (a,b). We will classify all central extensions of T by Z. Start
with a free resolution derived from topology

0 —— 2T —2 (Z7)? —2 2T —> 7 0

where

e ¢ is the augmentation map.
o afz,y)=z(a—1)+y-1).
« B(z) = (2(1 = b),2(a — 1)),

Exactness can either be derived from topology (square tiling of the plane), or
direct computation.
Apply Homzr(—,7Z) to get

Homyr(ZT,Z) —* Homyp((ZT)?,Z) —— Homyr(ZT,Z) — 0

where
BH(N)(z) = f(z(1 = b), 2(a = 1))
= f(z — 2b,0) + f(0,za — 2)

:(b_1)'f(2?0)+(1_1)'f<072:)
=0

so f* = 0. Similarly a* = 0. Thus

Z i=0
HY(T,Z)={7% i=1
7 1=
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To get extensions, we turn to bar resolutions. We seek a chain map

o —— ZT{T?} s 7T{TY S 2T = 7 0
b
0 Zr —L s (zr)? s T 5 7 0

Obviously fo =id. fi should satisfy af; = fody = di. Want to find an element
(xT,Su yr,s) S (ZT)2 such that

a(xnsayr,s) - dl([arbs]) = arbs -1= (ar - 1)bs + (bs - 1)

then define f1 by [a"b°] — (2r.s, Yrs). By commutativity of T,

a”—1 s
Tp,s = a—lb = S(a,r)b
b -1
Yr,s = b_1 —S(b,S)

where
1 r—1 >0
S(a,r) = +a1+ +a rz
—(a™"+---+a") r<o0

So f1([a"b*]) = (S(a,r)b%,S(b,s)). By a messy calculation we similarly find
f2([a"b%|a'b"]) = S(a,r)b*S (b, u).

A cohomology class p € Z = Homyr(ZT,7Z) is represented by the 2-cochain
given by the composition

(a"b%,a'b") — S(a,r)b*S(b,u) — pru
so the group structure on the set Z x T corresponding to this cochain is
(m,a"b%) - (n,a'b") = (m +n + pru,a” 76" +s).

More concretely, this group has a 3-dimensional representation

1 pr m
(m,a"™*)— [0 1 s
0 0 1

The group of central extensions of T' by Z is generated by p = 1.

5.6 Cohomology of profinite groups

The cohomology theory works for profinite groups.

Definition (G-module). Let G be a profinite group. A finite G-module is
a finite abelian group M with a continuous G-action G x M — M.

To avoid defining the group ring of a profinite ring, we use the ad hoc
definition
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Definition. Let G be a profinite group and M a finite G-module. Define
C"(G,M) ={G"™ — M continuous}
and d" given by the same formula as before. Define H"(G, M) = ker d"*! /im d".

Course convention: all general results in this chapter and example sheet 4
may be assumed to hold for profinite groups, where all groups are profinite, all
functions are continuous and all modules are finite.

Example. An extension of G by M is a profinite group E with M < E such that
E/M = G. Equivalence of extensions is a continuous homomorphism respecting
M and G. Then there exists a bijection between equivalent classes of extensions
and H%(G, M).

One can treat profinite groups as discrete groups, but the resulting cohomol-
ogy theory is horrid. Another question: why finite modules only? For example
consider the exact sequence of Z-modules with trivial Z-action

0 Z Q Q/Z 0

Have R
HY(2,7) = H'(Z,Q) = 0

as the continuous map from Z — Z has compact image. H'(Z,Q/Z) = Q/Z.
But we should have a long exact sequence, which implies that H?(%Z,Z). Thus
free profinite groups Z does not have “cohomologicial dimension” 1.

5.6.1 Pro-p groups of cohomological dimension 1

For simplicity in this section assuming all pro-p groups are tfg. The aim of this
section is to prove Stallings-Swan for tfg pro-p groups, i.e. Proposition 5.1 and
its converse:

Theorem 5.15. A tfg pro-p group G is free if and only if cd(G) = 1, if and
only if H*(G,F,) = 0.

Note that for any non-trivial tfg pro-p group G, in particular free pro-p
groups, c¢d(G) > 1 as

HY(G,F,) = Hom(G,F,) # 0.
We first show the equivalence of the characterisations
Theorem 5.16. Let G be a pro-p group. Then

cd(@) = max(n: H*(G,F,) # 0).

Definition (simple). A G-module M is simple if the only G-submodules
are 0 and M.
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5 Cohomology of groups

Proposition 5.17. Fiz n > 0. Let G be a profinite group and suppose
H"(G,S) =0 for all simple finite G-modules S. Then H"(G,M) = 0 for
all finite M.

Proof. Suppose for contradiction M of minimal size has nonvanishing H"(G, M).
M is not simple so exists G-submodule N < M, giving rise to a short exact
sequence

0 N M M/N 0

of G-modules. By using long exact sequence and minimality of M, H"(G, M) =
0, absurd. O

Definition (p-primary component). Let M be a finite G-module. Let M,
be the Sylow p-subgroup of M, called the p-primary component of M. Then
M= @p M,,.

Proposition 5.18. Let G be a pro-p group, M a finite G-module. Then

H"(G,M)=H"(G, M,)

forn > 1.

Proof. Write M = M, & M’ where M’ is the direct sum of other g¢-primary
components. Then

H™(G, M) = H"(G, M,) & H"(G, M')

(finite p-group case is an exercise in example sheet 4) and we show H"(G, M) =
0. Let ¢ : G — M’ be a continuous function. Claim ¢ factors as G" —
(G/K)™ — M’ for some K <, G.

Proof. We want to find K such that each fibre of ¢ is a union of cosets of
K"™. For each m € M’, ¢ !(m) is open and closed, so can be written as
¢~ 1(m) = U(a; + KI') where K; <, G. The cover may be taken to be finite
and we take K to be the intersection of all the K;’s. O

But H"(G/K, M') = 0 as G/K is a finite p-group, so exists ¥ : (G/K)"~1 —
M such that ¢x = d"pr. Now set ¢ : G" 1 — (G/K)"t — M’ so ¢ =
d™i. 0O

Remark. The argument actually shows that if G = Jim G/K then H™"(G, M) =
HEH"(G/K, M).
Proposition 5.19. Let G be a pro-p group. The only simple p-primary

G-module is IFp.

Proof. Example sheet 4. O

Combining these gives
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5 Cohomology of groups

Proposition 5.20. Let G be a pro-p group. If H*(G,F,) =0 then H*(G, M) =
0 for all finite modules M .

Proposition 5.21. Suppose exists n such that H"(G,M) = 0 for all M
then cd(G) <n —1.

Non-examinable. By course convention we shall prove this for an abstract group
G. The main idea is dimension shifting: suppose there is a short exact sequence
of G-modules

0 M N M’ 0

where N is cohomologically trivial. Then from the long exact sequence one
know H(G,M') = H*Y(G, M).

Example sheet 4 shows that for K < G, the following holds for the coinduced
module coind® (M) = Homg (ZG, M):

H™(G, coind (M)) = H"(K, M).

So take K = 1, have coindg (M) = Homyz(ZG, M) cohomologically trivial.
Finally the map

a: M — Hom(ZG, M)
m— (z +— zm)

is an injection so gives the required short exact sequence. O

| Corollary 5.22. Free pro-p groups have cohomological dimension 1.

Proof. Suffice to show H?(G,F,) = 0, i.e. to show every extension of G by F,
splits. Let G be free on X for some X finite. Suppose we have an extension

1 F, E F(X) 1

FE is again a pro-p group. For each z € X choose a preimage e, € F. It extends
to a unique homomorphism F(X) — E. O

Note that the proof works for free groups as well, so providing an algebraic
proof of Proposition 5.1.

Theorem 5.23. Let G and G’ be tfg pro-p groups. Let [ : G — G’ be a
continuous homomorphism. Assume

o f*:HYG'F,) — HY(G,F,) is an isomorphism,
e f*:H*G'F,) — H*G,F,) is an injection.

Then f is an isomorphism.

Heuristics: H'(G,F,) = Hom(G,F,) = Hom(G/®(G),F,), the dual of the
F,-vector space G/®(G). The first condition tells us something about genera-
tors. In particular f is a surjection. H? is related to relations, and the second
condition says that we impose no additional relations so f is an injection.
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5 Cohomology of groups

Non-examinable. Let G,, = ’yflp )(G), the lower central p-series. Recall that G,

are all open, G = limG/G,. G,’s are fully characteristic, therefore inducing
maps f, : G/G, — G'/G!,. We will show that they are all isomorphisms and
sois f.

Induction on n. For n =2, fo : G/®(G) — G'/®(G’). By the remark before
the transpose of f5 is an isomorphism, so is fo itself.

Suppose the result holds for n. If we can show G, /Gn41 — G}, /G), . is an
isomorphism then combining the induction hypothesis we deduce the result for
n + 1 from the diagram

11— G,/Gpy1 — G/Gpy1 —— G/G,, —— 1

FoooL b

1 —G,/G o — /G, — GG, —— 1

Gr /Gyt is a finite-dimensional Fy-vector space so G,,/Gpy1 — Gl /Gl is

an isomorphism if and only if its dual HY(G,, /G, 11,F,) — H' (G, /Gpi1,Fp)
is. A homomorphism ¢ : G,, — F, factors through G, /Gp+1 if and only if
o([g,¢']) =0 for all g € G, ¢' € Gy, if and only if

0=0(g"(9")""99') = —6(g"9'9) + &(9),
if and only if ¢ is G-invariant. Thus HY(G,,/Gns1,Fp) = HY(G,,Fp)¢. The

five term exact sequence induced by

says we have a commutative diagram of exact sequences

HY(G'/Gl) — HYG') —— HY(G,)Y —— H?*(G'/Gl) —— H*(G")

o o]

HYG/Gp) —— HY(G) —— HYG,)¢ —— H2(G/G,) — H2(G)

IR

By induction hypothesis and injectivity on H?, the middle vertical map is an
isomorphism by five lemma. Therefore G,,/G, 1 = G}, /G . O

In fact we get for free from the proof

Theorem 5.24. If ' and I are finitely generated abstract groups and f :
I' = I is a homomorphism and the same conditions hold, then f : T,y —

F’(p) s an isomorphism.

Proof. Set I'y, = fy,(Lp)(I‘). Then f‘(p) = l'glI‘/Fn. Proceed as before. O
Proof of Theorem 5.15. Suppose 1, ...,x4 is a generating set of minimal size.

Let F' be the free pro-p group on z; and consider f : F' = G. F/®(F) — G/®(G)
is an isomorphism since they are the same F,-vector space and H*(G,F,) —
H?(F,F,) is an injecition. Thus f is an isomorphism.
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5 Cohomology of groups

Example. Let I' = (z1, xa|lziz00] '25 ' 21). Recall H*(T,Z) = 0. The same
argument shows H*(I',F,) = 0. H'(T,F,) = Hom([',F,). Let ¢ : ' — F,.
Then

0= ¢($1$2x1_1.1‘2_1$1) = ¢(x1)

and no further relation so H*(I',F,) = F,, generated by z1 — 0,22 — 1. Let

f:Z —T,1+ z5. Then f induces Ty EZyp.
5.6.2 Presentation of pro-p groups

Definition (presentation of pro-p group). Let X be a finite set and F a free
pro-p group on X. Let R C F. The pro-p group with presentation | X|R|,

is defined to be F/{(R)).

Note that not all elements in | X|R|, can be written as a product of elements
of X.

Lemma 5.25. Let F,s be the abstract fAree group on X and let R C Fyps.
LetT' = (X|R),G = | X|R],. Then G =Ty,.

Proof. Suffices to look at the p-group quotients of G and I'. A quotient I' — P,
where P is a p-group, is the same as a function X — P such that its extension
to Faps contains R in the kernel. But this is exactly the same as a continuous
quotient G — P. O

Theorem 5.26. Let G be a tfg pro-p group. Let X be a finite tgs of G. Let
rx be the minimal size of a set R C F(X) such that G = | X|R],. Then

|X| —rx = dimg, H'(G,F,) — dimg, H*(G,F)).
In particular if X is a minimal generating set then rx = dim H*(G,F,).

Remark.

1. One may ask the same question for abstract groups. If T" is a finitely gen-
erated (abstract) group, X a finite generating set, let px be the minimal
size of an R such that I' = (X|R). Then what can we say about | X|—px?
It is a subtle question and in general the answer depends on X.

2. For G finite p-group, let X be a generating set. One may ask must px =
rx? Certainly rx < px by the lemma. The other direction is open.

Lemma 5.27. Let G and L be profinite groups. Assume L acts continuously
on G by homomorphism via p : L Xx G — G. Then there is a proper open
normal subgroup of G which is invariant under the action of L.

Note that if we assume G is tfg then this follows from the old trick of taking
all intersections.
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Proof. Let U be a proper open normal subgroup of G. Claim L = {{ eL:
¢-U = U} is open in L. If this claim holds, there are finitely many subgroups
of the form ¢ - U by orbit-stabiliser. Their intersection is then an L-invariant
open normal subgroup.
Let ¢ € L. For each u € U we have ¢-u € U. Can find A, C L,B, CU
open such that
(6,u) € Ay x B, C p~1(U).

B,’s cover U which is compact so we can take a finite subcover B,,,, ..., By,-
Take A = A,, N---NA,,. Left to show A C L: if a € A,u € U then exists
u; such that u € B, and a € A,,, hence (a,u) € A,, x By, C p~}(U). Thus
A-UCU. O

Lemma 5.28. Let F' be a free pro-p group, N < F a closed proper normal
subgroup of F'. Then exists a set R C N of size r such that N = ((R)) if
and only if dimp, HY(N,F,)F <.

Proof. Recall

HY(N,F,)" = {¢: N - F, homomorphism such that ¢(f *nf) = ¢(n)}
={¢: N/NP|N,F] — F,}

If N = ((R)), an F-invariant map ¢ : N — F, is determined by the restriction
to R, so there is an injection H*(N,F,)f" < IF,‘,R‘.

Conversely suppose dim H'(N,F,)¥ = r, then dim N/NP[N,F] = r. Let
R C N be a lift of a basis of the vector space. R has the property that every
F-invariant homomorphism N — F, which kills R is trivial. Claim N = ((R)):

suppose N’ = ((R)) # N. Then N'®(N) # N by definition of Frattini sub-
group, so M = N/N'®(N) # 0. M is an abelian pro-p group with a continuous
action of F. By the previous lemma M has a F-invariant proper open sub-
group U. Now M /U is a finite F-module which is an abelian p-group, so by the
characterisation of simple modules there is a map M /U — F,. This contradicts

N = N/N'®(N) =M — M/U > F,
which kills all of R. O

Non-examinable proof of Theorem 5.26. This follows from minimal generating
set has size equal to dim G/®(G) = dim H' (G, F,).
Let N = ker(F(X) — G). We obtain the five term exact seqeunce

0 —— HY(G) —— HY(F) —— HYN)f —— H*(G) —— H?*(F)=0

dim HY(G) | X TX dim H%(G)

Now take Euler characteristic. O
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