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0 Motivation

0 Motivation

Recall the following example from IB Groups, Rings and Modules:

Theorem 0.1. Let p be an odd prime, then p = a® + b2 if and only if p =1
(mod 4).

Proof. If p=a® +b% then p = 0,1 or 2 (mod 4) so this condition is necessary.

Suppose instead p = 1 (mod 4), then (_pl) = 1 so there exists a € Z such that
a?> =1 (mod p), or p | a® + 1. We can factor a® + 1 = (a +i)(a — i) € Z[i]. We
know from IB Groups, Rings and Modules that Z[i] is a UFD. Asp | (a+1i)(a—1),
if p is irreducible in Z[i] then p | a +4 or p | a —i. Thus p € Z[i] is reducible so
p = 2,25 With 2,25 € Z[i]. If z; = A+ Bi where A, B € Z then A2+ B?> =p. O

Notation. If R C S are rings and « € S then
Rlo] = {Zz =0"aq,0' €s:a; € R}
which is the smallest subring of S containing both R and «a.

Another example is given p an odd prime, does the equation
aP 4 yP = 2P

have solutions such that x,y, z € Z, xyz # 07

Theorem 0.2 (Kummer, 1850). If Z[e*™/?] is a UFD then there are no
solutions.

The strategy is to factor

p—1
P +yP = H(x + e2miilPy) € Z[e?TP).
3=0

We now know that Z[e?""/?] is a UFD if and only if p < 19, so unfortunately
this does not lead us very far. Instead, we have the more powerful theorem

Theorem 0.3 (Kummer, 1850). If p is a regular prime then there are no
solutions.

We will define regular prime later in this course. This theorem is more
powerful that the previous one. To give an idea, if p < 100 then p is regular if
and only if p # 37,59, 67.

This course studies the ring of integers of a number field, which is a finite
extension of Q. In the end of the course we will come back to Kummer’s theorem.
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Recall that a field extension L/K is an inclusion K C L of fields. The degree of
L/K is
[L: K] =dimg L.

We say L/K is finite if [L : K] < oo.
Definition (Number field). A number field is a finite extension L/Q.
Here are two ways to construct number fields:

1. Let a € C be an algebraic number. Then L = Q(«) is a number field.

2. Let K be a number field K and f(z) € K|x] be irreducible. Then L =
K[x]/(f(x)) is a number field. Recall Tower Law from IID Galois Theory:

[L:Q]=[L:K]K:Q] < oc.

Note that the first one comes with an embedding in C, but the second one
doesn’t (and in general there are more than one).

Definition (Algebraic integer).

1. Let L/K be a field extension. We say o € L is algebraic over K if
there exists a monic polynomial f(z) € K[z]| such that f(a) =0

2. Let L/Q be a field extension. We say o € L is an algebraic integer if
there exists a monic polynomial f(x) € Z[z] such that f(«) =

Definition (Minimal polynomial). Let L/K be a field extension and let
a € L be an algebraic over K. We call the minimal polynomial of o over K
the monic polynomial f,(z) € K|x] of the least degree such that f,(a) = 0.

Note that f,(z) is well-defined: firstly there exists some monic f(z) € K[x]
such that f(a) = 0 since « is algebraic. If f (), f.(z) € K[z] both satisfy the
definition of minimal plynomial then we apply the polynomial division algorithm
to write

fol@) = q(@) f4(2) +7r(z)
where p(x),r(z) € K[z] and degr < deg f/.. Evaluate at «, we get
0= fola) = pla)fila) +r(a) =r(a)
so by minimality of deg f/, r = 0. Then deg f, = deg f/ and they are both
monic sop=1. f, = f..

Lemma 1.1. Let L/Q be a field extension and let o € L to be an algebraic
integer. Then

1. the minimal polynomial f,(x) of a over Q lies in Z[x];

2. if g(x)
g(z) =

€ Z|x] satisfies g(a) = 0 then there exists q(x) € Z[z] such that
fol@)q(z);
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3. the kernel of the ring homomorphism

Zlx] = L
f(@) = f()
equals to (f,(x)).
Proof.

1. Recall from IB Groups, Rings and Modules that given f(z) = Z?:o a;rt €
Z[x], we define the content to be

c(f) = ged(ay,, ..., ag).

Gauss’ Lemma says that if f(x), g(x) € Z[x] then ¢(fg) = ¢(f)c(g).

Since o € L is an algebraic integer, there exists a monic f(z) € Z[x] such
that f(a) = 0. Thus ¢(f) = 1. Apply polynomial division in Q[z] to get

f(x) = p(a)folz) +r(z)

where p(z),r(x) [z]. Same as before, we must have r(x) = 0 so
f(x) = p(x)f,(x). Now choose integers n,m > 1 such that np(x) €
1 and mf,(x) € Z[z],c(mf,) = 1. Then

nmf(x) = np(z) - mf,(z).

~m
=]

Take contents,

nm = e(nmf(2)) = clnp - mf) = c(np)e(my) = 1.
Thus n =m =1so f, (z) € Z|z].

2. This is similar to the previous one. Let g(z) € Z[z] be such that g(a) = 0.
wlog g(z) # 0 and c(g) = 1. We deduce g(x) = g(z)f,(x) where ¢(x) €
Q[z]. Choose k > 1 such that kq(z) € Z[z] and ¢(kq) = 1. Then

k= clkg) = clkq- £,) = c(kq)e(f,) = 1

so q(z) € Z[x].

3. Reformulation of (2).

| Corollary 1.2. Ifa € Q, then « is an algebraic integer if and only if a € Z.

Proof. By the above lemma, « is an algebraic integer if and only if f, (z) € Z[x].
If o € Q then f (z) =2 —a. O

Notation. If L/Q is a field extension, we write

O, ={a € L: «ais an algebraic integer}.
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| Proposition 1.3. If L/Q is a field extension, Oy is a ring.
Proof. 0,1 € 0. If a € O, then
fral@) = (=1)%8/a f, (—2)

so —a € 0. Easy. Now given «, 8 € O, we need to show a+ 8,a8 € O;.
First notice the following characterisation of algebraic integers: if « € O, then
Z[a] C L is a finitely generated Z-module: by definition, Z[a] is generated by
1,a,a?,.... Let

folz) =2+ aya®t 4o+ ay € Z[z],

then
d—1

al=—(ajadt +..+a,) € ZZOJ.
=0
Thus by induction, a” € Zj;ol Za' for all n > d.
Now take o, 8 € O, and let d = deg f,,e = deg fz. By definition, Z[a, 5] =
Z[a][B] is generated as an Z-module by {a’’}; oy, - The same argument shows

that in fact the ring is generated as a Z-module by {aiﬂj}ong’OgKe. Now use
classification of finitely generated Z-modules, there is an isomorphism

Zloa, Bl =7 & T

for some r > 1 and finite abelian group 7. In fact T = 0: if v € T then |T|y =0
by Lagrange. But Z[«, 5] C L, a Q-vector space, so this forces v = 0. We can
therefore fix an isomorphism

Zla, B = 2"

for some r > 1. Now there is a Z-module endomorphism
maﬁ : Z[Oé,ﬂ] - Z[O‘7ﬂ}
v apy
m,p can be represented by an r x r matrix A,5 € M, ,.(Z). Let

Fog(z) =det(z- I, — A,p) € Z[x]
be the characteristic polynomial. Then by Cayley-Hamilton Theorem,
Faﬁ(maﬁ) =0.
Write
F5(x) = 2" 4+ bja" '+ +b, € Z[z]
SO

ml g+ byml gt + -+ b, -id = 0.
Apply the above endomorphism to 1 € Z[«, ], we get
(@B)" +by(aB) "+ + b, = Fop(af) =0

soaf €0;.
The argument to show a + 8 € O, is identical, replacing m,g by

Moy Zla, 8] — Za, f]
Y (a+ B)y
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| Definition (Ring of integers). O is the ring of algebraic integers of L.
Lemma 1.4. Let L/Q be a number field and let o € L. Then there exists
n € Z,n > 1 such that na € Oyp,.

Proof. Let f(x) € Q[z] be a monic polynomial such that f(«) = 0. Then there
exists n € Z,n > 1 such that g(z) = n4°8f f(x/n) € Z[z] is monic. Then

g(na) = ndesff(a) = 0

so no € Op. O
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2 Complex Embeddings
Let L be a number field.

Definition (Complex embedding). A complex embedding of L is a field
homomorphism
oc:L—C.

Note. In this case ¢ is injective and O'|Q is the unique embedding Q — C.

Proposition 2.1. Let L/K be an extension of number fields, and let oy :
K — C be a complex embedding. Then there exist exactly [L : K| embeddings
o: L — C such that o|x = 0.

Proof. By induction on [L : K|. If [L : K] =1 then L = K.
In general, choose o € L'\ K and consider L/K («)/K. By the Tower Law
[L: K] =[L: K(a)][K(a): K]

and [K(«) : K] > 1. By induction, it suffices to show that there are exactly
[K(a) : K] embeddings o : K(a) — C extending o,. Let f,(x) € K[z] be the
minimal polynomial of a over K. Notice that there is an isomorphism of fields

Klz]/(fo(z)) = K(a)

T =«

To get a complex embedding o : K(a) — C extending oy, it’s equivalent to give
a root § of (o,f,)(z) in C. We have

[K(a) : K] = deg f, = degoyf,

so it suffices to show that o, f,, has distinct roots in C. The polynomial f, (z) €
K{z] is irreducible so is prime to its derivative f(x). We can therefore find
A(z), B(x) € K[z] such that

Af,+Bf, = 1.
Hence
(00A)(00fa) + (00B) (oo fa) = 1.
Hence if 8 € C and (50/,)(8) = 0, (50/2)(8) 0. 0
Notation. If ¢ : L. — C is a complex embedding, then & is also a complex
embedding where (o) = o(a). In the other words, complex conjugation is an

automorphism of C and we can post-compose it with any field embedding.

If 0 =7 then o(L) C R. Otherwise ¢ # @ and o(L) is not contained in R.
We write r for the number of complex embeddings o such that ¢ =& and s for
the number of pairs of embeddings {o,7} where o # 7. It then follows that

r+2s=[L:Q].
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Example (Quadratic field). Let d € Z be square-free and d # 0,1. Let

Q(Vd) = Qla]/(x* — d).

If d > 0 then r = 2,s = 0, which we call real quadratic field. If d < 0 then
r =0,s = 1, which we call imaginary quadratic field.

Example. Let m € Z be cube-free and m # —1,0, 1. Let
Q(Vm) = Qla]/(a® —m).
Then r=1,s =1.
Definition (Trace & norm). Let L/K be a extension of number fields and
let « € L. Let m,, be the K-linear map

my L — L

B aB
Then we define the trace of « to be
trp () =trm, € K

and the norm of o to be

Np k(@) =detm, € K.

Lemma 2.2. If L/K is an extension of number fields and o € L, then
1. trp (o) = [L+ K(o)]tr gk (@)

2. Np (@) = Ny (@) HE @

Proof. There is an isomorphism L 2 K (a)FE(@)] of K(a)-vector spaces. [

Lemma 2.3. Let L/K be an extension of number fields and let o € L. Let
o+ K — C be a complex embedding and o,,...,0, : L — C be complex
embeddings extending o,. Then

trL/K Za
NL/K HO'

Proof. wlog L = K(a). Let f,(r) € K[x] be the minimal polynomial of « over
K. Recall that

n

(00.fa) (@) = [J (& = o3(e)).

i=1
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Write f,(z) = 2™ + a;2" ! + -+ a,,. Then

Let g(z) € K[z] be the characteristic polynomial of m,,. If g(x) = 2™ +bz" * +
-+ b,, then

by = —trm, = —trp k(a)
b, = (—1)"detm, = (—1)" NL/K(a)

n

so done if we can show f,(x) = g(z). By Cayley-Hamilton, g(m,) = 0 so
g(a) =0. Thus f, (z) = g(x). O

| Corollary 2.4. If a € Op, then trp (o), Ny k() € O.

Proof. We have the following characterisation of ring of integers: if § € K then
B € O if and only if 0,(8) € O¢ as for all f(z) € Z[z], f(8) = 0 if and only if
floo(B)) = 0.

By the lemma, oy try, (o) = 0y (a) +++0,(a). Ifa € Of, then 0;(a) € O¢
for all 7. But O¢ is a ring so o try k() € O¢. Thus trp k() € Ok. Similar
for norm. O

Proposition 2.5 (Classification of ring of integers of quadratic fields). Let
d € 7 be square-free and d # 0,1. Let L = Q(v/d). Then

0. — Z[Vd]  ifd=2,3 (mod 4)
Pz ifd=1 (mod 4)

Proof. We have a nice characterisation of algebraic integers in quadratic fields:
if « € L, then a € O if and only if try g(a), Ny g(a) € Z. (Why?)
Let a € L. Write a = § + %\/a where u,v € Q. If a € 0 then

trpgle) =u €z

Npgla) = i(u—l—v\/g)(u—v\/g) = i(u2 —dv*)€Z

so u? — dv? € 4Z, dv? € Z. Write v = < where 7, s € Z and are coprime. Then
dr? € s?Z so s? | dr?. If p is a prime and p | s then p? | d. But this is absurd
as d is square-free. Thus v € Z.

We have shown that if o € O then o = 3 + %\/E where u,v € Z and
u? = dv? (mod 4). Split into cases:

1.d = 2,3 (mod 4): u? = 0,1 (mod 4),v> = 0,1 (mod 4). Consider the
congruence u?> = dv? (mod 4) shows that u,v € 2Z. Hence o € Z[\/d].
Thus O, = Z[V/d).
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2. d=1 (mod 4): u?> =v? (mod 4) so u = v (mod 2). Hence

1 d
(?LQ{%—Fg\/&:u,UEZ,u:v (mod2)}§Z@Z-( +2\[>.

It thus remains to show that # is an algebraic integer. But we know

1+Vd _

trL/@T 1
1+vd 1—d

so done.
O

Recall that if R is a ring, then a unit in R is an element u € R such that
there exists v € R such that uv = 1. The set

R* ={u € R:uisaunit}
form a group under multiplication.
Lemma 2.6. If L is a number field then
Op ={a €0 : Ny jgla) = +1}.

Remark. We’ll prove later in the course that 07 is a finite group if and only
if L =Q or L is an imaginary quadratic field.

Proof. Norm is multiplicative so

NpglaB) =N gla) N q(B)

for all a, 8 € L. If a € O] then there exists 8 € O}, such that af = 1. Thus
Ny g(a)Npg(8) = 1. As they are both integers,

Npgla) € Z* = {£1}.

Conversely, suppose o € O and Ny g(e) = £1. Then al € L. Let
0yy...,0, + L — C be distinct complex embeddings of L. Then

Npqla) = ]:[Ui<a) ==l

SO

soa ™t €0,. O

10
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Let L be a number field, n = [L : Q] and o4, ..., 0,, : L — C be distinct complex
embeddings of L.

Definition (Discriminant). Let «,...,a,, € L. Then their discriminant is
disc(ay, ..., o, ) = det D?
where D € M,,,.,(C) is D;; = o;(c;).
Notation. Sometimes we use the alternative notation
Alay,...,q,) =disc(aq, ..., a,,).

Note. This is independent of the choice of ordering of o;’s and «;’s, as changing
them amounts to permuting the rows and columns, which changes det D by a
sign.

Lemma 3.1. Let o,...,c,, € L. Then
disc(ay, ..., ) = det T
where T € M ,,,.,,(Q) is T;; = trp o).
Proof.
Tij = ng(aiaj) = ZDkkaj = (DTD)ij
k=1 k=1
O
Corollary 3.2. disc(ay,...,q,) € Q and if further ay,...,a, € O, then
disc(ay, ..., ) € Z.

Proof. disc(ay,...,q,) =detT € Q.
If a;’s are in Op, then D;; € O¢ for all 4,5. As det is a polynomial,
disc(ay, ..., a,) € O NQ =Z. O

Proposition 3.3. Let ay,...,a,, € L. Then disc(ay, ..., a,,) # 0 if and only
if a;’s form a Q-basis of L.

Proof. Suppose «,’s do not form a basis, i.e. they satisfy a non-trivial rela-
tion. Then the columns of the matrix D,; = 0;(a;) are linearly dependent so
disc(ay, ..., a,,) = 0.

Conversely, suppose a, ..., «,, are linearly independent. Then disc(ay, ..., ,,) #
0 if and only if det T' # 0, if and only if the symmetric bilinear form
o:LxL—Q

(o, B) = trp g (af)

is non-degenerate. In other words, for all a« € L™, there exists 5 € L such that
d(a, B) # 0. But if o € L* then ¢(a,a™!) = trp (1) =n # 0. O

11
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Definition (Integral basis). We say ay,...,«,, € L form an integral basis
for O, if

1. Ay, Oy S 0L7

2. aq,...,q, generate 0y as a Z-module.

Lemma 3.4. If ay,...,«,, form an integral basis for O; then the function

is an isomorphism of Z-modules.

Proof. fis clearly a surjective homomorphism so remains to show it is injective.
Observe that o, ..., a,, form a Q-basis of L: we know that if 5 € L then there
exists N > 1, N € Z such that N§g € 0. Write

for some m; € Z. Thus 8 = Z:il Z+a;. Thus a;’s span L and thus form a
basis of L.

If f(my,...,m,) =0 then Z?Zl m;a; =0 so m; =0 by linear independence
of a;’s. O

We will soon prove that every number field has an integral basis.

Lemma 3.5 (Sandwich lemma).

1. If H < G are abelian groups and G = Z* for some integer a > 0, then
H = 7" for some b < a.

2. If K < H < G are abelian groups and K = 7* G = Z* for some
a>0, then H= 7.

3. If H < G are abelian groups and H =2 7%, G = Z* for some a > 0 then
G/H is finite.

This is a generalisation of results about finite dimensional vector spaces (i.e.
finitely generated free modules over fields) to finitely generated free Z-modules.

Proof.

1. G/H is a finitely generated abelian group. By the classification, G/H ==
7" ® A where A is a finite abelian group. Choose p prime such that p } |A].
Then the map

f:G/H—G/H
r+He=pr+ H

12
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is injective. Consider the map

f +H/pH — G/pG
r+pH— x4+ pG
Claim this map is also injective: if x € H,x € pG then z = py for some
y € G. Then y+ H € ker f = H. Thus = € pH.

By classification H = Z°. As f’ is injective, |H /pH| < |G /pG|, i.e. p’ < p®
so b < a.

.ApplyltngHanngGtogetH%wahereagbgasoa:b.

. Again G/H is finitely generated so by classification G/H =~ Z~ @ A where

A is a finite abelian group. Let p be a prime such that p } |A|. The
same proof as in 1 shows that f' : H/pH — G/pG is injective. Since
|H/pH| = |G/pG| = p*, f’ is an isomorphism. Thus

G/H + pG = (Z/pZ)N

There is a surjective homomorphism G/pG — G/H +pG which has kernel
containing the image of f’. Hence the map is surjective with kernel G/pG.
This forces N = 0.

O

| Proposition 3.6. There exists an integral basis for O .

Proof. Let By,...,8, € L be a Q-basis for L. wlog 5;,...,5, € Or. Then
0L 2@, B

Recall that

¢:LxL—Q
(a, B) = trp g (af)

is a non-degenerate symmetric bilinear form. Let g7, ..., 8; be the dual basis,
Le. try o(B;8;) = 0;;. If w € O then we can write

n
a=) af;
i=1

where a;, € Q. We know a3; € O, hence

so Oy C @?:1 B:7Z. Thus by Sandwich lemma there is an isomorphism O,
z".

trpo(aBy) = Y trpgla;BiB) =Y ajtryq(BiB) =a;, € Z
=1 =

O

If ay,...,a, and fy,..., 3, are both integral basis for O, then there exists

Ae M, ,(Z) such that

B; = Z Aijai

n
=1

13
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for each 1 < j <mn. Moreover we must have det A = 41 and thus A € GL,,(Z).
Let D;; = 0,(c;), D Z(B]) and then disc(fy, ..., 3,) = det(D’)%2. We have

k=1
We thus conclude that

disc(By, ..., 3,)) = det(D’)? = det(DA)? = det D? = disc(ay, ..., a,,).

Definition (Discriminant). The discriminant D; of a number field L is
disc(ay, ..., o, ) where oy, ..., «,, is any integral basis for 0.

Proposition 3.7. Let L = Q(a) and let f(x) € Q[z] be the minimal poly-
nomial of a over Q. Then

disc(1, o, 02, ...,a" 1) = H(O‘i<04) —o(a))? = (—1)(@ Npjo(f'(a)).

i<j

Note. In IID Galois Theory, we defined

disc f = [J(o,() — 0;(a))?.

i<j

Proof. Let D;; = o,(a’™'). Then D € M,,,(C) and disc(1,q,...,a" ") =
det D?. D is a Vandermonde matrix with

det D = H(oj(a) —o;(@)).

1<j

For the second equality, note that
Npjo(f' (@) =T]eoi(f (@) =] (o:(@)).
i=1 1=1

Also since f(z) = H?:l(l‘ —o(@), fl(z) ="

into the above formula to get

Ny olf HH @) = ()& J](o:(e) — 7;(a))?.

i=1 j#i 1<J

Note. If o € O and Z[a] = O, then 1,q,...,a"! is an integral basis for O .
We can then use the above proposition to calculate D .

Example. Let d € Z be square-free and d # 0,1. Let L = Q(v/d). Then

4d if d=2,3 (mod 4)
Dy = .
d ifd=1 (mod4)

14
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If d = 2,3 (mod 4) then O, = Z[\/d]. Apply the proposition to f(t) = t> —d
to get
Dy, = disc(1,Vd) = =N ¢(2Vd) = 4d.

On the other hand if d = 1 (mod 4) then @} = Z[a] where a = ”2‘/3. Apply

the proposition to f(t) =t* —t+ 154, f/(t) =2t — 1, f'(a) = Vd. Thus

Dj, = —Npp(Vd) = d.

Proposition 3.8. If ay,...,a, € O are such that disc(ay,...,q,) is a
non-zero square-free integer then oy, ..., o, form an integral basis for O .

Proof. Let f31, ..., B, be an integral basis for @, . Then there exists A € M ,,.,,(Z)

such that "
;= Ayb;
i=1
for 1 < j <n. Then

disc(ay, ..., a,,) = det A% disc(B3y, ..., 5,,)

using a previous argument. If disc(ay, ..., q,,) is square-free and non-zero then
det A = +1so0 A € GL,,(Z). Thus «y, ..., o, must generate O, and thus form
an integral basis. O

Example. Let f(t) =t> —t— 1. Use the formula
disc(t® + at + b) = —4a® — 27b2

to get disc(f) = —23, which is square-free (and non-zero of course). If L = Q(«)
where « is a root of f(t) then O, = Z[a].

We have defined integral basis for rings of integers. In fact, we can generalise
it to ideals of the ring:

Definition (Integral basis). Let I C O} be a non-zero ideal. Then elements
aq,...,, € L form an integral basis for I if

1. ay,..,o, €1,
2. ay,...,q, generate I as a Z-module.

Proposition 3.9. Let I C O} be a non-zero ideal. Then there exists an
integral basis for I.

Proof. By definition I C O =2 Z". Let a,...,q, € O be an integral basis for
0. Let a € I be non-zero. Then (a) C I and thus

n
@ ac;Z C I C Oy,
i=1
By Sandwich lemma I = Z" as a Z-module. Thus there exists an integral basis

for I. O

15
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Definition (Norm). If I C @, is a non-zero ideal then its norm is
N(I) = 1[0y, : I].
Note that norm is finite by Sandwich lemma.
Definition (Discriminant). If I C O} is a non-zero ideal then its discrimi-

nant is
disc(I) = disc(ay, ..., )

where o, ..., q, is any integral basis for I.

Note that the same argument for discriminant of ring of integers shows that
this is well-defined.

Lemma 3.10. If I C O, is a non-zero ideal then
disc(I) = disc(0}) - N(I)2.

Proof. Let ay,...,q, be an integral basis for 0; and f,..., [, be an integral
basis for I. Then there exists A € M Z) such that

an(

5]' = ZAijai
i=1
for 1 < j<n and
disc(By, ..., B,,) = disc(ay, ..., o, ) det A2

It thus suffices to show that det A2 = [0, : I]?. In fact we’ll show that if
Be M, (Z) and det B #+ 0 then

|Z™/BZ™| = | det B.
Then the result follows from O = Z".

Proof. Recall from IB Groups, Rings and Modules that there exist P,Q €
GL,,(Z) such that
PBQ = D = diag(dy, ..., d,)

where d; € Z (Smith normal form). Thus

n
7" /BL" = 7" | DI = (P Z/d, Z
i=1
SO
n
zr/Bz"| = |z"/DZ"| = [ ] Id;].
=1

On the other hand |det B = [det D| = []""_ |d

1| 7,|
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3 Discriminants and integral bases

Lemma 3.11. Let a € O \ {0}. Then
N((@)) = [Np jg(e)]-

Proof. Let oy, ..., o, be an integral basis for O;. Then aq;, ..., aq,, is an inte-
gral basis for I = («).

disc(I) = disc(aay, ..., aq,,)
= det(0; (aa;))?
= det(0;(a)o;(a))?
n 2
= (H Uz'@‘)) det(”i(%‘))Q
i=1
= NL/Q(a)2 disc(O;)
On the other hand, we showed last time that for any non-zero ideal J C Oy,
disc(J) = N(J)? disc(0,)
and the result follows. O

Notation. If o € O \ {0}, we write

Also define N(0) = 0. Then for all o, 8 € O}, N(af) = N(a) N(B).

In fact later we will show N is multiplicative for all ideals.

17



4 Unique factorisation in O,

4 Unique factorisation in O,

Recall that a ring R is a unique factorisation domain (UFD) if

1. R is an integral domain,
2. if x € R is non-zero and not a unit, then there exists an expression

xr = pl ...pr
where p; € R are irreducibles. This expression is unique in the sense that
if
=419
is another such expressions then r = s and after reordering each g¢; is an
associate of p,, i.e. ¢, € R*p,.
We know that Z is a UFD. However, if L is a number field then ¢; need not
be a UFD. Let’s see an example where uniqueness fails.

Example. Let L = Q(v/—5). Then O; = Z[v—5]. From example sheet we
know OF = {£1}. In O, we have

6=2x3=(1+vV-5)(1—vV-5).

We can check that 2,3, 14 +/—5 are irreducibles and no two are associates. For
example, suppose 2 = xy where N(z) > 1,N(y) > 1. As N(2) = 4, N(z) =
N(y) = 2. But N(a + bv/=5) = a® + 5b? which is never 2. Contradiction.

But this does not go terribly wrong. In fact, any non-zero x € @, which is
not a unit can be expressed as a product of irreducible elements:

Proof. If x € Oy, then x is a non-zero non-unit if and only if N(z) > 1. Sup-
pose x € O is a non-zero non-unit which cannot be written as a product of
irreducibles, and with N(x) minimal among such elements. Then z = yz with
N(y),N(z) > 1, hence N(y), N(z) < N(z). By minimality of N(x), both y and z
can be written as products of irreducibles. O

The way to get around this is to consider multiplication of ideals insteads of
elements. Recall that if R is a ring and I, J are ideal of R, we can define

k
IJ= {Zaibi ca; € 1,b; € J}
i=1

I+J={a+b:aclbeJ}

Definition (Irreducible ideal). A proper ideal I C R is irreducible if it does
not admit an expression I = JK where J, K are proper ideals of R.

One caveat: even if o € O is irreducible, the principal ideal («) need not
be irreducible. For example in Z[v/—5], we have

(2) = (2,1+v—5)?
(3)=(3,1+V=5)(3,1—V=5)

The aim of this chapter is to prove that factorisation of ideals into prime
ideals is unique. Recall from IB Groups, Rings and Modules

18



4 Unique factorisation in O,

Definition (Prime ideal). Let R is a ring. We say that a proper ideal p C R
is prime if for all x,y € R, xy €p = x EporyEp.

The following lemma gives us a way to characterise prime ideals:

Lemma 4.1. Let R be a ring and I,J,p C R be ideals. Suppose p is prime
and IJ Cp then I Cp orJ Cp.

Proof. Wlog I € p. Choose x € I\ p. Forallye J,azyeIJ Cpsoyep. O

Note that the converse is trivially true, so we can think about a prime ideal
as a “prime element” among all ideals, instead of breaking the ideal apart and
talking about properties of elements in the ideal.

From now on let L be a number field.

| Lemma 4.2. Any non-zero prime ideal p C O is a maximal ideal.

Proof. Recall that if R is a ring and I is a proper ideal of R, then I is prime if
and only if R/T is an integral domain and T is maximal if and only if R/I is a
field.

If p C O, is a non-zero prime ideal, then O} is a finite integral domain as
its cardinality is N(p). Any finite integral domain is a field. O

Lemma 4.3. If I C O, is a non-zero proper ideal then there exists non-zero
prime ideals py,...,p, C O such that p;---p, C I.

Proof. For contradiction, let I C O be an ideal which does not have this
property with N(I) minimal among all such ideals. Clearly I is not prime so
there exists z,y € O such that xy € I but x,y ¢ I. It follows that

ICTI+(x)
ICT+(y)

and therefore

N(I + (z)) < N(I)
N(I + (y)) <N(I)

By minimality of N(I), we can find non-zero prime ideals py,...,p,,qq, -, qs
such that

qpd, © 1+ (y)

SO
prpaay g, © (T4 ()T + (y) CI? +al +yl + (zy) C 1.

Absurd. O
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4 Unique factorisation in O,

Lemma 4.4. If I C O is a non-zero ideal then there exists v € L\ O,
such that vI C O,.

Proof. Let o € I'\ {0}. Let py,...,p, € O be non-zero prime ideals such that
Py ... p, C («). wlog r is minimal among all such expressions. Let p be a maximal
ideal containing I. Then

p2I2(a)Dp;p,

so p D p, for some i. After reordering, assume p D p;. Since non-zero prime
ideals are maximal, we have p = p;. Since r is minimal, we have p, - p,. € ().
Choose § € py -+ p,.\(a). Claim that the element v = g has the desired property:
if v € Oy, then 8 = ay € (). Absurd. In addition

B 1 L
I ==1C —pyplC —py-p, COp.
o (o4 «

Proposition 4.5. If I C O, is a non-zero ideal then there exists a non-zero
ideal J C Op such that 1.J is principal.

Proof. Choose o € T\ {0}. Define
J={B€0,:BIC ()}

J is a non-zero ideal as o € J. We have IJ C («). Suffices to show equality.

Let K = L1J C ;. We will show in fact that K = 0 : if K # ¢, there
exists v € L\ 0, such that yK C @;. We have (o) C I hence 11 D ¢}, hence
K= éIJ D J. Hence vJ C vK C 0. We also have

vIJ =~vaK C («).

If B € vJ then 5 € O, and BI C («) so vJ C J.

Recall that J admits an integral basis so there is an isomorphism J = Z™. Let
Ae M, (Z) be the matrix representing multiplication by -, with f(x) € Z[x]
its characteristic polynomial. Then by Cayley-Hamilton f(v) = 0so v € 0.
Absurd.

This shows that IJ = (). O

Now we have the machinery to define “division” of ideals:

Corollary 4.6. If I, J,K C O; are non-zero ideals and IJ = IK then
J =K.

Proof. Choose a non-zero ideal A C @, such that AI = («) is principal. Then
a =AlJ = AIK = aK

so J =K. O
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4 Unique factorisation in O,

Definition (Ideal divisibility). If I, J C O, are non-zero ideals, say I divides
J, written T | J, if there exists an ideal K C @, such that IK = J.

| Corollary 4.7. If I,J C O, are non-zero ideals, then I | J if and only if
I12J.

Proof. If IK = J then J C I. Conversely, suppose I 2 J. Choose a non-zero
ideal A C O, such that AT = («) is principal. Then (o) = AI O AJ and so
O 2 éAJ. So K = éAJ is a non-zero ideal of O and IK = éAIJ =J. O

Finally, the theorem we have promised:

Theorem 4.8. If I C O} is a non-zero ideal, then there exist prime ideals
PP €O such that
I = pl cee pT.

Moreover, the expression is unique up to reordering.

Proof. We show existence by contradiction. Suppose I is an ideal which cannot
be written as a product of primes, and with N(I) minimal subject to this con-
dition. We can find a maximal ideal p D I, which is also prime. Then p | I so
we can write I = pJ for some J C O;. Then J | I, hence J D I. If J = I then
we get I = Ip and hence 0; = p, contradicting the maximality of p. Therefore
J 2 I, hence N(J) < N(I). By minimality of N(I), we can write J = py---p,.
where p;, C O, are prime ideals. Hence

I=pJ =ppyp,.

Absurd.
For the uniqueness part, suppose p,...,p, and ¢y, ..., q, are non-zero ideals
in Oy, such that

Pypr =019

Then py | g4 -+ q, so p; 2 g, for some 1 < i < s. wlog p; D q;. But both p; and
q; are maximal so p; = ;. Cancel to get

p2 p7 = q2 qs.
Continue in this way to obtain » = s and p, = g, after reordering. O

Before going to construct prime ideals and do arithmetics on them, we first
define

Definition (Ideal class group). The ideal class group is defined to be
Cl(0}) = {I C O, non-zero ideal}/ ~

where I ~ J if there exists o € L™ such that ol = J.
Write [I] for the equivalence class containing I.
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4 Unique factorisation in O,

Lemma 4.9. Cl(O;) is a group under the operation
1][J] = [1J]
with identity [0 ].

Proof. If I, J C O} are non-zero ideals and «, 5 € L™ are such that o, 3J C O,
then
(al)(BJ) = aBlJ

so the operation is well-defined.

For any I C Oy, O 1 = I'so [O] is the identity. We showed that if I C O is
any non-zero ideal then there exists a non-zero ideal J C O such that I.J = («)
is principal. Then

(1] = ][J] = [(0)] = [0;]
so [I]71 = [J]. Associativity follows from associativity of ideal multiplication.
O

Proposition 4.10. TFAE:
1. Oy is a PID.
2. Op is a UFD.

3. Cl(O}) is trivial.

Proof.
e 1 = 2: See IB Groups, Rings and Modules.

e 2 = 3: Suffices to show every ideal I C O} is principal. We know that
we can write

I=p;p,

as a product of prime ideals. As products of principal ideals are principal,
it suffices to show that every prime ideal of O, is principal. Let p C O,
be a prime ideal and « € p non-zero, and let

o = al ”.aT

be a factorisation of « into irreducibles. Recall that if a ring is a UFD
then irreducible elements are prime. Since

p2(a) = () (a,)

so p | py---p, where p;, = (o;). Since «;’s are prime, p; is a prime ideal.
Hence we must have p = p, = («;) for some ¢. Thus p is principal.

e 3 = 1: Let I C O be a non-zero ideal. Since Cl(0;) is trivial, we
have [I] = [Op], so there exists @ € L* such that a0, = I. We have
a-1l=a€lC0Opsoacp. Then I = («a) is principal.

O

Thus Cl(0}) can be seen as the obstruction to O being a UFD.
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4 Unique factorisation in O,

Lemma 4.11. IfI,J C Oy are non-zero ideals then
N(IJ) =NI)N(J).

Proof. Example sheet.
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5  Dedekind’s criterion

5 Dedekind’s criterion

If p € Oy is a non-zero prime ideal, then there is a unique prime number p € Z
such that p € p since
(p) = ker(Z — O /p).

Then p | pO; and N(p) = pf for some f > 1.

Lemma 5.1. Let p be a prime number and factor

.
pOp = H P
=1

where py, ..., p, are distinct prime ideals of Oy, and e; > 1. Define f; > 1 by
N(p,) = p/i. Then i
Zeifi =[L:Q]

i=1

In particular, r < [L : Q).

Proof. Apply norm to get

s

pBU = N(po) = [[N(p,)er = p=iaehi,

i=1

Definition (Ramification). Let p be a prime number and let p0; = H:: . ps
be the factorisation as above.

1. We say p ramifies in L if e, > 1 for some 7. We say p is totally ramified
ifr=1and e; =[L:Q], ie. pO0; = p[lL:Q].

2. Wesay pis dnertin L if r =1 and e; =1, i.e. p0; is prime.
3. We say p splits completely in Lif r =[L: Q] and e; = f; = 1 for all 4.
Theorem 5.2 (Dedekind’s criterion). Let o € O, be such that L = Q(a).

Let f(x) € Z]x] be its minimal polynomial and let p be a prime integer such
that p } [0, : Z[a]]. Let f(z) = f(x) (mod p) and factor

<

() = [[5,@) € Fyla]

where g, (), ..., g, (x) € F,[z] are distinct monic irreducible polynomials. Let
9;(z) € Z[z] be any polynomial with g,(x) (mod p) = g,(z), and define

p; = (p,9;(a)) COp,

an ideal of Oy, Let f; = degg,(z).
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5  Dedekind’s criterion

Then py,...,p, are disjoint prime ideals of O, and
pOp = Hpei
i=1
N(p;) = p/:

Example. Let L = Q(v—11) and p = 5. As —11 = 1 (mod 4), O, =
Z[H=U]. Thus Z[v—11] C O}, has index 2 as an additive subgroup. Therefore
we can apply Dedekind’s criterion to a = v/—11. f(z) = 22 + 11.

flx) = f(x) (mod5) =22+ 1= (z+2)(z +3) € Fy[z]

so 50, = pq where

p=(5,v-11+2)
q=(5vV—-11+3)

and p, q are distinct prime ideals of 0. Thus 5 splits completely in Q(v/—11).

Proof. Recall that if R is a ring and I C R is an ideal, then there is a bijection

{ideals J C R containing I} <+ {ideals K of R/I}
Js JJI CRJI

Furthermore there is an isomorphism
R/J = (R/I)/(J/I).

We have Z[a] C Oy of finite index. Let A = Z[a],¢ : A < O;. By reduction
mod p, get a ring homomorphism

p:AlpA— 0L /p0y,
B+pA= B+p0p

Claim that © is an isomorphism. Since both the domain and the codomain have
the same cardinality p!Z@, it suffices to show % is surjective. Let N = O :
Z[a]]. We can find a,b € Z such that aN +bp = 1. If 8 € O, then N € Z[q]
by Lagrange, and 8 = aN S + bpf so p(aNS + pA) = 8+ pO;.

Therefore

{ideals in O, containing p} <> {ideals of A/pA}
(p)CI<I>p

We have

A = Z]a) = Z[x]/(f(x))

a<Hx

Reduction mod p gives an isomorphism

A/pA=TZ[z]/(p, f(x)) = F,[z]/(f(x)).

25



5  Dedekind’s criterion

We have f(z) = H:Zl g,(z), so there are homomorphisms

Fylz]/(f(x)) = F,[xl/(g,(x))

given by quotienting by the ideal (g,(z)) 2 (f(x)).
Define p, C O}, to be the ideal containing p such that p,/(p) is the kernel of
the ring homomorphism

OL/p0, = AJpA —= F [1]/(F(z) —— F,[2]/(3,())

This ring homomorphism is surjective and its image is a field of cardinality pi.
Hence O} /p, is a finite field of cardinality pfi so p, is a prime ideal of norm

N(p;) = p/s.
The p,’s are distinct because their images in O /p@,, are distinct, as if i # j
then (yi(x),gj(x)) is the unit ideal of ¥ [x].

To show p, = (p, g;(x)), it suffices to show p,/(p) C O}, /p0O;, is generated by
g,(). This is equivalent to showing

ker(F,[2]/(f(x)) — F,[x]/(g,(x))

is generated by g,(z), which is true by definition.
It remains to show

pytepr = pOyp.
prt e pe = (9, g1(@) - (p, g, ()
(p, g1 ()) -+ (p, g (@)*)
(P, 91 (@)t - g, (@)r)
= ( )
= (p)

-
-

p, f(a)

3

by noting that

Take norm,

so equality holds. O

One application is the classification of prime ideals in ring of integers of
quadratic fields:
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5  Dedekind’s criterion

Proposition 5.3. Let d be a square-free integer, d + 0,1, L = Q(\/E) and
let p be a prime number. Then

1. if p is odd then
(a) if p| d, then (p) = p? so p ramifies in L.
(b) ifptdand (g) 1 then (p) = pq so p splits completely in L.
(c) ifptdand (%) = —1 then (p) is prime and thus inert in L.
2. if p=2 then
(a) if d = 2,3 (mod 4) then 2 ramifies in L.
(b) if d =1 (mod 8) then 2 splits completely in L.
(c) if d =5 (mod 8) then 2 is inert in L.

Proof. The case for p odd is similar to the worked example above and is left as
an exercise. We just do the case for p = 2. If d = 2,3 (mod 4) then O, = Z[/d]
so by Dedekind’s criterion, we must factor % — d (mod 2). But

2> —d=(z—d)? (mod 2).

Ifd=1 (mod 4) then O; = Z[”—Q\/E} so we must factor 22—z +17% (mod 2).
If d =1 (mod 8) then

> +r=x(x+1) (mod2).

If d =5 (mod 8) then the polynomial is irreducible. O

27



6 Geometry of numbers

6 Geometry of numbers

Definition (Lattice). If V'is a finite-dimensional R-vector space, then a
lattice in V'is a subgroup of the form

A= EnB Zv;
i=1

is a basis of V as an R-vector space.

where v, ..., v,

This is a generalisation of the ususal lattice Z™ C R"™.

Definition (Covolume). If Vis a finite-dimensional real inner product space
and A C Vis a lattice, then the covolume of A is

A(A) = vol ({Zn:tivi :t, €0, 1)})

where A = @ | Zv;.

It is an exercise to check that it is independent of the choice of basis (that
generate A).

We first consider only a fixed imaginary quadratic field L = Q(v/d) where
d < 0 is square-free. Let ¢ : L — C be a complex embedding. Our first
observation is that o(0}) is a lattice in C:

1. if d = 2,3 (mod 4), then 6(0;) = Z & Z/d.
2. if d =1 (mod 4), then o(0,) = Z @ Z15/4.

More generally, if I C O}, is a non-zero ideal then o(I) is a lattice in C.

Lemma 6.1. If I C O, is a non-zero ideal then

Al = 3Vl = S VD
Proof. Let oy, ay be an integral basis for /. Then
o(Il)=2Zo(ay) ® Zo(ay).
If ooy =z + 1y, 00y = T4 + 1y, Where z,,y,’s are real, then
det (ml x2>
Y1 Y2

which is the area of the parallelogram spanned by the two vectors. Also by

Ala(I)) =
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6 Geometry of numbers

definition,

. N2
disc(I) = det (xl T Ty ZyQ)

L1 =Wy Lo — Wo

. N
— det (951 ty Ty F Zy2)

2z, 2z,
2
— (22)2 det (yl y2>
Ty To

O

To demonstrate how to actually compute and use covolume, we state a the-
orem whose general version will be proved later:

Theorem 6.2 (Special case of Minkowski’s theorem). Let A C R? be a
lattice and let S = D(0,7) C R? be the closed disk of radius r. Then if
area(S) > 4A(A) then there exists A € A\ {0} such that X € S.

The surprising thing about this theorem is that it is independent of the
shape of the lattice.
In particular, there exists A € A\ {0} such that

4
A2 < ZA(A).
A2 < —A(8)

Corollary 6.3. If I C O} is a non-zero ideal then there exists o € I\ {0}
such that
N(a) < ¢; N(I)

where ¢, = 2./|Dy].
Proof. We apply the theorem to o(I) C C to get there exists A € o(I) \ {0}
such that
2 AN
Al® < — 5V [Dp| = e, N(I).

If o € I is such that o(«) = A then

Corollary 6.4. If [I] € Cl(O;,) then there exist J € [I] such that
N(J) <e¢y,.

Proof. Choose K € [I]7! such that I K is principal. Apply the previous corollary
to find o € K \ {0} such that

N(a) < ¢, N(K).
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6 Geometry of numbers

As (o) C K, K | () so there exist J C O non-zero such that JK = («). Then
done since [J] = [K]™! = [I] and

Finally we can prove our first result in algebraic number theory:

| Theorem 6.5. The group Cl(O;) is finite.

In fact, we will later prove that this is true for any number field L.

Proof. We’ve shown that every class [I] € C1(0},) has a representative of norm
< ¢;. Thus suffices to show that for every m € Z, m > 1, the number of ideals
I C Oy, of norm N(I) = m is finite.

If N(I) = m then [0} : I] = m so by Lagrange m € I. Thus I comes from
an ideal of the finite ring O /m0O; . O

Note. We see Cl(0;) is generated by ideal classes [p] where p C O} is a non-
zero prime ideal of norm N(p) < ¢;. To see this, any class has the form [I]
where N(I) <¢;. If T = H;l pfi then

Thus N(p,) < N({) < ¢;.
Example.

1.d =—-7. Asd =1 (mod 4), D;, = d based on our results in previous
chapters. Thus

2 2

so Cl(O}) is generated by ideals of norm < 2. There are none except O .
Thus C1(0;) is trivial. Hence O}, = Z[”Tﬁ} is a UFD.

2. d = —5. We already knew this is not a UFD. D; = 4d so
2 4 4
cp=-V20=-V5<-V5<3
™ s 3

so Cl(0;) is generated by prime ideals p C O of norm N(p) = 2. We
know by Dedekind’s criterion that 2¢0; = p2. Thus Cl(0,) is generated
by [p] and [p]? = [20,] = [0,] is the trivial class. Hence there are two
possibilities:

(a) if p is principal then Cl(0}) is trivial.

(b) if p is not principal then Cl(0,) = Z/27Z.
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6 Geometry of numbers

But we already knew that O is not a UFD so Cl(O;) is not trivial so

must have
Cl(O,) = Z/27.

Having a grasp of the tools we have, we will now move on to a general number

field L.
First we have a theorem that does not necessarily have any relation with

number fields:

Theorem 6.6 (Minkowski). Let A C R™ be a lattice and let E C R™ be a
measurable subset which is convex and centrally symmetric, i.e. E = —F =
{r eR": —x € E}. Then

1. if vol(E) > 2" A(A), then there exists A € A\ {0} such that A € E.

2. if vol(F) > 2" A(A) and E is compact, then there exists A\ € A\ {0}
such that \ € E.

Note that the special case we used above corresponds to n = 2 and F closed
disk.

Proof. Let A = @ | Zv,, P = {7 t,v,:t, € [0,1)}. Then vol(P) = A(A)
and R" ={J, (P +\). Then

1.

1
vol(P) < 2—nv01(E)

=vol(=E
vol(5 E)
1
=Y vol(GEN(A+P))
AEA 2
_Zvol o A)NP)
AEA

Claim that there exists A, u € A distinct such that (3£ —X)N(2E —p) is
non-empty: if not, the sets %E — A are pairwise disjoint so

vol(P) < Zvol o A) N P) < vol(P),

AEA

absurd. Hence there exists z,w € E such that 5 — A = ¢ — pu. Thus

=24 .

Wz —w
2 2 2

As E'is centrally symmetric, —w € E. Finally as F'is convex, 5+ —* € E.
Thus A —p € (A\{0}) N E.

2. Given the further assumption that F is compact, F is closed and bounded.
vol(E) > 2" A(A) implies that for m > 1

vol((1 + %)E) > 27 A(A).
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6 Geometry of numbers

By 1, for all m € N there exists A, € (A\{0})N((1+1)E). (1+1)E C2FE
and 2F N A is finite as 2F is bounded. By pigeonhole principle, we can
assume there exists A € A\ {0} such that A\,, = A for all m > 1. F is
closed and A € (1 + =)E for all m > 1. Thus \ € E.

O
Now let L be a number field. Let n = [L : Q] and 74, ..., 7, : L — R be real

embeddings of L and ¢4,74,...,04,0, : L — R be complex embeddings. We
have n = r + 2s.
Define a map

S:L—R"xC*
ab (r(a),..,7.(a),0q(a),...,0,(a))

This is a homomorphism of additive groups.

| Lemma 6.7. If I C O} is a non-zero ideal then S(I) is a lattice.

Proof. Let oy, ..., a,, be an integral basis of I. Then
S(I) =P zS(a,;)
i=1

and R"xC? is an n-dimensional R-vector space. So we must show that S(ay), ..., S(«,,)
are independent, or equivalently that

7'1(?“1) 7'1(?%)

Tr(a(l) ) Tr(a(n) )
Reo;(a;) - Reoy(e,
det Imoy(ay) -+ Imoy(a,) 7 0.
Reo,(@,) -~ Reo,(a,)
Reas(al) Reas(an)
Note that for z € C, we have
z\ (1 i Rez
z)  \1 —i) \Imz)"
So this determinant equals to
() T (0y,)
WRE-EE~
L o) 0
(—22') det oi(ag) - Ty(ay, 70
Us(al) Us(an)
Es(al) Es<an)
as disc(I) # 0. O
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6 Geometry of numbers

Lemma 6.8. If I C O}, is a non-zero ideal, then

[disce(D)] = /B,

28

AS) = 5

Proof. Same calculation with determinants as before. O

Proposition 6.9. If I C O, is a non-zero ideal then there exists a € I\ {0}
such that
N(a) < ¢; N(I)

where

4\° n!
L = (;) VIDypl.

nn

Definition (Minkowski constant). c¢; above is called the Minkowski con-
stant of L.

Proof. Apply Minkowski to the lattice S(I) and the region, which might not be
the most intuitive choice,

B, ,(t) = {(x,z) ER"XC > o[ +2) |zl < t} .
i=1 i=1
Check that it is convex, centrally symmetric and compact. If
vol(B, () > 2" A(S(1))

then there exists o € I'\ {0} such that S(a) € B, ((t).
Now we use AM-GM inequality to bound N(a):

r s 1/n
N(a)!/ = (Hn—(amo—i(an?)

i=1 i=1
(Zman 23 |ai<a>|>

<

Sl 3|

<

and therefore N(a) < rtTZ To get the optimal bound, choose ¢ so that
vol(B, 4(t)) = 2" A(S(I)).

It is an elementary exercise to show that

vol(B, (1) = 2 (

ol
N————

w
3%

by induction on 7 and s. Thus

s t"

9r (7) L = M A(S(I)) = 27+ N(I)\/|Dy|.

2/ n!
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6 Geometry of numbers

Rearrange,

Similar corollaries:
Corollary 6.10. For any class [I] € C1(O), there exists J € [I] such that
N(J) < ¢y,

Corollary 6.11. The group Cl(O}) is finite and generated by [p] where p
is a prime ideal of norm N(p) < ¢; .

Proof. Exactly the same as before. O
Remark. In practice, the Minkowski constant is a very effective bound.

Example. Let f(z) = 2% —x + 1. This is irreducible modulo 5, so over Q. Let
L = Q(a) where « is a root of f(z). In this case r = 1,s = 2. The discrimiant

1S
disc f = 2869 = 19 - 151

which is square-free. Thus O = Z[a] and D = disc f. Thus
4" 5! V2869 < 4
CL = (;) 5*5 < 4.
Hence Cl(O}) is generated by prime ideals p of norm N(p) = 2 or 3. But by

Dedekind’s criterion, such primes exists if and only if f(z) has a root in Fy or
F5. In this case there are not such roots so Cl(0;,) is trivial so Z[a] is a UFD.

Example. Let L = Q(v/10). Then
1
e = 5Va-1 =10 < 4.

Thus Cl(O},) is generated by [p] where N(p) = 2 or 3. By Dedekind’s criterion,

(2) = p3
(3) = paps
where
po = (2, \/E)
ps = (3,1+10)
ps = (3,1 -10)

To find relations in C1(0}), we can calculate the norm. For example,

N(2++10) =4 —10| =6
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6 Geometry of numbers

SO

(2+ ‘/E) = PaP3 O Pop3.

In either case we see that [p,] generates Cl(O}) so Cl(O;) is either trivial or
isomorphic to Z/2Z, with the second case occurring if and only if p, is not
principal. p, is principal if and only if there exists a + byv/10 € @} such that
(a4 bv/10) = p,. Taking norm,

a? —10b? = +2.

Reduce modulo 5, neither 2 or —2 is a quadratic residue. Absurd. Thus p, is

not principal and
ClO,) =Z/27.

Example. Let L = Q(v/—17). Then
4 1 4 4
CL:;.§.V4.1 :;\/17<§V17<6

So Cl(0;) is generated by primes of norm 2,3 or 5.
By Dedekind’s criterion,
e 224+ 17=22+2 (mod 5) so (5) is prime of norm 25.
e 224+ 17=2%—1 (mod 3) so
(3) = dza3
where
4z = (3,14 vV—17)
a5 = (3,1 —vV-17)

e 224+ 17 = (2 +1)? (mod 2) so

where

0o = (2,1 4+ V—17).
Now compute, for example, the norm
N(1+V-17) =18 =2-32.
Note that 1 ++v/—17 € q5 50 q5 | (1 + v/—17). So we must have one of
(1+v/=17) = g,0595
(1+V=17) = 03

Note that they result in different structures of C1(0;). To decide between these,
we compute

9,3 4 3vV—17, (1 + V—17)?)
9,3 4 3v—17,—16 + 2v/—17)
9,3+ 3vV—17,2 + 2v/—17)
9,14+ V—17)

a3 =

o~ o~ o~ o~
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6 Geometry of numbers

We see 1+ v/—17 € q2 so we have (1 ++/—17) = q,q3.!
We see [q5] generates C1(O;) and if q4 is not principal then C1(O0,) = Z/4Z.
But q4 is principal if and only if we can solve

a? +17* =2

in Z. This is impossible so
Cl(O,) = Z/AZ.

Remark. There are many open questions about ideal class groups, even for
quadratic fields.

« We know: |Cl(Ogg))| — o0 as d — —oo through square-free integers.
In particular, there are only finitely many imaginary quadratic fields of
given cardinality. For example, there are exactly 9 imaginary quadratic
fields with trivial ideal class group. See example sheet for the existence
(the uniqueness part is much more difficult).

e We don’t know: are there infinitely many real quadratic fields of trivial
ideal class group?

e Cohen-Lenstra heuristics: let p be an odd prime and A be a finite abelian
group of p-power order. Then for d < 0 square-free, conjecture that

[T, -2
P(ClOgva)y = A) = —5rt—

where for a finite abelian group M, M, is the (unique) p-Sylow subgroup
and the probability on LHS is defined to be

[{d < 0:|d| < z,d square-free, Cl(Og ), = A}|
z—00 {d < 0:]|d| < z,d square-free}| '

'n this specific case, one can take a shortcut by noting that q395 = (3) which does not

divide (14 v—17).
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7 Dirichlet’s unit theorem

7 Dirichlet’s unit theorem

Let L be a number field of degree n and Let 7q,...,7, : L — R be real embed-
dedings, 04, ...,0,,04,...,0, : L — C be distinct complex embeddings.

Theorem 7.1 (Dirichlet’s unit theorem). There is an isomorphism
OF 2=y x st
where p;, C OF s the finite cyclic group of roots of unity in OF .
In fact, the proof shows more: define a map ¢: 05 — R"* by

a = (log|m (a)l, ..., log|7.(a)|, 2log|oy (a)], ..., 21og |o(a)]).

Then this is a homomorphism of abelian groups, and ¢(0F) is contained in the

hyperplane
r+s

H={xeR*:Y z,=0} CR"™
i=1
This implies that if o € OF then

logN(a) = Zlog |7; ()] + 2 Zlog lo; ()] = 0.
=1 i=1

The proof of the theorem will show £(07) is a lattice in H.
Example. 07 is finite if and only if r + s =1, i.e.

e r=1,s=0,s0 L =Q.

e r=0,s=1,s0 L = @(\/3) where d < 0 is square-free.

The first case where ¢F is infinite is L = Q(v/d), d > 0 square-free. Then
r+s—1=1,so0 £(O5) is infinite cyclic. Fix o : Q(v/d) — R to be the real
embedding with o(v/d) > 0. o(u;) € R* so p; = {£1}. In this case we can
consider the map
07 =R
a = loglo(a)|

We know that ¢/(0F) C R is a lattice. In particular, there is a unique charac-
terised unit o € OF satisfying o(a) > 0,log |o()| > 0 and as small as possible.
In other words, a € 07 is the unit for which o(a)) > 1 and o(«) is minimal with
respect to this property. We call a the fundamental unit of L = Q(v/d). Then

we have

OF ={xa™:n € Z}.
How to find fundamental units?
Lemma 7.2.

1. If d =2,3 (mod 4) and v € OF satisfies v > 1, then

v=a-+b/d
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7 Dirichlet’s unit theorem

where a > b > 1.

2. Ifd=1 (mod 4) and v € OF satisfies v > 1, then

1
v= §(a+b\/(§)

where a > b > 1.
Proof.

1. Let v/ = a — byv/d. Then
v’ =a? —db® =N g(v) = £1
so v > 1 implies that |v'| < 1. Hence
v+v' =2a>0
v—v =20Vd >0

As a, b are integers, we must have a > 1,0 > 1. Also

(5 <0

as d > 2.
2. Let v' = 3(a—bv/d). Then vv’ = +1 and a* — db? = +4. Then
v+v =a>0
v—1v =bVd >0

soa>1,b>1. Also

as d > 5.
O

We can use this to find the fundamental unit in a quadratic field Q(+/d)
where d € Z is positive square-free.

1. d =2,3 (mod 4): let u = a + bv/d. Let u* = a;, + byv/d. Then we have
the relation

kL gy gk

= (ay + by, Vd)(ay, + by Vd)
= (ayay, + dbyby) + (byay, + a;by)Vd

u

Hence
bk‘+1 = blak + albk > bk
so the sequence (b,);cy is strictly increasing.

We can therefore characterise u as follow: let b € N be the least positive
integer such that db®+1 or db? —1 is of the form a? for some a € N. Then
u=a+bVd.
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7 Dirichlet’s unit theorem

2. d=1 (mod 4): let u = %(a+bVd). Let uF = L(a), +b,V/d). Then

1 1
bps1 = §(a1bk +bray) > §(a1 +b1)by > by,

We see b, > by, with equality if and only if a;, = b;, and a; = b; = 1.
Note that if a; = b; =1 then

N(u) = ‘%’:1

sod=>5.

(a) d > 5: the sequence (b,)cy is strictly increasing. The fundamental
unit can therefore be found as follow: let b € N be the least integer
such that db? 4+ 4 or db® — 4 is of the form a? for some a € N. Then
1(a+ bV/d) is the fundamental unit.

(b) d = 5: the sequence (b;),cn is non-decreasing and each value b;
can appear at most twice (as occurrence corresponds to solutions to
db? +4 = a?). We can therefore characterise the fundamental unit u
as follow: let b € N be the least positive integer for which db?+4 = a?
or db®> —4 = a’? for a,a’ € N. Recall that the fundamental unit is
the least unit with w > 1. Of these two possibilities, choose the
unit with the smaller value of a or a’. In this case, b = 1 gives
d+4=3%d—4=1%s0 1(1+ /5) is the fundamental unit.

Example.
1. d = 2. Then b = 1 works since 2—1 = 12 s0 1+ v/2 is a fundamental unit.
2.d=T.
b=1:74+1 not a square
b=2:4-74+1 not a square
b=3:9-7+1=282
s0 8 + 3v/7 is a fundamental unit.

Note. This procedure is not always efficient. For example, the fundamental
unit in Q(v/22) is 197 4 42+/22. There is a more efficient algorithm which uses
continued fraction, but it is not discussed in this course.

Now we start the proof of Dirichlet’s unit theorem, which in non-examinable.

Proof of Dirichlet’s unit theorem. Recall the setup: let L be a number field,
Tis..., T, : L = R are the real embeddings and 0,7, ...,0,,0, : L — C are the
complex embeddings of L. Define a map £ : OF — R"** by

a = (log|m (a)l, ..., log|7.(a)|, 2log|oy ()], ..., 21og | (a)]).

The image is contained inside the subspace

r+s

H={xeR+:Y z,=0}.
i=1
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7 Dirichlet’s unit theorem

Lemma 7.3. Eztend ¢ to O \ {0}. Let o € O \ {0} be such that {(a) =
(ay,...,a,.,). Fiz an integer 1 <k <1+ s. Then there exists € Op \ {0}
such that if £(B) = (by, ..., b, ;) € R""® then b; < a, if i # k. Moreover,

N(B) < (%) VD,

Proof. This proof is similar to the derivation of Minkowski constant but using
a slightly different convex body. Let cy,...,c,., € Ry and let

E={(x,2) €R" x C°: |z;| < ¢;,]%]* < ¢}
Then if vol(E) > 2725 A(S(0,)) = 27754/ D, |, then by Minkowski there exists
B € O\ {0} such that S(8) € E. In particular,

BICCICCEINC

We choose ¢; so that 0 < ¢; < e% if i # k and

r+s

vol(E) = m2" [ [ ¢; = 27+*/| D, .

i=1
The first property gives b; < a; if ¢ #+ k while the second gives

r+s

<Hc _ (7) VID,].

Corollary 7.4. Fiz an integer 1 < k < r+s. Then there ewists ¢ € OF
such that if £(e) = (aq, ..., a,,5) then a; <0 if i # k and a;, > 0.

Proof. By the lemma we can find elements oy, aq,-- € Oy \ {0} such that

N < (2) VIDd

for all i € N and if £(a;) = (b; 1, ,b; )thenbl+1j<b»ifj7ék:forall
avi

( 7 N ]
i > 1. The ideals («;) have bounded norm, so are finite in number. So there
t

e
exist N < M such that (ay) = (oy,). Then the element

«
EziN

Qpr

has the desired property. O
Lemma 7.5. Let N > 1 and A € My, n(R) be such that
N .
1. ZizlAij =0 for1<j<N,
2. Aj;>0dfi=jand A;; <0 ifi+#j,
then A has rank N — 1.
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7 Dirichlet’s unit theorem

Proof. The rank is at most N — 1. We show that the first N — 1 rows of A are
independent. Suppose there exists ¢; € R for 1 <4 < N, not all zero, such that

N-1
Z t,A; =0
i=1

for 1 < j < N. wlog after rescaling, there exists 1 < k < N such that ¢, =1
and t; <1if i # k. Then

N—1 N—-1 N
0= tAy>> Ay > Ay =0
P =1

Absurd. O

Lemma 7.6. Fiz B > 0. Let
Xg={a€O,:Vo:L—C,|o(a)| < B},
then Xpg is finite.

Proof. Recall the map S : O, — R" x C*. S(0,) is a lattice in R" x C*. S(Xg)
is the intersection of the lattice S(O;) with a compact subset of R" x C* so
must be finite. O

Finally we get something we promised earlier:
| Proposition 7.7. £(0}) form a lattice in H < R™*.

Proof. We must show that there exist units vy, ...,v,,,_; € OF such that their
images under ¢ span H as an R-vector space and generate £(0}) as an abelian
group.

By Corollary 7.4, we can find €y, ... , &, ; € OF such that if £(e;) = (A; ;, ..., 4, ;)
then A; ; <01if i +# jand 4;; > 0if i = j. By Lemma 7.5, the matrix A has
rank 7 4+ s — 1 so we can find vy,...,v, ., € OF such that £(v)),...,¢(v, ;)
span H as an R-vector space.

Let A = @::f_l ZL(v;) < H which is a lattice. Then A < £(OF) and if
u € OF then there exists A € A such that

r+s—1
lu)— A€ { Z t:l(v;) = t; €10,1) for all 1 <i<r+s—1} = P.

i=1
But the set of units in £71(P) is finite by Lemma 7.6. Hence the quotient
2(075)/A is finite. By Lagrange, there exists N € Z, N > 1 such that N-£(0F) <
A. Hence

A <0(0F) < —A.

==

By sandwich lemma, ¢(07) is a free abelian group of rank r+s—1. In particular,
it is a lattice in H. O
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7 Dirichlet’s unit theorem

Let’s now finish the proof the unit theorem, i.e. show there is an isomorphism
OF =y, x Zrs—1

where p; is the (finite) group of roots of unity in L. Note that u; = ker’:
if ¢ € py then ¢V = 1 for some N > 1. Hence £(¢Y) = N -£(() = 0. As
2(¢) € R"™*, a vector space, we have £(¢) = 0. Conversely, if & € OF and
¢(or) = 0 then for all o : L — C,|o(a)| = 1. By Lemma 7.6 ker /¢ is finite. By
Lagrange it consists of roots of unity.

Choose vy, ..., v, ., € OF such that £(v,), ..., ¢(v,,_,)is aZ-basis of £(OF ).
Define a map

X grts=1 _ 02
Trts—1

(Comyy ey My gq) B> Y T

It is an exercise to check this is an isomorphism. O
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8 Cyclotomic fields and the Fermat equation

8 Cyclotomic fields and the Fermat equation

An warm-up exercise:

Question. Find all Pythagorean triples 2% 4 y? = 22 where z,y, 2z € Z not all
zero.

wlog ged(x,y, z) = 1. Consider the parity: if 2 divides both z and y then 2
divides z, so assume x is odd, y is even. The idea is to factor the equation in
Z[i] to get

(x +iy)(x —iy) = 22
Claim that the ideals (x + diy) and (z — iy) of Z[i] are coprime, i.e. there is
no prime ideal p € Z[i] which divides both of them: if p divides both then
p | (22),p | (2y). If £ is an odd prime such that ¢ | N(p) then this implies
0| 2x,0]2ysol|xand |y, impossible. Thus p | (2), hence p | (22), s0 2| 2,
absurd. Thus there is no such prime p.

Using the identity (z + iy)(x — iy) = (2)?, we see that (x + iy) must be the
square of another ideal. Using the fact that Z[i] is a UFD, we get

(x +iy) = (a +ib)? = (a® — b2 + 2abi)

where a,b € Z. Hence x + iy = u(a? —b* + 2abi) for some u € Z[i]* = {£1, +i}.
It is left as an exercise to show that there exists A, B € Z such that

x=A2—-DB2
y=2AB
z2=A24+ B2

The aim of this section is to do something similar for
aP 4 yP = 2P

where p is an odd prime.
From now on p is an odd prime.

Definition (Cyclotomic field). The pth cyclotomic field is K = Q((,) where
§p = 2m/P ¢ C.

Lemma 8.1.

1. (1=, =(p) in O, N(1=¢,) =p and (1—C,) C O is a prime
ideal.

2. Let f,(x) = =L € Z[z]. Then f,(x) is irreducible and [K : Q] = p—1.

Proof. We can factorise

fpl@)=1]1==¢)

J

Il
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8 Cyclotomic fields and the Fermat equation

In particular, f,(¢,) =0 and [K : Q] <p— 1. We also have

p—1
(1—¢).
7j=1

Claim that for 1 < j < p, we have (1—¢}) = (1 — () as ideals of 0. We show
this by exhibiting inclusion both ways:

1-¢
1-¢,

sol— Cg € (1 —¢,). Choose k € Z,k > 1 such that jk =1 (mod p), then

=1+¢++G €0k

1_<p 1— zjjk
;= —1+Cp+ +Cp OK
1-¢ 1=

so1—¢, €(1-¢).
Thus (p) = (1—¢,)?" ! is an ideal in O . It follows that plEQ = =N(1—¢,)P .

But since we already know [K : Q] < p— 1, we must have N(1 —(,) = p and
[K:Q=p—1. O

Lemma 8.2. )
disc(1, Gy o, (B2) = (=1) 7 pP2,

Proof. We know

disc(1, Gy, €272) = (—1)"2) N 1 (£2(C,),

but
(x — 1)paP~t — (aP — 1)

(x —1)2

fol@) =

so f,(C,) = pc,,l and its norm is

pPt NK/Q(Cp)_l
Now notice that every embedding o : K — C is purely complex so they appear

in conjugate pairs. Thus for any o € K*| NK/Q(a) € Q is positive. We already
know

Nk /o(f5(¢)) =

INgg(Gp =D =N(1—¢,)=p
[ Niso(Gp)l =N(¢,) =1

so putting everything together,

1 pP .
dise(1, Gy, (2) = (—1) 7 T = (1) 2,
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8 Cyclotomic fields and the Fermat equation

Proposition 8.3.

Proof. We already know [0 : Z[(,]] < oo and
dlSC(OK)[OK ; Z[Cp]]Q = diSC<17 Cpa ) C5—2) = :I:pp72'

Hence Z[(,] € O is of p-power index, which we are going to prove to be 1. Look
at the quotient ring O /(1—(,), which has order N(1—(,) = p so is just the finite
field of p elements. Thus the characteristic homomorphism Z — O /(1 —(,) is
surjective. Hence for any 2, € O, there exists a, € Z, z; € O such that

20 = Qg + (1 — Cp)zl.
Repeat for z;, there exists a; € Z, zy € O such that
zg=ag + (1 —¢,)(ay + (1 —¢,)z)
= Qg + (]' - Cp)a‘l + (]' - Cp)zZQ
By induction, we see we can write

zo=ag+ (1 —=¢a; ++(1— Cp)”*law1 +(1—¢,)"z,

eZ[l—gp]

where ay,...,a,_1 €Z,z, € O for any n > 1, i.e.

Ok =Z[1 =] + (1 =¢,)"Ok

for any n > 1.
Observe that Z[1—(,] = Z[(,] and (1—(,)P"VNO, = pNOy for any N > 1.
Thus
Ok = Z[C,) +pN 0.
We know Z[(,] € O has p-power index, so by Lagrange there exists N > 1
such that pNOy C Z[(,]. Hence

O

What are the roots of unity in this ring? The C;;’s certainly are. Stare at it
a bit longer and you will find their negatives are as well. We use the following
lemma to show that’s all of them.

Lemma 8.4. If £ is a prime number, then £ ramifies in K if and only if
{=np.

Proof. Recall that by definition, ¢ ramifies in K if and only if there exists p C O
prime such that p? | £0 .

We've seen that (1 — Cp)p’l = pOy, so p is ramified in K. Let £ # p be a
prime. Since Z[(,] = O, Dedekind’s criterion tells us that ¢ is ramified in K if
and only if f,(x) (mod ¢) has a repeated root. We know disc f, = +p?~2, hence
disc(f, (mod £)) # 0 so f,(x) (mod ¢) does not have any repeated roots. [
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8 Cyclotomic fields and the Fermat equation

Proposition 8.5. Let pu; C OF be the group of roots of unity in K. Then
pg ={£(, 0 <i<p}

Proof. {+¢} : 0 < i < p} C py is a subgroup of order 2p so it suffices to show
|| = 2p. If £ # pis an odd prime and £ | |ug| then since py is cyclic, {, € K
SO Q(C@) Q K. As (]. — CE)Zil(?Q(Cg) = gOQ(C/)’ we get (1 — CE)Zil(?K = KOK,
contradicting the fact that ¢ is unramified in K.

Similarly if 4 | |px| then i € K and hence (1 + )0 = 20, contradicting
the fact that 2 is unramified in K. )

If p? | |pgl, then w = 27/7° ¢ K. Let f(z) = 221 € Z[], then

f@) = JI @—wm.

1§a§p2
pta

Then
fW=p= J] a-wo).

1§a§p2
pla
By the same argument as for ¢, (1 —w®)0 = (1 —w)0 if (a,p) = 1. Hence
POy = (1— w)rb(pQ) = (1 —w)pr-b,

Taking norm, get pP~! = N(1 — w)P®~Y absurd. Thus |uy| = 2p. O

Lemma 8.6 (Kummer). If u € O, there exists g € Z such that
Gue KNR.
For those familiar with Galois theory, we have the tower of fields
K =Q(;,)
E
KNR=Q((, +¢1)

p—1

Q

Proof. Claim that if ¢ : K — C is a complex embedding, then for all a € K,
o(@) = o(a): suffices to check this for a = (,. If 0(,) = ¢; then

o(G) =061 =G0 =G = a(Gp)-
If u € O, then for any embedding o : K — C,
_ —1
lo(u/w)| = |o(uw)o(u) |=1.
Hence u/u € pug, so we can write u/u = (—1)°C} for some b € {0,1},k € Z.

After replacing k by k + p, wlog k = 2g. Then u = ﬂ(—l)bg}%g.
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8 Cyclotomic fields and the Fermat equation

Now look at the residue ring Oy /(1 —(,) = Z/pZ. The ideal (1 — (,)0 is
stable under complex conjugation, so complex conjugation induces an automor-
phism of O /(1 —(,). As Z — Ok /(1 — (,) is surjective, this automorphism is
trivial, so for all @ € O, a =a mod (1 —(,)0. Hence for all u € O,

u=u mod (1-¢,)
=u(—1)"¢ =u(~1)" mod (1-,)

Since u € OF, u # 0 (mod (1 — (,)) so must have b = 0. Hence u = Y, so
Glu=G%ue KNR. O

Lemma 8.7. If o € Ok, then there exists a € Z such that
of =a mod pO-.

Proof. For all a € O, there exists b € Z such that « = b mod (1 —(,). Note
the identity

p—1
aP —bP = H(a— ¢ib).
i=0
For any ¢ > 0,
a—Cb=a—b=0 mod (1—-¢,).
Hence

aP —bP € (1 — Cp)p C(1— Cp)pfl = pOg-.

We now discuss Fermat’s Last Theorem:

Theorem 8.8 (Wiles, 1994). Let n > 3 be an integer, and let x,y,z € 7 be
such that

then zyz = 0.

A little history: in early 19th century, there are many false proofs of this
theorem relying on the false assumption that Z[e?™/"] is a UFD. In 1840s,
Kummer invented the theory of ideal factorisation in number fields in order
to try to give a correct proof, which worked for a large class of primes. The
complete proof was announced by Wiles in 1993 in a room less than 100 yards
from where we are now. Despite the geographical proximity, we are NOT going
to prove it in this course!

Definition (Regular prime). An prime p is regular if

Pt [CUZIG])I-

Theorem 8.9 (Kummer). Let p be an regular prime, then Fermat’s Last
Theorem holds in exponent n = p.

Again we will not prove this. Instead we will prove
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8 Cyclotomic fields and the Fermat equation

Theorem 8.10. Let p be an odd reqular prime. Let x,y,z € Z be such that
p t xyz. Then
P 4+ yP # 2P,

Kummer called this the “first case” of Fermat’s Last Theorem. He dealt
with the “second case” (where p | zyz) using similar techniques.

Proof. Let z,y,z € Z such that 2P + y? + 2 = 0, p } xyz. wlog ged(z,y, z) = 1.

Then we factor
p—1

oy =[x+ Gy) = —2* € Z[¢, ).
i=0

Claim that the ideals (z + (}y) are pairwise coprime:

Proof. Suppose q C O is a prime ideal dividing (z + C;y) and (z + ng) where
0<i<j<p. Then '
al (¢ =Gy =1—=G))
If q | (y) then q | (2) so q | (z). Taking norm, we get ¢ | ged(z,y,z) where
N(q) = ¢/, absurd.
Ifq|(1—¢,) then g = (1—¢,) and (1—(,) | (2) so p | 2, absurd. O

Thus by

3
L

(z+Gy) = (=)

K3

Il
o

there exists an ideal I C Oy such that (z + pr) = IP. Since p is regular, i.e.
p t | Cl(O)|, this implies that I is principal. If I = (§) then (z+(,y) = (67), so
there exists u € O such that x + (,y = ué”. By previous lemmas, there exists
veEUxNR,g €Z,a € Z such that

ud? = (gva mod pO.

Hence ¢, ?(x + ¢,y) = va mod pO.
Observe that va € O NR so is invariant under complex conugation. Hence

G (x4 Cy) = e+ ¢ ty) mod pOy

S0
Glr+ G Yy —Gx—¢ 'y =0 mod pOy.

What is ¢g? First note that g # 0,1 (mod p): if g =0 (mod p), then
e+ Gy —r—Cly=C(1—-(?)y=0 mod (1—(,)""
and hence y € (1 —(,)? 2, s0 p | y. Similar if g =1 (mod p).
Now observe that two of —g,1 — g, 9,9 — 1 must be congruent module p, as
otherwise the identity
Glr+ G Yy—Gr—¢ 'y =0 mod pOy
together with the fact that {C;}f;ll is an integral basis of Z[(,], forces p | z,p | ,

absurd.
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8 Cyclotomic fields and the Fermat equation

Since g # 0,1 (mod p), the only possibility is —g = g—1 (mod p), i.e. 2g =1
(mod p). Hence

G+ Gy — G — G y)
=G+ Gy —Gr—y)
=Gz —y)1-G)
=0 mod (1-— §p)p*1
Thus 2 —y =0 mod (1 — Cp)pfz, hence z = y (mod p). Recall the equation
P +yP 4+ 2P =0
is symmetric in x,y, z so the same argument also gives y = z (mod p), hence
32 =0 (mod p).

If p # 3 then p | x, absurd. If p = 3 then reducing modulo 9 shows there are no
solutions, which is left as an exercise. O

The rest of the course is non-examinable.

The question now is how to decide if p is regular. Unfortunately Minkowski’s
bound is not very effective. To give an idea let h, = | CI(Z[(,])| be the class
number. The table of class number of cyclotomic fields begins with

plh, | p h,
311 |37 37

5 | 1 | 41 121
711 43 211
11 1 || 47 695
131 |53 4889
1711 [[59] 41241
19 1 [[61] 76301
231 3 [ 67| 853513
29 | 8 [[ 71 | 3882809
31| 9 || 73| 11957417

We observe that h,, seems to grow quickly with p. Also most primes seem
to regular: of those in the table, all but p = 37,59, 67 are regular.

Kummer gave a criterion to decide whether or not p is regular in terms of
the Bernoulli numbers B,,.

Definition (Bernoulli number). For n > 0, the nth Bernoulli number is
defined by the formula
t "
I—et Z B”H‘

n>0

Note that B,, € Q. The first few Bernoulli numbers are
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8 Cyclotomic fields and the Fermat equation

n | B, n Bln
0] 1 6 =
1] 2 |7 0
I T

2] g | 8] —5
370 9 0
T 5
4% 1] 2
5 11 0
691

12 -25

Theorem 8.11 (Kummer’s criterion). Ifp is an odd prime, then p is reqular
if and only if p does not divide the numerator of B,, for anyn = 2,4,...,p—3.

Example. p = 691 is prime. 691 divides the numerator of B;, so by Kummer’s
criterion 691 | hgg; -

Alternatively we may define B, as
B, =—n¢(1—mn)

where ((s) is the Riemann zeta function. This is not coincidental. In fact the
Riemann zeta function and its generalisation are closely related to the arith-
metics of number fields.

Definition (Dedekind zeta function). Let L be a number field. Its Dedekind
zeta function is

Cols) =Y N(I)®
ICO,

where the sum is over all non-zero ideals.
Note.

1. One can show that the sum is absolutely convergent in the region Res > 1
and it defines a holomorphic function there. This boils down to bound
the number of ideals with certain norm.

2. If L =Q then
Cr(s)=Cls) =) n*

n>1
is the usual Riemann zeta function. Other properties such as Euler prod-
uct generalises as well.

In general, unique factorisation of ideals gives an identity

¢(s)= [ A =N@p)—)

pCOK

where the sum is over all non-zero prime ideals.

Definition (Regulator). Let L be a number field. The regulator of L,
Ry, is defined as follow: let vy, ..., v, ,, 1 € OF generate the free abelian
group 07 /puy,. Let A be the matrix with columns £(v,), ..., £(v, 4,, 1) Where
0: O0F — R"*"2 is the logarithmic map from the proof of Dedekind’s unit

theorem. Then R; is the absolute value of any (r; + 1, —1) X (r; + 75 —1)
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8 Cyclotomic fields and the Fermat equation

| minor of the matrix A.

The idea is that £(0}) is a lattice in the hyperplane H and R is essentially
the covolume of the lattice. This is a generalisation of fundamental unit.

Theorem 8.12.

1. ¢;(s) has a meromorphic continuation to all s € C with no poles except
a simple pole at 1. It satisfies the functional equation

Ap(s)=Ap(1—s)
where by definition
Ap(s) = CL(s)| DL |2 (m /2T (s/2))" - (2(2m) *T(s))"

where ry is the number of real embeddings of L and ry is the number
of pairs of complex embeddings.

2. Analytic class number formula: the residue of (. (s) at s =1 is

27-1 (27T)T2 hLRL
wr/|Dy|

where by definition hy; = |Cl(O)] and wy, = |puy,].

What does this have to do with cyclotomic fields? Let p be an odd prime
and K = Q((,) and E= KNR =Q(¢, + ¢, ).
There exists factorisation

O | B

x:(Z/pZ)*—C>

where y is a group character and L(x, s) is the Dirichlet L-function

L(x,s) = [J(1 = x(¢ mod p)e==)~".
t#p
There is a similar factorisation
CE(S) = H L(X?S)
x:x(=1)=1

In fact, if M/Q is any finite Galois extension, then there is a factorisation

Cu(s) = [T L(p, s)time

induced by irreducible representations p of Gal(M /Q).
Taking the quotient of these two factorisations gives

Cr(8) _ s
Ce(s) - x:x(1_1[>:*1 Hoes)

Note that both sides are holomorphic at s = 1. Kummer’s criterion for the
regularity of the prime p is proved by evaluating either side at s = 1.
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8 Cyclotomic fields and the Fermat equation

On LHS, we can apply the analytic class number formula for K and E
together to get
hg Ry

- explicit factor.
hgRg

Note that r; + ry is the same for K and F:

™1 )
1
K 0 -
—1
E f 0
Q 1 0

OF is a subgroup of 0} of finite index and thus R, /Ry is an integer which
can be explicitly evaluated. Thus LHS is hy/hp - explicit factor.

On RHS, each L(x, s) is holomorphic at s = 1 and L(x, 1) can be evaluated
explicitly in terms of (generalised) Bernoulli numbers using purely analytic tech-
niques.

With more work, this leads to Kummer’s criterion for the p-divisibility of
hy.

52



Index

algebraic integer, 3
Bernoulli number, 49

complex embedding, 7
covolume, 28
cyclotomic field, 43

Dedekind zeta function, 50
Dedekind’s criterion, 24
Dirichlet’s unit theorem, 37
discriminant, 11, 14, 16

fundamental unit, 37

ideal class group, 21
ideal divisibility, 21

inert, 24

integral basis, 12, 15
irreducible ideal, 18

Kummer’s criterion, 50
Kummer’s lemma, 46

53

lattice, 28
minimal polynomial, 3
Minkowski constant, 33

Minkowski’s theorem, 31

norm, 8, 16
number field, 3

prime ideal, 19
quadratic field, 8
ramification, 24
regular prime, 47
regulator, 50
ring of integers, 6

split completely, 24

trace, 8



	Motivation
	Ring of integers
	Complex Embeddings
	Discriminants and integral bases
	Unique factorisation in O_L
	Dedekind's criterion
	Geometry of numbers
	Dirichlet's unit theorem
	Cyclotomic fields and the Fermat equation

