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1 Lebesgue measure

1 Lebesgue measure
1.1 Boolean algebra

Definition (Boolean algebra). Let X be a set. A Boolean algebra on X is
a family of subsets of X which

1. contains 0,

2. is stable under finite unions and complementation.

Example.
o The trivial Boolean algebra B = {0, X }.
e The discrete Boolean algebra B = 2%, the family of all subsets of X.

e Less trivially, if X is a topological space, the family of constructible sets
forms a Boolean algebra, where a constructible set is the finite union of
locally closed set, i.e. a set £ = U N F where U is open and F'is closed.

Definition (finitely additive measure). Let X be a set and B a Boolean
algebra on X. A finitely additive measure on (X, B) is a function m : B —
[0, 4+00] such that

1. m(0) =0,
2. m(EUF)=m(E)+ m(F) where ENF = {.

Example.

1. Counting measure: m(E) = #E, the cardinality of F where B is the
discrete Boolean algebra of X.

2. More generally, given f: X — [0, +00], define for F C X,

m(E) =Y f(e).

ecE

3. Suppose X = ]_[ii X, then define B(X) to be the unions of X,’s. Assign

a weight a; > 0 to each X; and define m(E) =} . . a,; for E € B.

1.2 Jordan measure

This section is a historic review and provides intuition for Lebesgue measure
theory. We'll gloss over details of proofs in this section.

Definition. A subset of R is called elementary if it is a finite union of
boxes, where a box is a set B = I; X --- x I; where each I, is a finite interval
of R.



1 Lebesgue measure

Proposition 1.1. Let B C R? be a box. Let E(B) be the family of elementary
subsets of B. Then

1. &(B) is a Boolean algebra on B,
2. every E € £(B) is a disjoint finite union of bozes,

3. if E € &(B) can be written as disjoint finite union in two ways,
o n _ m / n _ m ’ _
E = Ui:1 B, = Uj:1 Bj, then } 7 |B;| = ijl |B}| where |B| =

szl |b; —a;| if B=1I; X - x I; and I, has endpoints a;,b,.

Following this, we can define a finitely additive measure correponding to our
intuition of length, area, volume etc:

Proposition 1.2. Define m(E) = Z?:l |B;| if E is any elementary set and
is the disjoint union of boves B; C R:. Then m is a finitely additive measure
on &(B) for any box B.

Definition. A subset E C R? is Jordan measurable if for any £ > 0 there
are elementary sets A, B, AC E C Band m(B\ A4) < ¢.

Remark. Jordan measurable sets are bounded.

Proposition 1.3. If a set E C R? is Jordan measurable, then

sup {m(A)} = inf {m(B)}.

ACE elementary BDE elementary

In which case we define the Jordan measure of E as

m(E) = sup{m(4)}.
ACE

Proof. Take A,, C E such that m(A,,) 1 sup and B,, 2 E such that m(B,,) | inf.
Note that

inf < m(B,) = m(A,) + m(B, \ A,) < sup+m(B, \ A,) < sup+
for arbitrary € > 0 so they are equal. O
Exercise.

1. If B is a box, the family J(B) of Jordan measurable subsets of B is a
Boolean algebra.

2. A subset E C [0,1] is Jordan measurable if and only if 15, the indicator
function on E, is Riemann integrable.
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1.3 Lebesgue measure

Although Jordan measure corresponds to the intuition of length, area and vol-
ume, it suffer from a few severe problems and issues:

1. unbounded sets in R? are not Jordan measurable.

2. 1gnjo,] is not Riemann integrable, and therefore Q N [0,1] is not Jordan
measurable.

3. pointwise limits of Riemann integrable function f,, := 11 .1 = 1gnjo,1]
is not Riemann integrable. '

The idea of Lebesgue is to use countable covers by boxes.

Definition. A subset £ C R? is Lebesgue measurable if for all € > 0, there
exists a countable union of boxes C' with E C C and m*(C'\ E) < ¢, where
m*, the Lebesgque outer measure, is defined as

m*(E) = inf{z |B;|: E C U B;, B; boxes}

i>1 i>1

for every subset E C R,
Remark. wlog in these definitions we may assume that boxes are open.

Proposition 1.4. The family £ of Lebesque measurable subsets of R% is a
Boolean algebra stable under countable unions.

Lemma 1.5.
1. m* is monotone: if E C F then m*(E) C m*(F).
2. m* is countably subadditive: if £ = Un>1 E,, where E,, C R? then

m*(E) <Y m*(E,).

n>1

Proof. Monotonicity is obvious. For countable subadditivity, pick € > 0 and let
C, = Ui> , Cn.i where €, ; are boxes such that E, C C), and

N C, | <m(B,) + o

i>1 2n
Then -
DD 1Cw I <D (m(E,) + )=t > m'(E,)
n>14i>1 n>1 n>1

and F C Un21 C, = Un21 Uizl C,.; 80

m*(E) <e+ > m*(E,)

n>1

for all € > 0. O
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Remark. Note that m* is not additive on the family of all subsets of R?.
However, it will be on £, as we will show later.

Lemma 1.6. If A, B are disjoint compact subsets of R¢ then
m*(AU B) = m*(A) + m*(B).
Proof. < by the previous lemma so need to show >. Pick ¢ > 0. Let AUB C
Un2 | Br, where B, are open boxes such that
> B, <m (AUB) +e.
n>1

wlog we may assume that the side lengths of each B, are < &, where
a=inf{lz -y, :z € A,y € B} > 0.

where the inequality comes from the fact that A and B are compact and thus
closed. wlog we may discard the B, ’s that do not interesect A U B. Then by
construction

DIBu= Y B+ D B zm(A) +m"(B)
n>1 n>1,B, NA=( n>1,B, NB=(

e+m*(AUB) > m*(A) + m*(B)

for all €. O

| Lemma 1.7. If E C RY has m*(E) =0 then E € £.

Definition (null set). A set E C R? such that m*(E) = 0 is called a null
set.

Proof. For all € > 0, there exist C =|J _ B
ECCand )’ _ |B,/<e But -

, Where B, are boxes such that

m*(C'\ E) <m*(C) <e.

Lemma 1.8. Every open subset of R? and every closed subset of R% is in
L.

We will prove the lemma using the fact that the family of Lebesgue mea-
surable subsets is stable under countable union, which itself does not use this
lemma. This lemma, however, will be used to show the stability under comple-
mentation. Since the proof is quite technical (it has more to do with general
topology than measure theory), for brevity and fluency of ideas we present the
proof the main proposition first.
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Proof of Proposition 1.4. It is obvious that (} € £. To show it is stable under
countable unions, start with E,, € £ for n > 1. Need to show E:=] __E, €
n>1
L.
Pick € > 0. By assumption there exist C), = Uiz | Bn,i where B, ; are boxes

such that £, C C,, and

m (O \ B,) < o

E=|JE,CclJC =C
n>1 n>1

so C is again a countable union of boxes and C\ EC|J _ C, \ E,. so

Now

m(C\E) <Y m (C\E) <Y o=

n>1 n>1

by countable subadditivity so E € £.
To show it is stable under complementation, suppose £ € £. By assumption
there exist C,, a countable union of boxes with E C C,, and m*(C,, \ E) < 1.
wlog we may assume the boxes are open so C,, is open, CY¢ is closed so Cf, € L.
Thus Un2 , O € £ Dy first part of the proof.
But
m(B\ | €) < m?(B°\ C5) = m*(C, \ B) <

n>1

so m*(E°\ Unzl Cg)=0s0 E°\ Un21 C¢ € £ since it is a null set. But

1
n

Ec=(E\|JCnulJCr,

n>1 n>1
both of which are in £ so E¢ € L. O

Proof of Lemma 1.8. Every open set in R? is a countable union of boxes so is
in £. It is more subtle for closed sets. The key observation is that every closed
set is the countable union of compact subsets so we are left to show compact
sets of R? are in £.

Let F' C R? be compact. For all k > 1, there exist O, a countable union of
open sets such that F' C O, := Ui>1 Oy,; where Oy ; are open boxes such that

1

S 104l < m*(F) + 51
1>1

By compactness there exist a finite subcover so we can assume O, is a finite
union of open boxes. Moreover, wlog assume that
1. the side lengths of Oy, ; are < 2%

2. for each i, Oy ; intersects F.

3. Op41 C Oy, (by replacing O, , with O, N O, iteratively).



1 Lebesgue measure

Then F' =1, _, O and we are left to show m* (O, \ F') — 0. By additivity on
disjoint compact sets,

m*(F) +m*(0;\ Oy41) = m*(F U (0;\ 0;1,))

SO

0 5 1
m*(F) +m*(0;\ Oyy,) <m*(0;) <Y |0, ;| <m*(F) + =
j=1
so m*(0; \ O;,,) < 5. Finally,
11
m (O \ F) =m*((J(0:\ 031) < 3 m O\ 01) €3 5 = 5
=k izk i=k

The result we’re working towards is

Proposition 1.9. m* is countably additive on £, i.e. if (E,),~, where
E, € £ are pairwise disjoint then

m*(|J E,) =>_m*(E,).

n>1 n>1

Lemma 1.10. If E € £ then for all € > 0 there exists U open, F closed,
F CE CU such that m* (U\ E) <e and m*(E\ F) < e.

Proof. By definition of £, there exists a countable union of open boxes E C
U, ., By such that m*(J _, B, \ E) <e. Just take U = |J _, B, which is
open.

For F do the same with E¢ = R?\ E in place of E. O

Proof of Proposition 1.9. First we assume each E, is compact. By a previous
lemma m* is additive on compact sets so for all N € N|

N N
m*(|J E.) =) m*(B,).
n=1 n=1
In particular
N
> omi(E,) <m (| JE,)
n=1 n>1

since m* is monotone. Take N — oo to get one inequality. The other direction
holds by countable subadditivity of m*.

Now assume that each E, is a bounded subset in £. By the lemma there
exists K, C E, closed, so compact, such that m*(E, \ K,,) < 7. Since K, ’s
are disjoint, by the previous case

m*(|J K,) = m(K,)

n>1 n>1
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then

so one direction of inequality. Similarly the other direction holds by countable
subadditivity of m*.

For the general case, note that R? = UnEZ . A, where A is bounded and
in £, for example by taking A, to be product of half open intervals of unit
length. Write E,, as UmEZ JE, NA,, so just apply the previous results to

(En N Am)nZl,meZd' O

Definition (Lebesgue measure). m* when restricted to £ is called the
Lebesgue measure and is simply denoted by m.

Example (Vitali counterexample). Althought £ is pretty big (it includes all
open and closed sets, countable unions and intersections of them, and has car-
dinality at least 2° where ¢ is the continuum, by considering a null set with
cardinality ¢, and each subset thereof), it does not include every subset of R

Consider (Q, +), the additive subgroup of (R, +). Pick a set of representative
E of the cosets of (Q,4). Choose it inside [0, 1]. For each x € R, there exists
a unique e € F such that z — e € Q (here we require axiom of choice). Claim
that £ ¢ £ and m* is not additive on the family of all subsets of R,

Proof. Pick distinct rationals py,...,py in [0,1]. The sets p; + E are pairwise
disjoint so if m* were additive then we would have

N N
m*((Jp; + E) =) m*(p; + E) = Nm*(E)
i=1 =1

by translation invariance of m*. But then

K3

N

p; +E C[0,2]
-1
since E C [0, 1] so by monotonicity of m* have

N
m*(|Jp; + B) <2
i=1

so for all Nm*(E) <2 so m*(E) = 0. But

[Ovl]g UE+QZR,
qeQ
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by countable subadditivity of m*,
1=m*([0,1]) <Y m*(E+q) =0.
q€Q

Absurd.
In particular E' ¢ £ as m* is additive on £.



2 Abstract measure theory

2 Abstract measure theory

In this chapter we extend measure theory to arbitrary set. Most part of the
theory is developed by Fréchet and Carathéodory.

Definition (c-algebra). A o-algebra on a set X is a Boolean algebra stable
under countable unions.

Definition (measurable space). A measurable space is a couple (X, A)
where X is a set and A is a o-algebra on X.

Definition (measure). A measure on (X,.A) is a map p : A — [0, 00] such
that

L p(®) =0,

2. p is countably additive (also known as o-additive), i.e. for every family
(A,),>1 of disjoint subsets in .4, have

w40 =D nlA,).

n>1 n>1

The triple (X, A, ) is called a measure space.

Example.
1. (R%, £, m) is a measure space.

2. (X,2%,#) where # is the counting measure.

Proposition 2.1. Let (X, A, u) be a measure space. Then
1. p is monotone: A C B implies u(A) C u(B),
2. w is countably subadditive: u(Un21 A,) < Zn21 w(A,),
3. upward monotone convergence: if
B, CE,CCE,C..
then
w(\J E,) = lim u(E,) = sup p(E,,).

n>1 n—roo n=1

4. downard monotone convergence: if

E,DE,2--2E,D..

10



2 Abstract measure theory

and pu(E,) < oo then

() E,) = lim u(E,) = inf u(E,).

n—oo n>1
n>1 -

Proof.

by additivity of p.

2. See example sheet. The idea is that every countable union Un>1 A, is a

disjoint countable union |J _ B, where for each n, B, C A,,. Tt then
follows by o-additivity. -

3. Let Ey =0 so

a disjoint union. By c-additivity,

wlJ B =D nBEN\E, )

n>1 n>1

but for all N, by additivity of p,

N

so take limit. The supremum part is obvious.
4. Apply the previous result to E; \ E,,.
O

Remark. Note the u(E;) < oo condition in the last part. Counterexample:
E, =[n,00) CR.

n

Definition (o-algebra generated by a family). Let X be a set and F be
some family of subsets of X. The the intersection of all o-algebras on X
containing F is a o-algebra, called the o-algebra generated by F and is
denoted by o(F).

Proof. Easy check. See example sheet. O
Example.

1. Suppose X = ]_[ZJ\;1 X, i.e. X admits a finite partition. Let & = {X,..., X, },
then o(F) consists of all subsets that are unions of X’s.

2. Suppose X is countable and let F be the collection of all singletons. Then
o(F) = 2%,

11



2 Abstract measure theory

Definition (Borel o-algebra). Let X be a topological space. The o-algebra
generated by open subsets of X is called the Borel o-algebra of X, denoted
by B(X).

Proposition 2.2. If X = R? then B(X) C £. Moreover every A € £ can
be written as a disjoint union A = BU N where B € B(X) and N is a null
set.

Proof. We've shown that £ is a o-algebra and contains all open sets so B(X) C
L. Given A € £, A° € £ so for all n > 1 there exists C,, countable unions of
(open) boxes such that A° C C,, and m*(C, \ A°) < . Take C =( _ C, €
B(X). Thus B := C° € B(X) and m(A\ B) =0 because A\ B=C\ A°. [

Remark.
1. Tt can be shown that B(R?) C £. In fact |£] > 2° and |B(R?)| = «.

2. If F is a family of subsets of a set X, the Boolean algebra generated by
F can be explicitly described as

B(F) = {finite unions of F} N--NFy: F; € F or Ff € F}.

3. However, this is not so for o(F). There is no “simple” description of o-
algebra generated by F. (c.f. Borel hierarchy in descriptive set theory and
transfinite induction)

Definition (7-system). A family & of subsets of a set X is called a 7-system
if it contains () and it is closed under finite intersection.

Proposition 2.3 (measure uniqueness). Let (X, A) be a measurable space.
Assume py and py are two finite measures (i.e. p;(X) < o0) such that
wy (F) = po(F) for every F € F where F is a w-system with o(F) = A.
Then py = py.

For R¢, we only have to check open boxes.

Proof. We state first the following lemma:

Lemma 2.4 (Dynkin lemma). If F is a w-system on X and C is a family
of subsets of X such that F C € and C is stable under complementation and
disjoint countable unions. Then o(F) C C.

Let € ={A € A: p;(A) = uy(A)}. Then C is clearly stable under comple-
mentation as

1 (A%) = p (X \ A) = p;(X) — p; (A).
C is also clearly stable under countable disjoint unions by o-additivity. Thus by
Dynkin lemma, € 2 o(F) = A.

12



2 Abstract measure theory

Proof of Dynkin lemma. Let M be the smallest family of subsets of X contain-
ing & and stable under complementation and countable disjoint union (2% is
such a family and taking intersection). Sufficient to show that M is a o-algebra,
as then M C € implies o(F) C C.

It suffices to show M is a Boolean algebra. Let

M ={AeM:AnNBe M forall Be F}.
M’ again is stable under countable disjoint unions and complementation because
A°NB=(B°U(ANB))°

as a disjoint union so is in M.
As M’ D F, by minimality of M, have M = M’. Now let

M ={AeM :ANBe M for all Be M}.

The same argument shows that M” = M. Thus M is a Boolean algebra and a
o-algebra. O

O

Proposition 2.5 (uniqueness of Lebesgue measure). Lebesgue measure is
the unique translation invariant measure i on (R4, B(R?)) such that

u([0,1]) = 1.
Proof. Exercise. Hint: use the m-system F made of all boxes in R? and dissect
a cube into dyadic pieces. Then approximate and use monotone. O
Remark.

1. There is no countably additive translation invariant measure on R defined
on all subsets of R. (c.f. Vitali’s counterexample).

2. However, the Lebesgue measure can be extended to a finitely additive
measure on all subsets of R (proof requires Hahn-Banach theorem. See
IID Linear Analysis).

Recall the construction of Lebesgue measure: we take boxes in R?, and define
elementary sets, which is the Boolean algebra generated by boxes. Then we can
define Jordan measure which is finitely additive. However, this is not countably
additive but analysis craves limits so we define Lebesgue measurable sets, by
introducing the outer measure m*, which is built from the Jordan measure.
Finally we restrict this outer measure to £. We also define the Borel o-algebra,
which is the same as the o-algebra generated by the boxes. We show that the
Borel o-algebra is contained in £, and every element in £ can be written as a
disjoint union of an element in the Borel o-algebra and a measure zero set.

Suppose B is a Boolean algebra on a set X. Let u be a finitely additive
measure on B. We are going to construct a measure on o(3B).

13



2 Abstract measure theory

Theorem 2.6 (Carathéodory extension theorem). Assume that p is count-
ably additive on B, i.e. if B, € B disjoint is such that Un>1 B, € B then

M(Un21 B,) = anl w(B,) and assume that u is o-finite, i.e. there exists

Xm

€ Bsuchthat X =J _ X, and p(X,,) < oo, then p extends uniquely

to a measure on o(B).

Proof. For any E C X, let

w'(B) = f(Y u(B,): EC | B,.B, € B)

n>1 n>1

and call it the outer measure associated to pu. Define a subset £ C X to be
p*-measurable if for all € > 0 there exists C' = Un>1 B, with B, € B such that

FE C C and

p(C\E)<e.

We denote by B* the set of p*-measurable subsets. Claim that

1.
2.
3.
4.

w* is countably subadditive and monotone.
w*(B) = u(B) for all B € B.
B* is a o-algebra and contains all p*-null sets and 3.

w* is o-additive on B*.

Then existence follows from the proposition as B* D o(B): u* will be a
measure on B* and thus on o(38). Uniqueness follows from a similar proof for
Lebesgue measure via Dynkin lemma.

Proof. This will be very easy as we only need to adapt our previous work to
the general case. Note that in a few occassion we used properties of R¢, such
as openness of some sets, so be careful.

1.
2.

Same.

w"(B) < u(B) for all B € B by definition of p*. For the other direction, for
all € > 0, there exist B,, € B such that BCJ _ B, and 3 _ u(B,) <

w*(B) +¢e. But
B=|JB,nB={]JC,

n>1 n>1

where C,, := B, N B\J,_, BN B; and so C,, € B. Thus by countable

additivity
p(B)=> u(C,) <> u(B,) <p*(B)+e

n>1 n>1

w*-null sets and B are obviously in B*. Thus it is left to show that B*
is a o-algebra. Stability under countable union is exactly the same and
then we claim that B* is stable under complementation. This is the bit
where we used closed/open sets in R? in the original proof. Here we use
a lemma as a substitute.

14



2 Abstract measure theory

| Lemma 2.7. Suppose B, € B then M,., Bn € B".

Proof. First claim that if £ = ﬂn>1 I,, where I, ; C I,, and I,, € B such

that p(I;) < oo then p*(F) = lim,,_, . p(I,,) and E € B*: by additivity of
uon B,

N
DI\ Tyy) = p(ly) = )
n=1
which converges as N — oo (because pu(1,,,) < p(1,)), so

Y L\ 1) =0

n>N

as N — oo. But LHS is greater than p*(Iy \ E) because Iy \ E =
U,-nZn \ Iny1- Therefore £ € B* and

lim p(1,) = p*(E).

n—o0
Now for the actual lemma, let E = ﬂn>1 1, where I, € B. wlog we may
assume [, ., C I,. By o-finiteness assumption, X = Um>1 X, where
X,, € B with u(X,,) < oo so -
E=|]JEnX,.

m>1
By the claim for all m, EN X,, € B* so £ € B*. O

From the lemma we can derive that B* is also stable under complementa-
tion: given E' € B*, for all n there exist C,, = J,_, B,,; where B, ; € B

such that E C C, and p*(C,, \ E) < 1. Now

Ec=(JcoHuEe\ ]

n>1 n>1

%

n,i

but C¢ is a countable intersection ﬂiz | B and E°\ Unz L G5 is p-null
so by the lemma, Cf € B*. Therefore their union is also in B*. Since
we’ve shown that null sets are in B*, E¢ € B*.

4. We want to show p* is countably additive on B*. Recall that p is o-finite:
there exists X, € B such that X = J _ X,,, p(X,,) < co. We say

E C X is bounded if there exists m such that E C X,,,. It is then enough
to show countable additivity for bounded sets by the same argument as
before: write X =J _ X, where X, =X, \lJ,_ X; € Bsothisisa

disjoint union. Then if E = Un>1 E, as a disjoint union then

E=JJ®,nX,)

n>1m>1

15



2 Abstract measure theory

which is also a countable disjoint union.

Given FE, if we can show finite additivity then

N N
> (B, = (U Ba) < (B) < > wi(E,)

n=1 n>1

take limit as N — oo to have equality throughout.

It suffices to prove finite additivity when E and F are countable intersec-
tions of sets from B: E, F € B* so for ¢ > 0 there exists C, D countable
intersections of sets from 3B such that C C E, D C F and

1 (E)
w(F)

AsENF=0and CCE,DCF,C

w(C)+e
w (D) +e
N

INIA

D = ) so by finite additivity,
pH(E)+ p*(F) <2e+p*(CUD) <2+ p*(EUF).

As usual, reverse holds by subadditivity.
Finally for £ = [ _ I,,F =[] _, J, bounded, wlog assume I, ., C

L, Jy 1 CJ,. w(I,),pu(J,) < oo. Now use claim 3,

n’ Y n+
p*(E) = lim p*(I,)

n—oo
pr(F) = lim p*(J,)

n—oo

SO

pH(E) + ' (F) = T p(L,) + plJ,) = lim (u(I, U J,) + (1, 0 7,)

n—o0

But

(I, NJ,)=ENF=0

n>1

(\I,uJ,)=EUF

n>1
so by claim 3
lim w(I,NJ,)=0
n—oo
lim p(l,UJ,)=p* (EUF)
n—o0
which finishes the proof.
O
O

Remark. We prove that every set in B* is a disjoint union £ = F'U N where
F € 0(B) and N is p*-null.

16



2 Abstract measure theory

Definition (completion). We say that B* is the completion of o(B) with
respect to p.

Example. £ is the completion of B(R?) in RY.

17



8 Integration and measurable functions

3 Integration and measurable functions

Definition (measurable function). Let (X, .4) be a measurable space. A
function X — R is called measurable or A-measurable if for all t € R,

{zreX: flx) <t} e A

Remark. The o-algebra generated by intervals (—oo, t) where ¢ € R is the Borel
o-algebra of R, denote B(R). Thus for every measurable function f: X — R,
the preimage f~!(B) € A for all B € B(R). However, it is not true that
f (L) € A for any L € L.

Remark. If f is allowed to take the values +0o0 and —oo we will say that f is
measurable if additionally f~!({+o0c}) € A and f~!({—o0}) € A.

More generally,

Definition (measurable map). Suppose (X, A) and (Y, B) are measurable
spaces. A map f: X — Yis measurable if for all B € B, f~1(B) € A.

Proposition 3.1.
1. The composition of measurable maps is measurable.

2. If f,g: (X, A) — R are measurable functions then f + g, fg and \f
for A € R are also measurable.

8. If (f,)n>1 15 a sequence of measurable functions on (X, A) then so are
sup, fp,inf, f,,limsup_f, and liminf, f,.

Proof.
1. Obvious.

2. Follow from 1 once it’s shown that + : R?> — R and x : R? — R are
measurable (with respect to Borel sets). The sets

{(z,y) o +y <t}
{(z,y) - vy <t}

are open in R? and hence Borel.

3. inf, f,(z) <t if and only if
x € U{x  fo(x) < t}

and similar for sup. Similarly limsup_ f, (x) <t if and only if

x € U ﬂ U{x:fn(ac)<t—%}.

m>1k>1n>k
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8 Integration and measurable functions

Proposition 3.2. f = (f;,.... f;) : (X, A) — (R? B(R?)) where d > 1 is
measurable if and only if each f; : X — R is measurable.

Proof. One direction is easy: suppose f is measurable then

{z: filx) <t} = {y e R y; < 1)),
which is open so f; is measurable.

Conversely, suppose f; is measurable. Then

d d

f71<H[aivbi]> = ﬂ{w ra; < fi(z) < b}

i=1 i=1
As the boxes generate the Borel sets, done. O
Example.

1. Let (X, A) be a measurable space and £ C X. Then F € A if and only if
15, the indicator function on E, is A-measurable.

2. If X = ]_[jil X, and A is the Boolean algebra generated by the X,’s. A
function f: (X, A) — R is measurable if and only if fis constant on each

X,;. In this case the vector space of measurable functions has dimension
N.

3. Every continuous function f : R? — R is measurable.

Definition (Borel measurable). If X is a topological space, f : X — R is
Borel or Borel measurable if it is B(X)-measurable.

Definition (simple function). A function fon (X, A) is called simple if

n
f= Z a;ly,
i1

for some a; > 0 and A; € A.

Of course simple functions are measurable.

Lemma 3.3. If a simple function can be written in two ways

n S
f= ZailAi = ijlBj
P =

then

n S

Z a;p(4;) = ij(Bj)
1

i=1 =

for any measure p on (X, A).

Proof. Example sheet 1. O
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8 Integration and measurable functions

Definition (integral of a simple function with respect to a measure). The
w-integral of fis defined by

uf) =3 au(A,).
i=1

Remark.
1. The lemma says that the integral is well-defined.
2. We also use the notation fX fdu to denote u(f).

Proposition 3.4. p-integral satisfies, for all simple functions f and g,
1. linearity: for all o, B >0, plaf + Bg) = au(f) + Bu(g).
2. positivity: if g < f then u(g) < u(f).

3. if p(f) =0 then f =0 p-almost everywhere, i.e. {x € X : f(x) # 0}
is a p-null set.

Proof. Obvious from definition and lemma. O

Definition. If f > 0 and measurable on (X, .4), define

pu(f) = sup{pu(g) : g simple , g < f} € [0, +o0].
Remark. This is consistent with the definition for f simple, due to positivity.
Definition (integrable). If fis an arbitrary measurable function on (X, .A)

we say fis p-integrable if
u(|f]) < oo.

Definition (integral with respect to a measure). If fis p-integrable, then
we define its p-integral by

p(f) = p(f7) = p(f™)
where f* =max{0, f} and f~ = (—f) .

Note.
=1+
f=fr=r
Theorem 3.5 (monotone convergence theorem). Let (f,),~; be a sequence

of measurable functions on a measure space (X, A, u) such that
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8 Integration and measurable functions

Let f =lim fn- Then

n—00

p(f) = Tim pu(f,).

Lemma 3.6. If g is a simple function on (X, A, u), the map

mgy: A — [0, 00]
E p(1gg)

is a measure on (X, A).

Proof. Write g =377 a;14 soglg =3 a;l,pso

H(lpg) = 3 an(4, N E).

=1

By a question on example sheet this is well-defined. Then o-additivity follows
immediately from o-additivity of u. O

Proof of monotone convergence theorem. f, < f,,1 < f by assumption so

p(f) < ulfrsr) < plf)

by definition of integral so

lim p(f,,) < p(f),

n—0o0

although RHS may be infinite.
Let g be any simple function with ¢ < f. Need to show that u(g) <
lim,, , o p(f,). Pick e > 0. Let

E,={zeX: f,(zr) = (1—¢)gx)}.
Then X = J _ E, and E,, C E, ;. So we may apply upward monotone
convergence for sets to measure my and get

n—o0

But
(I —e)my(E,) = (1 —¢)glg ) < p(fy)

because (1 —¢)gly is a simple function smaller than f,,. Taking limit,

(1 —¢e)ulg) < lim pu(f,)

n—oo

which holds for all €. So
p(g) < lim p(f,).

n—00
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8 Integration and measurable functions

Lemma 3.7. If f > 0 is a measurable function on (X, A) then there is a
sequence of simple functions (g,,),>1

0<9, <gnp1 < f
such that for all x € X, g, (x) T f(z).

n*

Notation. g, T f means that lim, ,  g,(z) = f(z) and g,,,; > ¢
Proof. We can take

g = 5 |2 min{f, ),
pointwise. Check that |2y| > 2|y] for all y > 0. O

Proposition 3.8. Basic properties of the integral (for positive functions):

suppose f,g > 0 are measurable on (X, A, u).

1. linearity: for all o, >0, u(af + By) = au(f) + Bu(g).
2. positivity: if 0 < f < g then pu(f) < u(g).

3. if u(f) =0 then f =0 p-almost everywhere.

4. if f =g p-almost everywhere then u(f) = p(g).
Proof.

1. Follows from the same property for simple functions and from Lemma 3.7
combined with monotone convergence theorem.

2. Obvious from definition.

weX: fa)#0) = Jlre X: fw)> 1)

n>0
set g, = %l{zeXzf(z)>1/n} which is simple and g,, < f so by definition of
integral 1u(g,) < u(f) so u(g,) = 0, ie. p({z: f(x) > +}) =0.
4. Note that if E € A, u(E°) =0 then
p(hlp) = p(h)
for all h simple. Thus it holds for all A > 0 measurable. Now take
E={x: fx) =g(x)}.
O

Proposition 3.9 (linearity of integral). Suppose f, g are u-integrable func-
tions and a, B € R. Then af 4+ Bg is p-integrable and

plaf + Bg) = au(f) + Bu(g)-

Proof. We have shown the case when «, 8 > 0 and f,g > 0. In the general case,
use the positive and negative parts. O
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8 Integration and measurable functions

Lemma 3.10 (Fatou’s lemma). Suppose (f,,),>1 is a sequence of measurable
functions on (X, A, u) such that f,, >0 for all n. Then

p(liminf f,)) <liminfu(f,,).
n—oo n—oo
Remark. We may not have equality: let f, = 1y, .4 on (R,£,m). Then

Proof. Let g, := infy-,, fi. Then g, ., > g, > 0 so by monotone convergence
theorem, p(g,) T u(g) as n — oo where g = lim,, , g = liminf, . _ f, and
G < fo 80 p(g,) < p(f,) for all n. Take n — oo,

(g) < liminfp(f,).

n—00

O

In both monotone convergence theorem and Fatou’s lemma we assumed that
the sequence of functions is nonnegative. There is another version of convergence
theorem where we replace nonnegativity by domination:

Theorem 3.11 (Lebesgue’s dominated convergence theorem). Let (f,,),>1
be a sequence of measurable functions on (X, A,u) and g a p-integrable
function on X. Assume |f,| < g for all n (domination assumption) and
assume for oll x € X, lim,, . f,(z) = f(x). Then f is p-integrable and

p(f) = lim pu(f,).

This allows us to swap limit and integral.

Proof. |f,| < gso|f] <gso u(|f]) < ulg) < oo and fis integrable. Note that
g+ f,, = 0 so by Fatou’s lemma,

p(liminf(g + f,)) < liminfu(g + f,).
n—oo

n—oo

But liminf,,_, (g9 + f,,) = g + f and by linearity u(g + f,,) = u(g) + u(f,), so
p(9) + p(f) < p(g) + liminf u(f,),

i.e.
p(f) < liminf u(f,).
Do the same with g — f,, in place of g + f,,, get
u(—f) < liminfp(—f,) = —limsup p(f,)
n—oo

n—oo

SO

p(f) = lim p(f,)

n—oo

23



8 Integration and measurable functions

Corollary 3.12 (exchanging integral and summation). Let (X, A4, pu) be a
measure space and let (f,),>, be a sequence of measurable functions on X.

nOO )= ulfy).

n>1 n>1

1. If f, > 0 then

2. If 32 | |ful is p-integrable then - . f,, is p-integrable and

p(O> " f) =D ulfy).

n>1 n>1

Proof.
1. Let gy = 25:1 fns then gy 13- f, as N — oo so the result follows

from monotone convergence theorem.

2. Let g = > _ |f.| and gy as above. Then [gy| < g for all N so the
domination assumption holds. The result thus follows from dominated
convergence theorem.

O

Corollary 3.13 (differentiation under integral sign). Let (X, A,u) be a
measure space. Let U C R be an open set and let f : U x X — R be such
that

1.z f(t,x) is p-integrable for all t € U,
2. t+ f(t,x) is differentiable for all x € X,

3. domination: there exists g : X — R u-integrable such that for all
teU,z € X,
of

5 (ta) < g(a)

Then x + %(t,x) is p-integrable for all t € U and if we set F(t) =

fX f(t,x)du then F is differentiable and

F(t) = / 9 1, ).

ot

Proof. Pick h,, > 0,h,, — 0 and define

9ult:2) = 3 (F(0 + hypi) = S(0,2))

n

Then

lim g, (t,z) = af(t,x).

n—00 o a

By mean value theorem, there exists 6 € [t,t + h,] such that

t,n,x

0
g, (t,x) = a—{(&, x)
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8 Integration and measurable functions

SO
|9, (L, 2)] < g()

by domination assumption. Now apply dominated convergence theorem. O

Remark.

1. If f : [a,b] — R is continuous where a < b in R, then f is m-integrable
(where m is the Lebesgue measure) and m(f) = [ b f(z)dz is the Riemann
integral. In general if f is only assumed to be abounded, then f will be
Riemann integrable if and only if the points of discontinuity of f is an
m-null set. See example sheet 2.

2. If g € GL4(R) and f > 0 is Borel measurable on R?, then

1
m(feg)= mm(f)-

See example sheet 2. In particular m is invariant under linear transfor-
mation whose determinant has absolute value 1, e.g. rotation.

Remark. In each of monotone convergence theorem, Fatou’s lemma and dom-
inated convergence theorem, we can replace pointwise assumption by the corre-
sponding p-almost everywhere. The same conclusion holds. Indeed, let

E = {x € X : assumptions hold at x}

so E° is a p-null set. Replace each f, (and similarly g etc) by 1pf,. Then
assumptions then hold everywhere as u(f1y) = u(f) for all f measurable.
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4 Product measures

4 Product measures

Definition (product o-algebra). Let (X, A4) and (Y, B) be measurable spaces.
The o-algebra of subsets of X x Y generated by the product sets E x F where
E € A, F € B is called the product o-algebra of A and B and is denoted by
AQB.

Remark.

1. By analogy with the notion of product topology, A ® B is the smallest
o-algebra of subsets of X x Y'making the two projection maps measurable.

2. B(RM)® B(R%) = B(R%*92). See example sheet. However this is not so
for £(RY).

Lemma 4.1. If E C X XY is A ® B-measurable then for all x € X, the
slice
E,={yeY:(z,y) € E}

is in B.
Proof. Let
E={ECXXY:E, € Bforall z € X}.

Note that & contains all product sets A x B where A € A,B € B. £ is a o-
algebra: if E € £ then E¢ € £ and if E,, € £ then |JE,, € & since (E°), = (E,)°

and (UE,), =U(E,),- H

Lemma 4.2. Assume (X, A,u) and (Y,B,v) are o-finite measure spaces.
Let f: X xY — [0,4+00] be A® B-measurable. Then

1. for all x € X, the function y — f(x,y) is B-measurable.

2. for all x € X, the map © — fyf(x, y)dv(y) is A-measurable.

Proof.

L. Incase f = 1p for B € A® B the function y = f(z,y) is just y = 15 (y),
which is measurable by the previous lemma.

More generally, the result is true for simple functions and thus for all
measurable functions by taking pointwise limit.

2. By the same reduction we may assume f = 1 for some F € A® B. Now
let YV =J _ Y, withv(Y,,) <oo. Let

m

E={Fe€eARB: 2+ v(E,NY,,) is A-measurable for all m}.

& contains all product sets £ = A x B where A € A, B € B because
v(E,NY,)=1,.,v/(BNY,,). & is stable under complementation:

V((Ec)r n Ym) = V(Ym) - V(Ym, N E’I‘)
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4 Product measures

where LHS is v-measurable. &£ is stable under disjoint countable union:
let E=J _ E, where E, € & disjoint. Then by o-additivity

v(E,NY,) =Y v((E,),NY,)

which is A-measurable.

The product sets form a 7-system and generates the product measure so
by Dynkin lemma & = A ® B.

O
Definition (product measure). Let (X, A, u) and (Y, 3B,v) be measure

spaces and u, v o-finite. Then there exists a unique product measure, denoted
by p ® v, on A ® B such that for all A € A, B € B,

(1 ®v)(A x B) = p(A)v(B).

Proof. Uniqueness follows from Dynkin lemma. For existence, set
o(B) = [ V(B )du(o)
X

o is well-defined because x — v(E,,) is A-measurable by lemma 2. ¢ is countably-
additive: suppose E = Un>1 E, where E, € A® B disjoint, then

o(E) = / V(E, )dp(x) = / SO((B,), dpr =S / V(B )du(x) = 3 o(B,)
X X

n>1 n>1vX n>2

by a corollary of MCT. O

Theorem 4.3 (Tonelli-Fubini). Let (X, A, u) and (Y, B,v) be o-finite mea-
sure spaces.

1. Let f: X XY — [0, +00] be A ® B-measurable. Then

[ st patuen) = //fxydu e //fxydu Jdv(y).

2. If f: X XY — R is u ® v-integrable then for p-almost everywhere x,
y = f(z,y) is v-integrable, and for v-almost everywhere y, x — f(x,y)
is p-integradble and

/Xxyf(:c,y)d(u@u) :/X/Yf(:c,y)du(y)du(x) :/X/Xﬂx’y)du(x)dy(y)'

Without the nonnegativity or integrability assumption, the result is false in
general. For example for X =Y = N, let A = B be discrete o-algebras and

27



4 Product measures

i = v counting measure. Let f(n,m)=1,_, —1 Check that

Zf(mm) =0

n=m-+1-

n>1
0 n>2
o)
DO fnm) £ YD f(n,m).
n>1m>1 m>1n>1
Proof.

1. The result holds for f = 15 where E € A® B by the definition of product
measure and lemma 2, so it holds for all simple functions. Now take limits
and apply MCT.

2. Write f = f* — f~ and apply 1.

Note.

1. The Lebesgue measure m, on R? is equal to m; ® --- ® m,, because it is
true on boxes and extend by uniqueness of measure.

2. E€ AQ Bifis p @ v-null if and only if for p-almost every z, v(E,) = 0.
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5 Foundations of probability theory

5 Foundations of probability theory

Modern probability theory was founded by Kolmogorov, who formulated the
axioms of probability theory in 1933 in his thesis Foundations on the Theory of
Probability. He defined a probability space to be a measure space (Q, F,P). The
interpretation is as follow: €2 is the universe of possible outcomes. However, we
wouldn’t be able to assign probability to every single outcome unless the space
is discrete. Instead we are interested in studying some subsets of €2, which
are called events and contained in F. Finally P is a probability measure with
P(2) = 1. Thus for A € F, P(A4 occurs) € [0,1]. Thus finite additivity of P says
that if A and B never occurs simultaneously then P(A or B = P(A) 4+ P(B).
o-additivity is slightly more difficult to justify and it is perhaps to see the
equivalent notion continuity: if A, ; 2 A, and (] _ A, =0 then P(4,) =0
as n — 0o.

Definition (probability measure, probability space). Let Q be a set and F
a o-algebra on Q. A measure p on (2, F) is called a probability measure if
1(€Q) =1 and the measure space (2, F, u) is called a probability space.

Definition (random variable). A measurable function X : Q@ — R is called
a random variable.

We usually use a capital letter to denote a random variable.

Definition (expectation). If (Q,F,P) is a probability space then the P-
integral is called expectation, denoted E.

Definition (distribution/law). A random variable X :  — R on a proba-
bility space (2, F,P) determines a Borel measure py on R defined by

Hx((—o0,t]) = B(X < 1) = P({w € 2 X(w) < 1))

and py is called the distribution of X, or the law of X.

Note. px is the image of P under

Q—-R
wh X(w)

Definition (distribution function). The function

Fy:R—10,1]
t—P(X <t)

is called the distribution function of X.
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5 Foundations of probability theory

Proposition 5.1. If (Q, F,P) is a probability space and X : Q@ — R is a ran-
dom variable then F'y is non-decreasing, right-continuous and it determines

Wy uniquely.
Proof. Given t,, | t,
Fx(t,) =P(X <t,) = P([{X <1,}) = P{X < t}) = Fx(t)

n>1

by downward monotone convergence for sets. Uniqueness follows from Dynkin
lemma applied to the m-system {0} U {(—o0, t] };cg- O

Conversely,

Proposition 5.2. If F : R — [0,1] is a non-decreasing right-continuous
function with

lim F(t) =0
t——o0

then there exists a unique probability measure p on R such that

F(t) = u((~s0,1)

forallt € R.

Remark. The measure p is called the Lebesgue-Stieltjes measure on R associ-
ated to F. Furthermore for all a,b € R,

p((a, b)) = F(b) — F(a).
We can also construct Lebesgue measure this way.

Proof. Uniqueness is the same as above. For existence, we use the lemma
Lemma 5.3. Let

g:(O,l)*)R
yrinf{z €e R: F(x) > y}

then g is non-decreasing, left-continuous and for allz € R,y € (0,1), g(y) <
x if and only if F(x) > y.

Proof. Let
I, ={zeR: F(z) > y}.

Clearly if y; > y, then I, C I, so g(y,) < g(y;) so g is non-decreasing. I, is
an interval of R because if z > x; and z; € I, then F(z) > F(x;) > ysoz € I
So I, is an interval with endpoints g(y) and +oo. But F is right-continuous so
g(y) = min I, and the minimum is obtained. Thus I, = [g(y), +00).
This means that > g(y) if and only if z € [, if and only if F(z) > y.
Finally for left-continuity, suppose y,, T y then ﬂn> . I, =1, by definition

of I, s0 g(y,,) = g(y). O
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5 Foundations of probability theory

Remark. If Fis continuous and strictly increasing then ¢ = F~'.

Now back to the proposition. Set p = g,m where m is the Lebesgue measure
on (0,1). u is a probability measure as g is Borel-measurable. By the lemma

1((a,b]) = m(g~"(a,b]) = m((F(a), F(b))) = F(b) — F(a).
O

Proposition 5.4. If u is a Borel probability measure on R then there exists
some probability space (2, F,P) and a random variable X on Q such that

Hx = M-
In fact, one can even pick Q = (0,1), F = B(0,1) and P = m, the
Lebesgue measure.

Proof. For the first claim set @ =R, & = B(R), P = p and X(z) = z.
For the second claim, set F(t) = pu((—o0,t]) and take X = g where g is the
auxillary function defined in the previous lemma, namely

X(w) = inf{z : F(x) > w}.
Check that py = p:
px((a,b]) =P(X € (a,b])
=m({w € (0,1) :a < X(w) <b})
=m{we (0,1): F(a) <w < F(b)})
O

Remark. If p is a Borel probability measure on R such that u = fdt for
some f > 0 measurable, we say that p has a density (with respect to Lebesgue
measure) and f is called the density of u. Here u = fdt means that u((a,b]) =

I F(t)dt.
Example.
1. uniform distribution on [0, 1]:
f(t) = 1[0,1] (t)

2. exponential distribution of rate A:
Ht) =AM,

Fy(t) = / fr(8)ds = Tpog(1 — e)

3. Gaussian distribution with standard deviation ¢ and mean m:
1 (t —m)?
fa,'m (t> - \/W exp(— 202 )

)= [ (- E s




5 Foundations of probability theory

Definition (mean, moment, variance). If X is a random variable then
1. E(X) is called the mean,
2. E(X*) is called the kth-moment of X,

3. Var(X) = E((X —EX)?) = E(X?) — E(X)? is called the variance.

Remark. Suppose f > 0 is measurable and X is a random variable. Then
B((X)) = [ fla)dux(a)
R

where by definition of yy = X,P.
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6 Independence

6 Independence

Independence is the key notion that makes probability theory distinct from
(abstract) measure theory.

Definition (independence). Let (2,7 ,P) be a probability space. A se-
quence of events (A,,), is called independent or mutually independent if

for all F' C N finite,
P(ﬂ A;) = HP(Ai)-
el i€eF

Definition (independent o-algebra). A sequence of o-algebras (A,,),>1
where A, C 7 is called independent if for all A, € A,,, the family (4,,),>,
is independent.

Remark.

1. To prove that (A,,),~; is an independent family, it is enough to check
the independence condition for all A, ’s with A, € II, where II, is a 7
system generating A,,. The proof is an application of Dynkin lemma. For
example for o-algebras A, A,, suffices to check

P(A; N Ay) =P(A;)P(Ay)
for all A, € II;, A, € II,. Fix A, € II,, look at the measures
A= P(A NA,)
Ay = P(A)P(4y)

on A;. They coincide on II; by assumption and hence everywhere on A;.
Subsequently consider A,.

Notation. Suppose X is a random variable. Denote by o(X) the smallest
o-subalgebra A of F such that X is A-measurable, i.e.

o(X) =o({w e Q: X(w) <t}icp)-

Definition (independence). A sequence of random variables (X;);»; is
called independent if the sequence of o-subalgebras (0(X;));~; is indepen-
dent.

Remark. This is equivalent to the condition that for all (t;),-,, for all n,

P((X, < 1) N1 (X, <1,)) = [ [ B, <),

i=1

Yet another equivalent formulation is

n
Xy, X,) = ® Hx,
=1

as Borel probability measures on R™. “The joint law is the same as the product
of individual laws”.
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6 Independence

Note. Note that independence is a property of a family so pairwise indepen-
dence is necessary but not sufficient for independence. A famous counterexample
is Berstein’s example: take X and Y to be random variables for two independent
fair coins flips. Set Z = |X —Y|. Then Z = 0 if and only if X =Y. Check that

and each pair (X,Y),(X,Z) and (Y, Z) is independent. But (X,Y,Z) is not
independent.

Proposition 6.1. If X and Y are independent random wvariables, X >
0,Y >0 then
E(XY)=EX)E(Y).

Proof. Essentially Tonelli-Fubini:

E(XY) = / rydux y(z,y) = / dpx (z)dpy(y)
RQ RQ

- (/Rxdux(x)> (/Ryduy(y)>
— E(X)E(Y)
O

Remark. As in Tonelli-Fubini, we may require XY to be integrable instead and
the same conclusion holds.

Example. Let Q = (0,1),F = B(0,1),P = m the Lebesgue measure. Write
the decimal expansion of w € (0,1) as

w=0.£6g...

where ¢;(w) € {0, ...,9}. Choose a convention so that each w has a well-defined
expansion (to avoid things like 0.099 - = 0.100...). Now let X, (w) = ¢, (w).
Claim that the (X,,),~; are iid. random variables uniformly distributed on
{0, ...,9}, where “iid.” stands for independently and identically distributed.

Proof. Easy check. For example X, (w) = [10w] so

Similarly for all n

]P(Xl = ilv 7Xn = Zn) = Ton

SO
P(X, =4y,...,X, =i,) = H]P’(Xk =1,).
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6 Independence

Remark.

is distributed according to Lebesgue measure so if we want we can construct
Lebesgue measure as the law of this random variable.

Proposition 6.2 (infinite product of product measure). Let (€2, 7, tt;)i>1
be a sequence of probability spaces, ) = Hi>1 Q, and & be the Boolean algebra
of cylinder sets, i.e. sets of the form -

AxHQi

w>n

for some A € ®;L:1 F,. Set F = (&), the infinite product o-algebra. Then
there is a unique probability measure p on (Q,F) such that it agrees with
product measures on all cylinder sets, i.e.

u(A x T2 = () i) (A)

>n i=

forall Ae Q" F,.

Proof. Omitted. See example sheet 3. O

Lemma 6.3 (Borel-Cantelli). Let (€2, 7 ,P) be a probability space and (A,,),~,
a sequence of events.

1. If Zn21 P(A,) < oo then

P(limsup 4,,) = 0.
n

2. Conversely, if (A,),>, are independent and 3 _ P(A,) = oo then

P(limsup 4,,) = 1.

Note that limsup A, is also called A4, io. meaning “infinitely often”.
Proof.
1. Let Y = Zn>1 1, be arandom variable. Then
E(Y) =Y E(1,) = Y P(4,).
n>1 n>1

Since Y > 0, recall that we prove that E(Y) < oo implies that ¥ < oo
almost surely, i.e. P-almost everywhere.

2. Note that
limsup A )¢ = A¢

N n>N
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6 Independence

SO

n>N =N
M M
= [[ P = T —P(a,))
n=N n=N
M
< [T exp(-P(4,))
n=N

as M — oo. Thus

P([) A2) =0

n>N

P(J () 4s) =o.

N n>N

for all N so

Definition (random/stochastic process, filtration, tail o-algebra, tail event).
Let (€2, 7,P) be a probability space and (X, ),,~; a sequence of random vari-
ables.

1. (X,),>1 is sometimes called a random process or stochastic process.

2.
F,=0(X,..,.X,)CF

is called the associated filtration. , C F, ;.

C=()o(X,, X,\1,)

n>1

is called the tail o-algebra of the process. Its elements are called tail
events.

Example. Tail events are those not affected by the first few terms in the se-
quence of random variables. For example,

{we Q:lim X, (w) exists}

is a tail event, so is
{we Q:limsup X,,(w) > T}.
n

Theorem 6.4 (Kolmogorov 0—1 law). If (X)), is a sequence of mutually
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6 Independence

independent random variables then for all A € C,
P(A) € {0,1}.
Proof. Pick A € C. Fix n. For all B € o(X4, ..., X,,),
P(AN B) =P(A)P(B)

as C is independent of o(X,...,X,). The measures B — P(A)P(B) and
B = P(A N B) coincide on each ¥, so on J _, &,. Hence they coincide

on U(Un21 F,) D€ so
P(A) =P(ANA) =P(A)P(A)

P(A) € {0,1}.

6.1 Useful inequalities

Proposition 6.5 (Cauchy-Schwarz). Suppose X,Y are random variables

then
E(IXY]) < VE(X?)-E(Y?).
Proof. For all t € R,
0 < E((|X] +tY])?) = E(X?) + 2tE(|XY]) + t*E(Y?)
so viewed as a quadratic in t, the discriminant is nonpositive, i.e.
(BE(|XY])? —E(X)? —E(Y)% <0.
O
Proposition 6.6 (Markov). Let X > 0 be a random variable. Then for all

t >0,
P(X > t) <E(X).

Proof.
E(X) > E(Xlxzt) e E(tlxzt) =tP(X > 1)

Proposition 6.7 (Chebyshev). LetY be a random variable with E(Y?) < oo,
then for all t € R,
Py —E(Y)| > t) < VarY.

E(Y?) < oo implies that E(|Y|) < co by Cauchy-Schwarz, so VarY < oc.
The converse is more subtle.

Proof. Apply Markov to X = |Y —E(Y)|% O
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6 Independence

Theorem 6.8 (strong law of large numbers). Let (X,,),>1 be a sequence of
itd. random variables. Assume E(|X;|) < co. Let

5% ::ji:)(h
k=1

then LS, converges almost surely to E(X,).

Proof. We prove the theorem under a stonger condition: we assume E(X}) <
oo. This implies, by Cauchy-Schwarz, E(X?),E(|X;|) < oco. Subsequently
E(|X;|?) < oo. The full proof is much harder but will be given later when
we have developed enough machinery.

wlog we may assume E(X;) = 0 by replacing X,, with X,, — E(X;). Have

E(Sp) = Y B(X,X;X,.X,).
i,4,k,€

All terms vanish because E(X;) = 0 and (X;);», are independent, except for
E(X}) and E(X?X?7) for i # j. For example,

E(X,X3) =E(X,;)-E(X3) =0

for ¢ # j. Thus
E(Sp) =Y E(X}) +6) E(X?X3).
=1

i<j

By Cauchy-Schwarz,

E(X?X?) < /EX} EX} = EX}

SO

E(54) < (n+6- 7”(”2_ V)ex:
and asymptotically,
S 1
E n\4 —
(22)t = 0(-5)

B (m)) = Y B < oo
n>1 n>1

Hence Y(52)* < 0o almost surely and it follows that

n

lim 2 =0
n—oo M

almost surely. O

Strong law of large numbers has a very important statistical implication: we
can sample the mean of larger number of iid. to detect an unknown law, at least
the mean.
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7 Convergence of random variables

7 Convergence of random variables

Definition (weak convergence). A sequence of probability measures (1, ),,>,
on (R, B(R?)) is said to converge weakly to a measure y if for all f € C,(R9),
the set of continuous bounded functions on R?,

lim g, (f) = p(f).

n—oo

Example.

1. Let p,, = 4y, be the Dirac mass on RY ie. for x € R, §, is the Borel
probability measure on R¢ such that

r €A
6$<A>={(1) >y

then p,, — d;.

2. Let p,, = N(0,02), Gaussian distribution with standard deviation o,,,
where o,, — 0, then again p,, — . Indeed,

() = / F(@)dpy ()

N /f(x) \/2202 exp(_;T%)dz
2

1 z
- [ s = exp=)da

— 0so f(zo,,) — f(0) so by dominated convergence theorem, p,, (f) —

£(0) = 8o (f)-

Definition (convergence of random variable). A sequence (X,,),~; of R%-
valued random variables on (Q, F,P) is said to converge to a random variable
X
1. almost surely if
lim X, (w) = X(w)
n—o0

for P-almost every w.

2. in probability or in measure if for all € > 0,

lim P(|X, — X| > ¢) = 0.

Note that all norms on R? are equivalent so we don’t have to specify
one.
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7 Convergence of random variables

3. in distribution or in law if py — px weakly, where py = X, P is

the law of X, a Borel probability measure on R%. Equivalently, for all
f € GRY), E(f(X,,)) = E(f(X)).

| Proposition 7.1. 1 = 2 = 3.

Proof.

1.1 = 2
P(|X,, = X| > &) = E(Yx —x|>c)

so if X,, — X almost surely then
Lix,-xj>e =0

P-almost everywhere so by dominated convergence theorem P(||X,, — X| >
g) = 0.

2. 2 = 3: given f € C,(R9), need to show that px (f) = px(f). But
px, () = nx(f) = BE(f(X,,) = f(X)).

To bound this, note that fis continuous and R? is locally compact so it is
locally uniformly continuous. In particular for all € > 0 exists § > 0 such
that if |z| < L and |ly — x| < & then |f(y) — f(z)| <e. Thus

IE(f(X,,) — fF(X)| S E(1yx, —xj<sLjx<rse | f(Xn) — F(X)])

20l (BX, — X 2 6) + B(IX] 2 )
SO 1
timsup [E(F(X,) — F(X))| < £ + 21 PUX] > 3)
—0 as €0

which is 0 as ¢ is arbitrary.

O

Remark. When d =1, 3 is equivalent to Fy (z) — Fx(x) for all z as n — oo
where F'y is continuous. See example sheet 3.

The strict converses do not hold but we can say something weaker.

Proposition 7.2. If X, — X in probability then there is a subsequence
(ng)y, such that X, — X almost surely as k — oo.

Proof. We know for all ¢ > 0, P(|X,, — X|| > ¢) = 0 as n — oo. So for all k

exists n;, such that
1 1
P(IX,, — X > ) < 5
SO

1
S P(IX,, — X] > 1) <0
k>1
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7 Convergence of random variables

so by the first Borel-Cantelli lemma
1
P(| X, —X|[> Z io.) = 0.
This means that with probability 1, [ X, — X| — 0as k — oo. O
Definition (convergence in mean). Let (X,,),~; and X be R%-valued inte-

grable random variables. We say that (X,,),, converges in mean or in L' to
X if

n
lim (|, — X]) = 0.
Remark.

1. If X,, = X in mean then X, — X in probability by Markov inequality:
e P(IX,, — X[ > ) < E(|X,, — X

2. The converse is false. For example take 2 = (0,1), F = B(X) and P
Lebesgue measure. Let X, = nlj 1y. X, — 0almost surely but EX, = 1.

When does convergence in probability imply convergence in mean? We need
some kind of domination assumption.

Definition (uniformly integrable). A sequence of random variables (X, )~
is uniformly integrable if

lim 1inmj£p E(1 X, 1x, >00) = 0.
Remark. If (X)), are dominated, namely exists an integrable random vari-

able Y > 0 such that | X, || < Yfor all n then (X,,),, is uniformly integrable by
dominated convergence theorem:

n

E(HXn”]'"XnHZM) <E(Yly.y) —0
as M — oo.
Theorem 7.3. Let (X,,),>; be a sequence of RZ-valued integrable random
variable. Let X be another random variable. Then TFAE:
1. X is integrable and X,, — X in mean,
2. (X,))n>1 s uniformly integrable and X, — X in probability.

Proof.

e 1 = 2: Left to show uniform integrability:

E(1X, 11 x, =00) < E(IX, — X11x, j200) + EUXI1x, 15 00)
<E(1X, = XD + E(X11x 20 (Y xp<22 + 1yxg520))
S E(1X, — XI) + ENX11)x, —xpz 20 Ly xp<ae) + E(X]1) x5 20)

M M
< E(JX, — XI) + SP(X, = X1 2 o) + (X1 x5 40)
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7 Convergence of random variables

Take lim sup,

tim sup B(|X, 1 x, j2n) <040+ E(IX[1)x)20) = 0

2
by dominated convergence theorem.

e 2 = 1: Prove first that X is integrable. By the previous proposition,
we can find a subsequence (ny); such that X, — X almost surely. By
Fatou’s lemma,

B(IX gz ) < i infE(IX, 1, 1200

which goes to 0 as M — oo by uniform integrability assumption. Thus
E(IX]) < M +E(X[1)x)5a) <00

for M sufficiently large. Thus X is integrable.

To show convergence in mean, we use the same trick of spliting into small
and big parts.

E(|X, — XI) = E((Q)x, - xj<c + Ljx, - x> X, — XD
<e+EQyx _xpselXn — X[(Lx j<nr + Lyx, 5 m0))
<e+t+1i

where

=E(|X,, — XI1x —xj>e1yx, j<ar)
SE(M + 1 XD1yx, —xpse(Yyxjenr + Lyxps )
< 2MP(| X, — X[ > €) 4+ 2E(| X1} x> a0)

SO
limﬁsupT < 2E(| X1 xp500) = 0

as M — oco. On the other hand
=E(|X,, — XI1x,—xjseLyx, > 00)
< E((1X, 1+ 1XDYx, j=a0)

<E( X001 x, o0 + 1XI Y xpsmr + 12X x, o0l x<00)
< 2E(|1X, 11 x, j=00) + EUXIL x5 00)

taking lim sup,

limsup I < 211msupIE(||X 11y, j=00) + ENXIL xp200) = 0+0

n—oo

as M — oo.

42



7 Convergence of random variables

Definition. We say that a sequence of random variables (X, ), is bounded
in LP if there exists C' > 0 such that E(| X, |P) < C for all n.

Proposition 7.4. If p > 1 and (X)), is bounded in LP then (X,,), >, is
uniformly integrable.

Proof.
MPE(IX, 1 x, jo00) < E(XLIPLx, 1o00) S E(IX,[P) < C
SO
. C
hfln_ig-p]E(“XnanX,LHZM) ST 0
as M — oo. [

This provides a sufficient condition for uniform integrability and thus con-
vergnce in mean.
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8 LP spaces

8 LP spaces
Recall that ¢ : I — R is convex means that for all z,y € I, for all ¢ € [0, 1],

p(tr + (1 —t)y) <tp(x) + (1 —t)e(y).

Proposition 8.1 (Jensen inequality). Let I be an open interval of R and
¢ : I — R aconvex function. Let X be a random variable (2, F,P). Assume
X is integrable and takes values in I. Then

E(p(X)) = p(E(X)).
Remark.
1. As X € I almost surely and [ is an interval, have E(X) € I.
2. We'll show that ¢(X)~ is integrable so
E(¢(X)) = E(p(X)") —E(0(X)7)

with the possibility that both sides are infinity.

Lemma 8.2. TFAE:
1. ¢ is conver,

2. there exists a family F of affine functions (xr — ax +b) such that
¢ =sup,_, £ on I

Proof.

1. 2 = 1: every / is convex and the supremum of ¢ is convex:

Lt + (1 —t)y) =tl(x) + (1 —t)l(y) < tsupl(x)+ (1 —t)supL(y)
leF leF

SO

p(te+ (1 —1t)y) =supl(te + (1 —1t)y)

teF
<tsupl(x)+ (1 —1t)supl(y)
teF teF

= ty(z) + (1= )p(y)
2. We need to show that for all z, € I we can find an affine function

Cyy (@) = 0, (x —20) + (7)),

where 0, is morally the slope at z, such that ¢(z) > ¢, (z) forallz € L.
Then have ¢ = sup L

zo€l "To"

To find 9% observe that for all < zy < y where z,y € I, have

plz) —p(x) _ oly) —¢(zo)

Ty — X - Y — Xy

44



8 LP spaces

Indeed this is the convexity of ¢ on [z,y] with t = JZ‘L—_; This holds for
all x < g,y > x so there exists § € R such that

plzg) —p() _ ) oly) — elao)
To—x —  y—z5

Then just set £, (z) = 6(z —zy) + p(20). By construction p(z) > ¢, ()

for all x € I.
O

Proof of Jensen inequality. Let ¢(x) = sup,_ £(z) where ¢ affine. then

E(p(X)) =2 E(((X)) = L(E(X))
for all £ € & so take supremum,

E(p(X)) = sup £(E(X)) = p(E(X)).
teF
Also for the remark,
o=t (-0

s0 ¢~ = (—p)" < || for all £ € F. Then

P(X)™ < [6(X)] < [al[X] + [b].
As X is integrable, p(X)~ is integrable. O

Jensen inequality is for probability space only. The following applies to all
measure spaces.

Proposition 8.3 (Minkowski inquality). Let (X, A4, u) be a measure space
and f,g measurable functions on X. Let p € [1,00) and define the p-norm

1/p
171, = ( / IfIPdu)
X

If +gll, <11, + lgll,-

Proof. wlog assume | f|,, || f[, # 0. Need to show

Then

I R P
171, Tal, 171, " 171, + I, Tol,
p

Suffice to show for all ¢ € [0, 1], for all F', G measurable such that |F|, = |G|, =
1, have
ItF + (1= )G, < 1

“the unit ball is convex”. For this note that

[0,4+00) — [0, 4+00)
T = xP
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is convex if p > 1 so
[tF + (1 —t)G|P < t|F|P 4+ (1 —t)|G]P

and

/|tF+(1—t)G|Pdu§t/|F|Pdu+(1—t)/|G|Pdu:1.
X X X

~—_—————
=1 =1

Proposition 8.4 (Holder inequality). Suppose (X, A, 1) is a measure space
and let f,g be measurable functions on X. Given p,q € (1,00) such that

1 1 _
1yl
1/p 1/q
JNIE ( / fl”du) ( Igl"du)
X X X

with equality if and only if there exists (o, B) # (0,0) such that «|f|P = B|g|?
u-almost everywhere.

Lemma 8.5 (Young inequality). For all p,q € (1,00) such that 2% + % =1,
for all a,b > 0, have
a? bl
ab < — 4+ —.
p q

Proof of Hélder inequality. wlog assume | f],, |g], # 0. By scaling by factors
(o, B) # (0,0) wlog || f[,, = [gll, = 1. Then by Young inequality,

1 1
[fgl < =1fIP + —g|?
p q

SO

1 1 11
/|fg|du§f/\f|1’du+f/\g|qdu:,+,:1.
X PJx 7 Jx P oq

Remark. Apply Jensen inequality to p(z) = 2P’ /P for p’ > p, we have
E(IXP)V» <E( X))V,
so the function p - E(| X |?)'/? is non-decreasing. This can be used, for example,

to show that if X has finite p’th moment then it has finite pth moment for p” > p.

Definition. Let (X, .4, u) be a measure space.
e Forp>1,

LP(X, A, u) ={f: X = R measurable such that |f|P is p-integrable}.

e For p = o0,

L2(X, A,u) ={f: X = R measurable such that essup |f| < oo}
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8 LP spaces

where

essup |f| = inf{t : | f(z)] <t for p-almost every z}.

| Lemma 8.6. £P(X, A, u) is an R-vector space.

Proof. For p < oo use Minkowski inequality. Similar we can check that |f +
Iloo < 1flle + lglloe for all f,g. O
Definition. We say f and g are p-equivalent and write f =, g if for u-

almost every z, f(z) = g(x).

Check that this is an equvalence relation stable under addition and multi-
plication.

Definition (L?-space). Define
LP(X, A, p) = LP(X, A, )] =,
and if [f] denotes the equivalence class of f under =, we define

1A = 1£1-

Proposition 8.7. For p € [1,00|, LP(X, A, 1) is a normed vector space
under ||, and it is complete, i.e. it is a Banach space.

Proof. If f =, g then [f], = |gl, so |-, on L? is well-defined. Triangle
inequality follows from Minkowski inequality and linearity is obvious so ||,
is indeed a norm.

For completeness, pick (f,), a Cauchy sequence in £P(X, A, p). Need to
show that there exists f € £P such that |f, — f|l, = 0 as n — oo. This then
implies that [f,,] — [f] in LP.

We can extract a subsequence n, 1 oo such that |f, =——f,, [, < 27%. Let

K
SK = Z |f”k+1 o f”k|
k=1
then
K K
”SKHp < Z”fnlwl - fnk ”p < 227]6 <1
k=1 k=1

so by monotone convergence,

lim / |SyclPdp = / 5.0 [Pdy,
K—oo x X

ie. S, € £P. In particular for u-almost everywhere z, |S,(z)| < oo, i.e.

Z ‘f”ml (LE) - fnk($)| < 0.

k>1
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Hence (f,, (z)); is a Cauchy sequence in R. By completeness of R, the limit
exists and set f(z) to be it. When this limit does not exist set f(z) = 0.
We then have, in case p < oo, by Fatou’s lemma

for any e for n sufficiently large. Thus
When p = oo, we use the fact that if f,, — f p-almost everywhere then

Il < liminf] £, [ -
n—oo

Proof. Let t > limsup . _[f,[.- Then exists n; 1 oo such that
Ify, e =essup|f,, | =inf{s > 0:[f, (z)| < s for y-almost every z} <t

for all k. Thus for all k, for p-almost every z, |f,, (z)| <t. But by o-additivity
of i we can swap the quantifiers, i.e. for y-almost every x, for all z, [f,, (2)[ <t.
Thus for p-almost every z, | f(z)], < t. O

O

Proposition 8.8 (approximation by simple functions). Let p € [1,00). Let
V be the linear span of all simple functions on X. Then V N LP is dense in
LP.

Proof. Note that g € £P implies g*,g~ € £P. Thus by writing f = f+ — f~
and using Minkowski inequality, suffice to show f > 0 is the limit of a sequence
of simple functions.

Recall there exist simple functions 0 < g,, < f such that g, (z) 1 f(x) for
p-almost every x. Then

i P = i _ flPdy =
lim |lg, — fI} = JLHSO/X |9 — fIPdp =10
by dominated convergence theorem (lg, — f| < g, + f < 2fso g, — f is u-

integrable). O

Remark. When X = R? 4 = B(R?) and p is the Lebesgue measure, C,(R?),
the space of continuous functions with compact support is dense in £LP(X, A, u)
when p € [1,00) (this does not hold for p = co: a constant nonzero function has
no noncompact support). See example sheet. In fact, C2°(R?) suffices.
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9 Hilbert space and L?>-methods

Definition (inner product). Let V'be a complex vector space. A Hermitian
inner product on Vis a map

VxV—=C
(z,y) = (2,y)
such that

1. {azx + By, 2) = oz, 2) + By, 2) for all o, B € C, for all z,y,z € V.

2. (y,z) = (z,y).
3. (z,z) € R and (z,z) > 0, with equality if and only if z = 0.

Definition (Hermitian norm). The Hermitian norm is defined as |z| =

Vix,x).

Lemma 9.1. Properties of norm:
1. lnearity: |Az|| = |\||z| for all X € C,xz €V,
2. Cauchy-Sehwarz |(z,y)| < o] - [,

3. triangle inequality: |z +y| < |z| + ||y|

4. parallelogram identity: |z + y|* + o — y|* = 2(|=[* + |yI*)

Proof. Exercise. For reference see author’s notes on IID Linear Analysis. O
| Corollary 9.2. (V,|-|) is a normed vector space.

Definition (Hilbert space). We say (V,||) is a Hilbert space if it is com-
plete.

Example. Let V = L?(X, A, ) where (X, A4, ) is a measure space. Then we
can define

(f,9) = /X fadu

which is well-defined (i.e. finite) by Cauchy-Schwarz. The axioms are easy to
check, with positive-definiteness given by

0=(f.f) = / Py
X

if and only if f = 0 p-almost everywhere so f = 0.
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9  Hilbert space and L?-methods

Proposition 9.3. Let H be a Hilbert space and let C be a closed convex
subset of H. Then for all x € H, there exists unique y € C such that

|z =yl = d(z,€)

where by definition
d(z,C) = in£||m —c|.
ce

This y is called the orthogonal projection of x on C.

Proof. Let ¢, € € be a sequence such that |z — ¢, | — d(x,C). Let’s show that
(¢,,), is a Cauchy sequence. By parallelogram identity,

r—c r—c |2 x—c,
|52+ 5= 5 - 5 = St + o= cl?)
2 2
SO
2
c, tc 1 1
w— == +ylen— cul? = Uz —el? + = e ]?)
_z
Y = A Sd(z,€)?

>d(z,C)?

SO
lim ”cn - cm” =0
n, m—o0

Le. (c,), is Cauchy. By completeness exist lim, _,, ¢, =y € H. As C is closed,

y€C. As |xr—c,| — d(z,C), |xr —y| — d(x,€). This shows existence of y.
For uniqueness, use parallelogram identity

ery ’
e~ Y v = e 41—y = dim
2d(m,@)
so ly =y’ = 0. B

Corollary 9.4. Suppose V < H is a closed subspace of a Hilbert space H.
Then
H=VeV!

where
L={zeH:(z,0)=0 forallveV}

is the orthogonal of V.

Proof. V. NVt =0 by positivity of inner product. If x € H then there exists a
unique y € Vsuch that |z — y| = d(x,y). Need to show that x —y € V.
For all z € V,

lz —y— 2| = | —yl
as y+ z € V. Thus

|z —yl? + 2] —2Re(z —y, 2) > |z —y|*.
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9  Hilbert space and L?-methods

Rearrange,
2Re(r — 1y, 2) < |z|?

for all z € V. Now substitute ¢z for z where ¢t € R, have
t-2Rex —y, 2 < 22|

For t =0,
Re(zx —y,2) <0

Similarly replace z by —z to conclude Re(x —y, z) = 0. Finally replace z by ¢’z
to have (x —y,2) =0 for all 2. Thus x —y € V*. O

Definition (bounded linear form). A linear form ¢ : H — C is bounded if
there exists C' > 0 such that |¢(z)| < C||z| for all x € H.

Remark. ¢ bounded is equivalent to £ continuous.

Theorem 9.5 (Riesz representation theorem). Let H be a Hilbert space.
For every bounded linear form £ there exists vy € H such that

t(z) = (z,v)
forallx € H.
Proof. By boundedness of ¢, ker ¢ is closed so write
H =ker{ @ (ker £)*.

If ¢ = 0 then just pick v, = 0. Otherwise pick z, € (ker ¢)* \ {0}. But (ker ¢)*
is spanned by x,: indeed for any x € (ker £)*,

L(x £(xzy)
( ) E(mo) 0
SO o(z)
x
Uz ———=x9) =0
( €($0> O)
SO T — f((ﬁo% € ker £ N (ker /)* = 0. Now let
(zy)
= x
O Nz

and observe that ¢(x) — (z,v,) vanishes on ker ¢ and on (ker /)t = Cx,. Thus
it is identically zero. O

Definition (absolutely continuous, singular measure). Let (X, .A) be a mea-
surable space and let u, v be two measures on (X, .A).

1. p is absolutely continuous with respect to v, denoted u < v, if for
every A € A, v(A) = 0 implies u(A) = 0.

2. p is singular, denoted p L v, if exists 2 € A such that u(Q) = 0 and
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9  Hilbert space and L?-methods

| v(Q°) = 0.
Example.

1. Let v be the Lebesgue measure on (R, B(R)) and dyu = fdv where f > 0
is a Borel function then u <« v.

2. If p =9, , the Dirac mass at zy € R, then p L v.
Non-examinable theorem and proof:

Theorem 9.6 (Radon-Nikodym). Assume p and v are o-finite measures
on (X, A).

1. If p < v then there exists g > 0 measurable such that dy = gdv,
namely

H(A) = / 9(z)dv(z)
A

for all A € A. g is called the density of u with respect to v or Radon-
Nikodym derivative, sometimes denoted by g = i—‘:.

2. For any p,v o-finite, i decomposes as

=g T g

where p, < v and pg L v. Moreover this decomposition is unique.

Proof. Consider H = L?(X,.A, i+ v), which is a Hilbert space. First assume
and v are finite. Consider the linear form

/:H—R

fHu(f):/fdﬂ

X
¢ is bounded by Cauchy-Schwarz and finiteness of the measures:

(N < p(f) < (w+v)(f) < V(p+v)(X) - / [fPd(p+v)=C-|fla
X
so by Riesz representation theorem, there exists g, € L?(X, A4, u+ v) such that
= dlp+v). *
w(h) = [ fondtn s ()

Claim that for (u+v)-almost every z, 0 < go(x) < 1t take f =17 ¢ and plug
it into (x),

0< nllgo <0 = [ Loyl v) <0
X T
so equality throughout. Thus g, > 0 (¢ + v)-almost everywhere. Similarly take
f =14 511 for e >0 and plug it into (),

(n+v){go > 1+e}) > pu{gy >1+¢})
= / 1{g0>1+e}god(ﬂ+”)
X

> (1+e)(n+v){g>1+¢e})
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9  Hilbert space and L?-methods

so must have
(n+v)({go>1+¢}) =0

ie. gy <1 (p+ v)-almost everywhere.
Now set Q = {2 € X : g, € [0,1)} so on Q° g, = 1 (u + v)-almost
everywhere. Then (x) is equivalent to

/Xf(l—go)du=/xfgodv

for all f € L2(X, A, i+ v). Hence this holds for all f > 0. Now f be ﬁk},

get
= _9o__ V. Kok
/Qfdu—/gflgod (+)
Set,
Ha(A) = p(ANQ)
1y (A) = (AN Q)

Clearly u = p, + ps. Claim that this is the required result, i.e.
1. p, <,
2. pg Ly,

3. du, = gdv where g =

90
1-g0 Lo
Proof.

1. If v(A) = 0 set f =14 and plug into (xx) to get u(A N Q) = 0, namely
fq(A) = 0.

2. Set f =1qe. On Q°, g, =1 (1 + v)-almost everywhere. Plug this into (x)
to get v(Q2°) = 0. But u (Q) =0so u, L v.

3. () is equivalent to du, = gdv where g = 13[;0 Lo

O

This settles part 2 of the theorem, and also part 1 as if y « v then p = p,.

If p are v are not finite but only o-finite, use the old trick of partition X
into countably many p- and v-finite sets and take their intersections. Suppose
we get a disjoint countable union X = Un X,,- Then p = Zn plx, where for
each n we can write

X )s'

n

plx, = (plx, )q + (1

Then set

Ko = Z(:U’|Xn)a

n

He = Z(M|X”)s

n
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9  Hilbert space and L?-methods

Remains to check uniqueness of decomposition. Suppose p can be decom-
posed in two ways
=g+ Hg = g + g

As p, iy L v there exists Qg, Q) € A such that

Ms(QO> =0, V(Q(C) =0
15(2) = 0,v((2)) = 0

~

Set ; = Qy N Q. Check that

(1) = pg () =0
v(Qf) =v(Q5UNE) =0

Now pi,, ), < v 50
11a(Q27) = 11 (27) = 0.
Hence for all A € A,
tra(A) = pa (AN Q) = p(ANQ) = pa (AN Q) = py(A)

so p, = p, and hence pg = . O

Proposition 9.7. Let (Q,F,P) be a probability space. Let G be a o-
subalgbebra of F and X a random wvariable on (Q,F,P). Assume X is
integrable, then there exists a random variable Y on (Q, G,P) such that

E(1,X) = E(1,Y)

for all A€ G. MoreoverY is unique almost surely.

If you are perplexed by why it is nontrivial to recover a random variable on G
from one on F, as G C F so it seems that we can easily restrict to a “sub-random
variable”. But this reasoning makes absolutely no sense as random variables
are functions from the space. In other words, id : (Q,F,P) — (©,G,P) is
measurable but its inverse is not, and it is not obvious that X has a pushforward.

Definition (conditional expectation). Y as above is called the conditional
expectation of X with respect to G, denote by

Y =E(X]9).
Proof. wlog assume X > 0. Set u(A) = E(1,X) for all A € §. p is finite

by integrability of X and is a measure on (£2,G). Moreover u <« P. Thus by
Radon-Nikodym there exists ¢ > 0 G-measurable such that

u() = [ gp =E19)
A

Set Y =g.
Uniqueness is shown in example sheet 3. O
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9  Hilbert space and L?-methods

Remark. In case X € L?(Q,F,P) then Y is the orthogonal projection of X
onto L3(Q,G,P). Tt is well-defined since L?(f2,F,P) is a Hilbert space and
L?(Q, G,P) is a closed subspace. In this case TFAE:

E(X—-Y)1,)=0forall Ae g,
2. E((X —=Y)h) =0 for all h simple on (£, G,P),
3. E((X —Y)h) =0 for all h > 0 G-measurable,
4. E((X — Y)h) = 0 for all h € L2(Q, G, P).

Remark. Special case when G = {(), B, B¢,Q} where B € ¥

E(14]9)() = {ﬁ‘;ﬁﬁ:ﬁ% e
where (AN B)
P(AIB) = 55

Proposition 9.8 (non-examinable). Properties of conditional expectation:
1. linearity: E(aX + BY|9) = aE(X|G) + BE(Y]9).

if X is G-measurable then E(X|G) = E(X).

positivity: if X > 0 then E(X|G) > 0.

E(E(X|9)|%) = E(X|) if  C .

if Z is G-measurable and bounded then B(XZ|G) = Z - E(X|3).
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10 Fourier transform

Definition (Fourier transform). Let f € L'(RY, B(R?), dz) where dx is the
Lebesgue measure. The function

f:Rd—HC

ur | f(z)e®da
Rd

where (u,z) = uyz; + -+ + uyzy, is called the Fourier transform of f.

Proposition 10.1.
L)l < £

2. f is continuous.

Proof. 1 is clear. 2 follows from dominated convergence theorem. O

Definition. Given a finite Borel measure p on RY, its Fourier transform is
given by

() = / ) dpu(z).
Rd

Again |fi(u)| < u(R?) and ji is continuous.

Remark. If X is an R%valued random variable with law py then fiy is called
the characteristic function of X.

Example.
1. Normalised Gaussian distribution on R: g = N(0,1). du = gdz where

22
eac/2

g(z) = o

Claim that
fi(u) = gu) = e/,

i.e. g = v/2mg. This is the defining characteristic of Gaussian distribution.

Proof. Since (u + |iu - e®*e"/2|) € L*(R), we can differentiate under

56



10 Fourier transform

integral sign to get

R
= —ug(u)
Thus d
= (§(u)e?) =0
SO
g(u) = §(0)e—*/?
But

s0 §(u) = e7**/2 as required. O
2. d-dimensional version: p = N(0,1;). du(x) = G(x)dx where dx =

dx;--dzg and

Then

Theorem 10.2 (Fourier inversion formula).

1. If f € LY(RY) is such that f € L*(R?) then f is continuous (i.e. f
equals to a continuous function almost everywhere) and

1 =
@) = Gyl

—~

—z).
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10 Fourier transform

2. If u is a finite Borel measure on R? such that fi € L*(RY) then u has
a continuous density with respect to Lebesgue measure, i.e. dy = fdx
with )

Remark. In other words

T) = L f(u)e i wa) gy
) = g [, Frem e

where f(u) are Fourier coefficients and e~} are called Fourier modes, which
are characters ¢/ : RY — {z € C : |z| = 1}. Informally this says that every

f can be written as an “infinite linear combination” of Fourier modes.

Proof. ({UPDATE: 1 does not quite reduce to 2 as f = f* — f’ does not quite
hold. Instead write f = afiy — bfiy where a = | fT||;,du,, = ﬁdw)

1 reduces to 2 by considering f = f* — f~. In 2 we may assume wlog u
is a probability measure so is the law of some random variable X. Let f(x) =

(gi)dﬁ(—x). We need to show = fdx, which is equivalent to for all A € B(RY),

p(a) = [ fLde.
R

Let h =1, and wlog assume A is a bounded Borel set. The trick is to introduce
an independent Gaussian random variable N ~ N (0, I;) with law Gdx. We have

h(z)du(z) = E(h(X))) = im E(h(X +oN))
]Rd

by dominated convergence theorem. But

E(h(X+0oN))=E ( h(X + 036)G(33)d3;)

as 1 ~ 1
= Vi O T Wy

So by a change of variable y = oz,

/ G (u)eH ™) du.
Rd

E(W(X +0N)) =E (//h(X+y)ei<u,y/a>G(u) du dy)

(Vam)io!

—E ( / / e Gl \/%)ddz>

) du
= h(z)etw/o:2) _u G(u)——=————dz Tonelli-Fubini
[ [ e

- @L)d / / i (w)e= A h(2)e 1ol 2y d s
™



10 Fourier transform

We want a condition to ensure f € LY(R%). Clearly continuity is necessary.
Here we use a generally principle in Fourier analysis: Fourier transform converts
decay at infinity to smoothness. In Fourier inversion formula, if u is large then
the Fourier character has fast oscillation. Thus if f decays fast at infinity then
the Fourier coefficients also decays fast, and the resulting transfrom is smoother.

Proposition 10.3. If f, f' and f” exists (for ezample if f is C*) and are
in L' then f € L.

Proof. We prove the case d = 1. The general case follows from Tonelli-Fubini.
We show first that f, f/ € L' implies that f(u) = £f’(u). This easily follows
from integration by parts:

fw = [ s@petas
== [ f@)erya

1 .
_ ’ iuz g
o f(z)e"*dx
so in particular |f(u)| < ﬁ”f’“l.
Thus if f, f/, f” € L' then f(u) = —ﬁf”(u) SO

11

ju?|

|f(w)] <

As [

[ edu < o0, f € L. O

Definition (convolution). Given two Borel measures p and v on R%, we
define their convolution p * v as the image of p ® v under the addition map

®:R? x RY — R?
(r,y) >z +y

ie. uxv ==, (L)
Thus given A € B(R?),
P (n®v)(A) =p@v({(z,y):x+yec A}).
Example. Given X,Y independent random variables and p, v be laws of X, Y

respectively, then p * v is the law of X 4+ Y.

Definition (convolution). If f, g € L!'(R?) define their convolution f * g by

(frg)x)= | flz—t)g(t)dt.

Rd
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10 Fourier transform

This is well defined by Fubini: f,¢g € L' so
/ |f(z—t)g(t)|dtdx < oo
R JRd

and

I vgly= [ | [ e =tgtatfao < [ [ 15— og(oldedz <51, - 1o,

Therefore (L'(R?), %) forms a Banach algebra.

Remark. If j,v are two finite Borel measures on R? and if pu,v < dz, i.e.
absolutely continuous, then by Radon-Nikodym there exist f,g € L'(R?) such
that

dp = fdx

dv = gdx

then p* v < dx and
A v) = (f * g)da.

Proposition 10.4 (Gaussian approximation). If f € LP(R?) where p €
[1,00) then

L = G, — f], = 0

o—0

where G, = N (0,021,), i.e.

1 _ =2
Go.(l') = (7 me 204,

Lemma 10.5 (continuity of translation in L?). Suppose p € [1,00) and
feLP. Then
lim|7(f) = fl, =0

where 7,(f)(x) = f(x + 1), t € R,

Proof. Example sheet. O

Proof of Gaussian approximation.

(f*Go—z) = | G,(O)(f(x—1t)— f(x))dt =E(f(z —oN) - f(x))
R4
where N ~ N (0, I,;) is Gaussian with density G;. Then
If+Go = fI} <E(f(z+0oN) = f(0)}) = E(lron(f) = fI7)

by Jensen’s inequality and convexity of z —+ zP. By the lemma,
l-%”TGN(f) - f”p =0.

As 7N (f) = fll, < 2|fl,, apply dominated convergence theorem to get the

required result. O
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Proposition 10.6.
e If f,g€ L' (RY) then

— ~

fx9=17-9
o If u,v are finite Borel measure then
LHEV=[-D.

Proof. 1 reduces to 2 by writing
f(x)dr = fH(z)dx — f~(z)dx = adp — bdv

for some probability measure p, v.
wlog we may assume p and v are laws of independent random variables X
and Y. Then by a previous result u * v is just the law of X + Y so

() = [ e du(oin(y

E(eHwX+Y)) = E(ewX)ei®Y))  homomorphism
E(e““XNE(e»Y))  as X,Y are independent
) - D(u).

In short, this is precisely because e!(*~) are characters. O

Theorem 10.7 (Lévy criterion). Let (X,,),>, and X be R%-valued random
variables. Then TFAE:

1. X,, = X in law,
2. For all u € RY, fix (u) = fx(u).

In particular if iy = [iy for two random variables X and Y then X =Y in

law, i.e. pix = py.

Thus Fourier transform is an injection from Borel measure to certain function
space.

Proof.

e 1 = 2: Clear by defintion as f(z) = ¢“** is continuous and bounded
for all u € RY.

e 2 = 1: Need to show that for all g € C,(R?),

E(9(X,,)) = E(9(X)).

wlog it’s enough to check this for all g € C°(R9). For the sufficiency see
example sheet.

Note that for all g € C*(R9), § € L' so by Fourier inversion formula

ola) = [ guge g,
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Hence

by dominated convergence theorem.

Theorem 10.8 (Plancherel formula).
1. If f € LY(R%) N L2(RY) then f € L2(RY) and
1713 = (2m))£15-
2. If f,g € L*(R%) N L3(RY) then
(Fr@)e = (2m)(f,9) e
8. The Fourier transform
F : LY(RY) N L2(RY) — L3(RY)

1 -

extends uniquely to a linear operator on L?(RY) which is an isometry.
Moreover

FoF ()=
where f(z) = f(—x), for all f € L2(RY).

Proof. First we prove 1 and 2 assuming f,§ € L'(R%). By Fourier inversion
formula,

1718 = | \Fw)Pau
Rd

~ [ Fw it
/ /f zwm f(u)du
//f Flu)e—iwa) duda
/f F@)(2r)da

@m)?If13
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and in particular f € L2(R¢).

Similarly for 2,
(Fg)e = [ Fia

/ /f ““Cd:c (u)du
//f §(w)e—wo) dudz
/f g(x)dz(2m)?

2m)4(f, 9) 2

Now for the general case we use Gaussian as a mollifier. Consider
f,=*G,
9o = 9% Gy
and based on results and computations before,
fa = f éo = fedequ/Q.

As [ floe < 1fls fo € LHRY). Thus f, € LA(RY) and | £, |3 = (2m)9)f,]3. But
by Gaussian approximation we know that f, — fin L?(RY) as 0 — 0. Hence
Ifsllz = [ f]l2- Then

1,13 =17 G.l3 =/|f(u)|26"’”"”2/2du—> I£13
as 0 — 0 by monotone convergence theorem. Thus
115 = (2m)°]£13-
For 2,
<f0,§0> = /Ee"’”“”zdu — /ﬁdu

as ¢ — 0 by dominated convergence theorem as E € L'. The result follows
from Gaussian approximation.

For 3, L'(R?) N L?(R%) is dense in L?(R%) because it contains C,(R?). Then

extend by completeness: given f € L?(R9), pick a sequence f, € L'(R%) N
L?(R9) such that f, — fin Ly(RY). Then define

Ff=lim Jf,.
n—oo
The limit exists as L?(R9) is complete. J is well-defined as

by 1. Finally,
1F flla = 11£12
for all f € L?(R%) and
FoT(f)=f
for all fsuch that f, f € L'(R?). Thus by continuity this holds for L2(R%). O
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Definition (Gaussian). An R?valued random variable X is called Gaussian
if for all u € R, (X,u) is Gaussian, namely its law has the form N (m, o?)
for some m € R,o > 0.

Proposition 11.1. The law of a Gaussian vector X = (X,,...,X,) € R¢
is uniquely determined by

1. its mean EX = (EX,,...,EX,),

2. its covariance matrix (Cov(X;, X;));; where

Cov(X,, X;) = E(X; —EX,)(X; —EX,)).

Proof. If d = 1 then this just says that it is determined by its mean m and
covariance o2, which is obviously true. For d > 1, compute the characteristic
function

fix(u) = E(eXw)

but by assumption (X, u) is Gaussian in d =1 so its law is determined
1. the mean E({(X,u)) = (EX, u),
2. the variance Var(X,u). But

Var(X,u) = E(((X,u) — E(X,u))?) = Zuzuj Cov(X;, X;).

O

In particular this shows that (Cov(X;, X;));; is a non-negative semidefinite

ij
symmetric matrix.

Proposition 11.2. If X is a Gaussian vector then exists A € M 4(R),b € R¢
such that X has the same law as AN + b where N = (Ny,...,N,), (N;)L,
are gid. N(0,1).

Proof. Take A such that
AA* = (Cov(X;, X)),
where A* is the adjoint/transpose of A, and
b= (EX,,..,EX,).
Check that for all u € RY,

]E(<X>u>) = <b7 u>
Var({X,u)) = (AA*u,u) = |A*u|3 = Var((AN + b, u))
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Proposition 11.3. If (Xy,..., X,;) is a Gaussian vector then TFAE:
1. X,’s are independent.
2. X,’s are pairwise independent.

is a diagonal matrix.

3. (Cov(X,, X)),

)

Proof. 1 = 2 = 3 is obvious. 3 = 1 as we can choose A to be diagonal.
Thus X has the same law as (a; Ny, ...,a;N,) + b. O

Theorem 11.4 (central limit theorem). Let (X;);~, be R*-valued iid. ran-
dom variables with law u. Assume they have second moment, i.e. E(| X, |?) <
0. Let m = E(X;) € R? and

Xi+-+X,—n-m
Y, = NG .

Then Y, converges in law to a central Gaussian on R with law N (0, K)
where

Kij = (COV(XI))ij = [/ (z; — E(Xl))(xj —E(Xy))du(z)
Rd

j

Proof. The proof is an application of Lévy criterion. Need to show [Lyn (u) —
fy{u) as n — oo for all u, where Y ~ N (0, K). As

iy, (u) = E(e!Mw),
this is equivalent to show that for all u, (Y, ,u) converges in law to (Y, u). But

Xy, u) + -+ (X, u) —n(m, u)
vn
so we reduce the problem to 1-dimension case. By rescaling wlog E(X;) =
0,E(X?) =1.
Now

<anu> =

E(eiuYn>

X+ + X,
(explin =)

= [T Eesp(int)

i=1

ﬁYn ()

Il
=

<




11 Gaussians

But E(X;) = 0,E(X?) =1 so we can differentiate i under the integral sign

Mbéwwm

d . :

Joitn) = [ iz rdu(n) = iB(x,)
du -

d? ,

Tz w) = [R—l’z@wxdu(m) = —E(X})
Taylor expand [i around 0 to 2nd order,

w2
filu) = (0) + uit (0) + %" () + o(u?)
:1—|—O-u—%2+0(u2)

SO
2 2

fiv, (w) = (1= 3= +o(=))" = e/ = j(u)

as n — oo where g is the law of Y.
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12 Ergodic theory

Let (X, A, 1) be a measure space. Let T : X — X be an A-measurable map. We
are interested in the trajectories of T"x for n > 0 and their statistical behaviour.
In particular we are interested in those T preserving measure p.

Definition (measure-preserving). T : X — X is measure-preserving if
Topu=p (X, A uT)is called a measure-preserving dynamical system.

Definition (invariant function, invariant set, invariant o-algebra).
e A measurable function f: X — R is called T-invariant if f = foT.
o Aset Ae Ais T-invariant if 14 is T-invariant.

T ={A € A: Ais T-invariant}

is called the T-invariant o-algebra.

| Lemma 12.1. f is T-invariant if and only if f is T -measurable.
Proof. Indeed for all t € R,

{reX:fla)y<t)={rxeX:foT(x)<t}=T'1({re X: f(x) <t}).

Definition (ergodic). T is ergodic with respect to u, or that u is ergodic
with respect to T, if for all A € T, u(A) =0 or u(A°) = 0.

This condition asserts that J is trivial, i.e. its elements are either null or
conull.

Lemma 12.2. T is ergodic with respect to pu if and only if every invariant
function f is almost everywhere constant.

Proof. Exercise. ]
Example.

1. Let X be a finite space, T : X — X a map and u = # the counting
measure, then T is measure preserving is equivalent to 7' being a bijection,
and T is ergodic is equivalent to there does not exists a partition X =
X, UX, such that both X; and X, are T-invariant, which is equivalent to
for all x,y € X, there exists n such that T"z = y.

2. Let X = R9/Z% A the Borel o-algebra and u the Lebesgue measure.
Given a € RY, translation T, : = + z + a is measure-preserving. T,
is ergodic with respect to p if and only if (1,a4,...,a,), where a,;’s are
coordinates of a, are linearly independent. See example sheet. (hint:
Fourier transform)
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12 Ergodic theory

3. Let X = R/Z and again A Borel o-algebra and p the Lebesgue mea-
sure. The doubling map T : = — 2z — |2z is ergodic with respect to
p. (hint: again consider Fourier coefficeints). Intuitively in the graph
of this function the preimage € is two segments each of length £/2, so
measure-preserving.

4. Furstenberg conjecture: every ergodic measure p on R/Z invariant under
T,,T; must be either Lebesgue or finitely supported.
12.1 The canonical model

Let (X,,),>; be an R-valued stochastic process on (€2, F,P). Let X = (RY)N
and define the sample path map

P:Q0—- X
W= (Xn(w)>n21

Let
T:X—-X
(‘rn)nzl s (zn+1)n21

be the shift map. Let x, : X — R? be the nth coordinate function and let
A=o(z,:n>1).

Note. A is the infinite product o-algebra B(R%)®N of B(R4)N.

Let p = ®,P, a probability measure on (X, .4). This u is called the law of
the process (X,,),,~1- Now (X, A, u,T) is called the canonical model associated
to (Xn)nzl'

Proposition 12.3 (stationary process). TFAE:

1. (X, A, u,T) is measure-preserving.

2. Forallk > 1, the law of (X, X115+ s Xpix) on (RYE is independent
of n.

In this case we say that (X,,),>, s a stationary process.

Proof.

e 1 = 2: p=T,pimplies pp = T for all p and this says law of (X;);~,
is the same as that of (X;,,,);>;-

e 1 < 2: pand T"pu agree on cylinders A x (ROMF for F C N finite,
A € B((RHF).

O

In some sense ergodic system is the study of stationary process.
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12 Ergodic theory

Proposition 12.4 (Bernoulli shift). If (X,,),>; are iid. then (X, A, p,T)
is ergodic. It is called the Bernoulli shift associated to the law v of X,. We
have
= %N,
Proof. Claim that ®1(7) C €, the tail o-algebra of (X,,),,~;. But Kolmogorov
0-1 law says that if A € 7 then P(®~1(A)) =0 or 1, so u(A) = 0 or 1, thus u
is T-ergodic.
Given AT, T 'A=Aso

O7HA) ={w e Q: (X, ()21 € A}
={we: (X, (W), €T A}
= {w € Q: (XnJrl(w n>1 € A}
(

for p-almost every z. O

Theorem 12.5 (von Neumann mean ergodic theorem). Let (X, A, u,T)
be a measure-preserving system. Let f € L*(X, A,pn). Then the ergodic
average

1n—1 .
Snf: EZfOTl
=0

converges in L? to f, a T-invariant function. In fact f is the orthogonal
projection of f onto L*(X, T, ).

The intuition is as follow: if f is the indicator function of a set, then S, f is
exactly the average of the time each orbit spending in A.

Proof. Hilbert space argument. Let H = L?(X, A4, u) and define

U:H—H
frfoT

which is an isometry: because p is T-invariant, [|foT|*du = [ |f|*dp. Then
by Riesz representation theorem it has an adjoint

U*H—H
= U'x

which satisfies (U*x,y) = (x,Uy) for all y € H. Let
W={p—peT:pecH}

be the coboundaries. Let f € W. Then

11 p—@odIm
S, f=— oTt—poTH) =" —— 50
nf n;:o(sa ¢ ) -
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12 Ergodic theory

asn —00.
Let f € W then again S, f — 0 because for all € exists g € W such that
|f— gl <e. Then

152 f = Sugl = [5.(f =9l < If =gl <e
so limsup |15, f|| <e.

Have H = W@ W and W = Wt. Claim W' is exactly the T-invariant
functions. The theorem then follows because if foT = fthen S, f = f for all f.

Proof of claim.
Wht={geH:{g,0—Up)=0forall o € H}
=1{9:(9,9) = (9,Uyp) for all p}
={g:(g9,9) = (U*g,¢) for all ¢}
={9:Ug=g}
where the last equality is by
[Ug — gl = 2lg]* — 2Re(g,Ug) = 2[g|* — 2Re(U*g, g),

and this shows that W' are exactly Ttinvariant functions. O

In fact we can do better:

Theorem 12.6 (Birkhoff (pointwise) ergodic theorem). Let (X, A, u,T) be
a measure-preserving system. Assume p is finite (actually o-finite suffices)
and let f € LY (X, A, ). Then
1 n—1 ,
Snf = - Z f oT"

Ly

converges p-almost everywhere to a T-invariant function fe LY. Moreover
S, f— fin L.

Corollary 12.7 (strong law of large numbers). Let (X,,),>; be a sequence
of #id. random variables. Assume E(|X;|) < co. Let

Sn = En:ka
k=1

then 1S, converges almost surely to E(X).

Proof. Let (X, A,p,T) be the canonical model associated to (X,,),~;, where
X =RY 4 = B(R)®N, T the shift operator and p = v®" where v is the law of
X;. It is a Bernoulli shift. Let

f:X—>R

T xy
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12 Ergodic theory

the first coodinate. Then foT"%(x) = z,,, so
1

n

where z = (X, (w)),,>,- Hence by Birkhoff ergodic theorem

Syt X,) o = [ fdp= [ =B,

almost surely. O

Remark. If T is ergodic then f is almost everywhere constant. Hence f =

[ fdp.

Lemma 12.8 (maximal ergodic lemma). Let f € L'(X, A, u) and o € R.
Let
E,={zeX:supS,f(z) > a}

n>1
then
au(E,) < / fdp.
EOt

Lemma 12.9 (maximal inequality). Let
fo=0
n—1 )
fo=nS,f=Y foT" n>1
=0

Let
Py={zeX: Og’lrLaSXan(x) > 0}.

Then

/P fdu > 0.

N

Proof of mazimal inequality. Set Fy = maxge,<y f,. Observe that for all n <
N, Fy > f,, and hence

FNOT+f2anT+f:fn+1‘
Now if z € P, then

Fy(z) < Ogang7L+1 SFyeT+ f

/ Frndp < / FNonu—i—/ fdp.
Note that Fy(z) =0 if ¢ Py because f, =0 so

/P FN/XFNg/XFNoTJr/P f.

N n

Integrate to get
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12 Ergodic theory

As p is THinvariant, [ FyoT = [ Fy so

fdp > 0.
Py

O

Proof of mazimal ergodic lemma. Apply the maximal inequality to g = f — «.
Observe that

E,(f) = |J Pxl9)

N>1
and S,,g =S5, f —a. Thus

/ (f — a)du > 0,
E.(f)

which is equivalent to

ap(E,) < / fdp.

EC!
Proof of Birkhoff (pointwise) ergodic theorem. Let
= limsup S,, f

f
f=liminf S, f

Observe that f= ?oT,foT = f: indeed
1 1
Snfong(foT—’—+f°T):E((n+1)Sn+1f_f>

Need to show that f = [ p-almost everywhere. This is equivalent to for all
a,B € Q,a > S, the set

Ea.ﬂ(f) = {if €X: I(.’E) < 5,?(%) > Oé}

is p-null, as then

{o: fle) # f(@)} = [ Eap

a>f

is p-null by subadditivity. Observe that E, ; is T-invariant. Apply the maximal
ergodic theorem to E, 5 to get

(B, s < [ s

E, s

Dually

72



12 Ergodic theory

SO
ap(Eap) < Bu(Eq p)-

But a > B so u(E, ) = 0.

We have proved that the limit lim,, .S,, f exists almost everywhere, which we
now define to be f, and left to show f € L' and lim,,||S,,f — f|; = 0. This is an
application of Fatou’s lemma:

/|7”\du: /1iminf|Snf|du
< liminf/ Sy fldp
< liminf|S,, f||;
< |l

so f € L' where the last inequality is because

1
1SS < —(Ufly+ -+ 0 o T ) = [ ]

Now to show |S,,f — fl; — 0, we truncate f. Let M > 0 and set ,,; = TLifm-
Note that

o oyl < Mso |S,pn] < M. Hence by dominated convergence theorem

e ) — f p-almost everywhere and also in L! by dominated convergence
theorem.

Thus by Fatou’s lemma,

1%, — flu < liminf| S, 00 — S, fll < loar — £l

Finally
10 f = Ay <18 f = Snpntlly + 18nens = Byrlls + 12, — flh
<|Nf = emly +1Snenr — 2y + 1f — onddh
SO 3
limsup||S,, f — fll, < 2[f — eulh
for all M, so goes to 0 as M — oo. O
Remark.

1. The theorem holds if y is only assumed to be o-finite.
2. The theorem holds if f € L? for p € [1,00). The S,,f — fin LP.
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Jensen inequality, 44
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