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1 Fermat’s method of infinite descent

1 Fermat’s method of infinite descent

Let A = (a,b,c) be a right angle triangle with sides a, b, ¢ where ¢ is the hy-
potenuse.

Definition. A is rational if a,b,c € Q. A is primitive if a,b,c € Z and
coprime.

Lemma 1.1. Every primitive triangle is of the form (u? —v?, 2uv, u? + v?)
for some u,v € Z,u >v > 0.

Proof. a and b cannot be both even. They cannot be both odd as then ¢ = 2
mod 4. Thus wlog a is odd and b is even, so ¢ odd. Then

b\ > _cta c—a

2) 2 2
and the two terms on RHS are coprime positive integers. By unique factorisation
in Z, there exist u,v € Z such that

ct+a o
5=
c—a_ o
2
Rearrange. |

Definition. D € Q¢ is a congruent number if there exists a right angle
triangle whose area is D.

Note. Suffices to consider D € Z~ square-free.

Example. D = 5,6 are congruent.

3

Lemma 1.2. D € Qsq is congruent if and only if Dy?> = x® — x for some

z,y€Q,y #0.

Proof. Lemma 1 shows that D is congruent if and only if Dw? = uv(u? — v?)

for some u,v,w € Q,w #0. Let x = =,y = 5. O

v2

Fermat showed that 1 is not a congruent number.
Theorem 1.3. There are no solutions to
w? = uv(u — v)(u+ v) (%)

for u,v,w € Z,w # 0.



1 Fermat’s method of infinite descent

Proof. wlog u,v coprime, v > 0,w > 0. If v < 0 then replace (u,v,w) by
(—v,u,w). If u = v mod 2 then replace (u,v,w) by (*“F%, %%, %). Then
u,v,u — v, u + v are positive coprime integers whose product is a square. By
unique prime factorisation, v = a?,v = b*,u +v = c?,u — v = d? for some
a,b,c,d € Z~o. As u # v mod 2, ¢,d are both odd. Consider a new triangle

with sides C'gd, C;d. Then

2 2
c+d n c—d :CQ+d2:u=a2
2 2 2
so this is another primitive triangle. Its area is
c?—d? v (b 2
8 4 \2)°
b

Let w; = 5 so by lemma 1

wf = uyvy(ur — v1)(ug + v1),

i.e. we have a new solution to (). But 4w? = b? = v | w? so w; < 2w. So by
Fermat’s method of infinite descend, there is no solution to (). O

1.1 A variant for polynomials

Let K be a field with char K # 2. Let K be an algebraic closure of k.

Lemma 1.4. Let u,v € KJt] coprime. If au+ Bv is a square for four
distinct (o : B) € Pt then u,v € K.

Proof. wlog K = K. Changing coordinates on P!, we may assume the ratio
(:p)are (1:0),(0:1),(1:—1),(1:—A) for some A € K \ {0,1}. Thus we
have

u:a2

v =10
u—v=(a—>b)(a+b)
u— v = (a— pub)(a+ ub)

where p = V. Use ungiue factorisation in K[t], as a,b are coprime, a + b, a —
b,a — ub,a + ub are squares. But

max(deg(a), des(b)) < % max(deg(u), deg(v))

so by Fermat’s method of infinite descend, u,v € K. O

Definition (elliptic curve).

1. An elliptic curve E/K is the projective closure of a plane affine curve
y? = f(z) where f € K[z] is a monic cubic polynomial with distinct

roots in K. The equation y? = f(x) is called a Weierstrass function.



1 Fermat’s method of infinite descent

2. For L/K a field extension,

B(L) ={(z,y) € L* : y* = f(2)} U{0}
where 0 is the point at infinity in the projective closure.

Fact: E(L) is naturally an abelian group.
In this course we study E(L) for L finite field, local field (meaning L/Q,
finite in this course) or number field (L/Q finite).

| Theorem 1.5. If E: y? = 23 — z then E(Q) = {0, (0,0), (£1,0)}.

| Corollary 1.6. Let E/K be an elliptic curve. Then E(K(t)) = E(K).
Proof. wlog K = K. By a change of coordinates we may assume
E:y?=z(x—1)(z—\)

for some A € K\ {0,1}. Suppose (z,y) € E(K(t)). Write z = 2 where
u,v € K[t] coprime. Then

w? = wv(u — v)(u — Av)

for some w € K[t]. Using same unique factorisation argument as before, u, v, u—
v,u — Av are all squares so by lemma u,v € K so z,y € K. O



2  Some remarks on algebraic curves

2 Some remarks on algebraic curves
Let K = K, char K # 2.

Definition (rational plane curve). A plane algebraic curve (always assumed
to be irreducible)
C={f(z,y) =0} CA?

is rational if it has a rational parameterisation, i.e. there exist ¢, v € K(t)
such that

1. AY — A2t (¢(t),9(t)) is injective on Al \ {finite set}.
2. f(o(t),(t)) = 0.

Example.

1. Any nonsingular plane conic is rational. For example z2 + y? = 1. Pick
a point (—1,0). Putting a line through the point with slope ¢, i.e. y =
t(z + 1). Solve for the intersection. In general we will get a root, which
is not rational. But in the quadratic case we already have one solution so
the other solution can be expressed as a rational function. we have

P+t (z+1)2 =1

which is saying
(z+1D)(z—1+t*(2+1)=0

—1_§§. Similarly one can solve y. Then we get rational

1+
(1) 1—¢2 2t
x =\l——, -
Y 1427 14¢2

2. Any singular plane curve is rational. Two examples: y? = 23, y? = 2%(z +
1). Same recipe as before except that we have to pick the singular point,
which is the origin in both cases. The line y = tx intersects the curve. We
get rational parameterisation (z,y) = (¢2,3) for the first one. The second
is an exercise.

sox=—lorax=
parameterisation

3. Corollary 1.6 shows that elliptic curves are not rational.

Remark. The genus g(C) € Z>( is an invariant of a smooth projective curve
C. Some facts:

1. if k = C then ¢g(C) is the genus of the Riemann surface.

— (d=1)(d—2)
2. a smooth plane curve C' C P? of degree d has genus g(C) = “—5—.
Proposition 2.1. Let C be a smooth projective curve.

1. C is rational if and only if g(C) = 0.

2. C is an elliptic curve if and only if g(C) = 1.



2  Some remarks on algebraic curves

Proof.
1. Omitted.

2. For only if, check the projective closure is smooth and use remark. For if,
see later.

O

2.1 Order of vanishing

Let C be an algebraic curve with function field K (C). Let P € C be a smooth
point. We write ordp(f) to be the order of vanishing to be the order of vanishing
of f € K(C) at P. It is negative if f has a pole at P.

Some facts: ordp(f) : K(C)* — Z is a discrete valuation, i.e.

ordp(f1f2) = ordp(f1) + ordp(fa)
ordp(f1 + f2) > min(ordp(f1),ordp(f2))

Definition (uniformiser). t € K(C)* is a uniformiser at P if ordp(t) = 1.

Example. Let C = {g = 0} C A? for some g € K[z, y| irreducible. Then

= Frac Klz,y]
K(C)=F @

Write
g9=90+g1(x,y) + ga2(z,y) + ...

where g; is homogeneous of degree i. Suppose P = (0,0) € C is smooth, i.e.
9o =0,91(x,y) = ax + By where «, 8 not both zero. (Picture). Let v, € K. It
is a fact that vz + 0y € K(C) is a uniformiser at P if and only if ad — 8y # 0.

Example. Consider {y? = z(x —1)(x — \)} C A% where X # 0, 1. Its projective
closure is {Y?Z = X(X — Z)(X — AZ)} C P?, then we get one point P = (0 :
1:0) at infinity. We can compute ordp(z) and ordp(y). We work on the affine
piece {Y # 0}. Put w = %, t= %, then the equation becomes

w=t(t —w)(t — \w).

Now P is the point (¢, w) = (0,0). This is a smooth point and using the fact in
the above example,

ordp(t) = ordp(t — w) = ordp(t — Aw) = 1,
so ordp(w) = 3. Finally,

X t
ordp(z) = ordp - = ordp w = -2

Y 1
ordp(y) = ordp 7 = ordp i -3

Let C be a smooth projective curve.



2  Some remarks on algebraic curves

Definition (divisor). A divisor is a formal sum of points on C, say D =
> pecpP withnp € Z and np = 0 for all but finitely many P. The degree
of D is

deg D = Z np.

Definition (effective divisor). A divisor D is effective, written D > 0, if
np > 0 for all P.

If f e K(C)* then we write

div(f) = ) ordp(f)P.

PeC
The Riemann-Roch space of D € Div(C) is
L(D)={fe K(C) :div(f)+ D >0} U {0},
i.e. the K-vector space of rational functions on C' with “pole no worse than

specified by D”.
Riemann-Roch for genus 1 curve says that

degD degD >0
dimL(D)=<0o0r1 degD =0
0 deg D <0

Example. Let us revisit some of the previous example. Consider {y? = z(z —
1)(z — A} € A? and let P the point at infinity. We calculated ordp(z) =
—2,0ordp(y) = —3. Then

L(2P) = (1,z)
LBP) = {(1,z,y)

Proposition 2.2. Let C C P? be a smooth plane cubic and P € C a
point of inflection. Then we can change coordinates such that C : Y2Z =

X(X —Z)(X —\Z) and P = (0:1:0).
Fact. The points of inflection on C' = {F = 0} C P? are given by

0’F B
O0x;0x; -

F = det 0.

Proof. We change coordinates such that P = (0 : 1:0) and T,C = {Z = 0},
where C' = {F(X,Y,Z) = 0}. P € C is a point of inflection, meaning that
the intersection of the tangent at P with C has multiplicity 3, so F'(¢,1,0) is a
constant multiple of t3. Thus there is no X2Y, XY?2 and Y3 term, so

Fe(Y’Z XYZYZ? X3 X2 X7? 7).



2  Some remarks on algebraic curves

The coefficient of X? is nonzero as otherwise {Z = 0} C C. The coefficient of
Y?2Z is nonzero as otherwise P € C is singular. We are free to rescale X,Y, Z
and F', so wlog C is defined by

Y2Z 4+ a1 XYZ+asYZ% = X3+ ay X% Z + ay X 2% + ag Z3.

Making substitutions ¥ — Y — %alX — %agX, w may asssume a; = az = 0.
Now C : Y2Z = Z3f(X/Z) where f is a monic cubic polynomial. As C is
smooth, f has distinct roots so wlog 0,1, A so C'is

YiZ = X(X - Z)(X — \2).

The equation
Y2Z 4+ a1 XYZ+asYZ% = X3+ ay X% Z + as X Z? + ag 23
is called Weierstrass form and
Y2Z =X (X - 2)(X - \Z)

is called Legendre form.

2.2 Degree of a morphism

Let ¢ : C1 — C3 be a nonconstant morphism of smooth projective curves. Let
¢* : K(C3) — K(C4) be the pullback by ¢.

Definition (degree of morphism). The degree of ¢ is
degop = [K(Cy) : ¢*K(Cy)],

the degree of the field extension. ¢ is separable if the corresponding field
extension is separable (which is automatic if char K = 0).

Fact. deg¢ = 1 if and only if ¢ is an isomorphism.

Definition (ramification index). Suppose P € C1,Q € Cs are such that
¢(P) = Q. Let t € K(C2) be an uniformiser at Q. The ramification index
of ¢ at P is

e¢(P) = ordp(9*t).

It is independent of the choice of uniformiser and is always greater than 0.

Theorem 2.3. Let ¢ : C; — Cy be a nonconstant morphism of smooth
projective curves. Then

> ep(P)=dego
Peop=1(Q)

for all Q € Cs.
Moreover, if ¢ is separable then e;(P) = 1 for all but finitely many
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|P€Cl,

In particular,
1. ¢ is surjective (note that we are working over algebraically closed fields).
2. #¢07HQ) < deg ¢ with equality for all but finitely many Q € Cs.

Remark. Let C be an algebraic curve. A rational map is given by

¢:C--sP"
P (fo(P): f1(P): - fu(P))

where fo, ..., fn € K(C) not all zero.

Fact. If C is smooth then ¢ : C' --» P™ is a morphism.



3 Weierstrass equations

3 Weierstrass equations

We assume K is a perfect field with algebraic closure K in this chapter.

Definition (elliptic curve). An elliptic curve E over K is a smooth pro-
jective curve of genus 1 defined over K with a specified K-rational point
Og.

Example. {X? +pY? 4+ p?Z3 = 0} C P? is smooth but is not an elliptic curve
over QQ since it has no Q-rational pionts.

Theorem 3.1. FEvery elliptic curve E is isomorphic over K to a curve in
Weierstrass form via an isomorphism taking Og to (0:1:0).

Remark. Proposition 2.7 treated the special case E is a smooth plane cubic
and Og is a point of inflection.

Fact. If D € Div(E) is defined over K (i.e. it is fixed by Gal(K/K)) then £(D)
has a basis in K(E) (not just K (E).

Proof. We have L£(2-0g) C L(3-0g) with dimension 2 and 3 respectively.
Pick basis 1,2 for £(2-0g) and 1,2,y € £(3-0g). Note that this implies
ordg, (z) = 2,0rdg, (y) = 3. The seven elements 1, x,y, 2%, xy, z3,y* in the 6-
dim vector space £(6 - 0g) must satisfy a dependence relation. Leaving out 3
or y? gives a basis for £(6-0g) since each term has a different order of pole at
0g, so coefficients of 2 and y? are nonzero. Rescaling = and ¥, we get

y2 + a1y + asy = x> + a2x2 + asx + ag.

By the fact above, we can take a; € K.
Let E’ be the projective closure of the curve defined by Weierstrass form.
There is a morphism

¢o:E— F
pr (@(P):y(P):1)
Left to show ¢ is an isomorphism, i.e. deg¢ = 1. We have

[K(E): K(z)] = deg(x : E — P") = ordg, (=) =2

LRI |

[K(E) : K(y)] = deg(y : E — P') = ordg,,(~) = 3

So by tower law
[K(E): K(z,y)] = 1.
As K(z,y) = ¢*K(E’) so deg¢ = 1 so o is birational. If E’ is singular then
(? genus 0) E and E’ are both rational. So E’ is nonsingular and ¢! is a
morphism.
To find the image of 0z, we cannot simply plug Og in as =,y both have poles
at infinity. Instead, we multiply through to get

¢: B E
T 1
P~ (;(P) 11 ;(P))
so ¢(0g) =(0:1:0). O

10



3 Weierstrass equations

Proposition 3.2. Let E and E’ be elliptic curves over K in Weierstrass
form. Then E = E’ over K if and only if the equations are related by a
change of variables

x=uz +r

Y= u3y' +ulsa! +t

where u,r,s,t € K,u # 0.

Proof. We check the process of putting a single elliptic curve in Weierstrass
form and see what choices we can make. Suppose

<1,’JI> = E(2 : OE) = <1,$/>
(Lz,y) = L(3-0g) = (1,2",y)
so
=M’ +r
y=py +ox’ +t

where X\, 7, p,0,t € K, \, u # 0. Looking at coefficients of 2% and y?, must have
A2 =% so (\,p) = (u?,u?) for some u € K*. Finally put s = o/u?. O

A Weierstrass equation defines an elliptic curve if and only if it defines a
smooth curve, if and only if A(ay,...a6) # 0 where A € Zay,...,a6] is a
certain polynomial. Details can be found out in the lecture handout.

If char K # 2,3 then we can reduce the curve to E : y? = 2® + ax + b with
discriminant A = —16(4a® + 27b%).

Corollary 3.3. Assume chark # 2,3. Elliptic curves

E:y’=24azx+b
E i =23+dz+?

are isomorphic over K if and only if

a =ua
b =ulh
for some u € K*.
Proof. E and E’ are related as in proposition 3.2 with r = s =t = 0. O

Definition (j-invariant). The j-invariant of an elliptic curve F is

(E) = 1728(4a?)
I = s o

This is just the ratio (a® : b%) up to a Mébius transform.

11



3 Weierstrass equations

Corollary 3.4. If E = E' then j(E) = j(E’) and the converse holds if
K=K.

Proof. E = E' if and only if ' = u*a, b’ = ubb for some u € K*, which implies
that (a® : b*) = ((a’)® : (V')?), which holds if and only if j(E) = j(E'). If
K = K then we can extract roots and the converse of the second implication
holds. O

12



4 The group law

4 The group law

Let E C P? be a smooth plane cubic and 0 € E(K). E meets each line in 3
points, counted with multiplicity. Given P,Q € E, let S be the third point of
intersection of PQ and E. Let R be the third point of intersection of 0gS and
E. We define

PeQ =R

If P = @ then take the tangent at P instead of PQ. This is the “chord and
tangent process”.

| Theorem 4.1. (E,®) is an abelian group.

Here we recall a convention: if we don’t specify the field extension the we

mean the algebraic claosure. In notation: E = E(K).

Proof.
L. PEQ=QdP.
2. Og is the identity.

3. For inverse, let .S be the point of intersection of Ty, E and E, Q) the third
point of intersection of PS and E. Then P ® @ = 0.

4. Associativity is much harder, and we’ll prove it using divisors.

O

Definition (linearly equivalent divisor). D1, Dy € Div(E) are linearly equiv-
alent, written Dy ~ Da, if exists f € K(E)* such that div(f) = D; — Da.

This is an equivalence relation and we define
Definition (Picard group). The Picard group is defined to be

Pic(E) = Div(E)/ ~ .

Definition. We let
Div'(E) = ker(deg : Div(E) — 7Z)
and
Pic’(E) = Div’(E)/ ~ .
Proposition 4.2. Let

¢ : E — Pic’(E)
P~ [P—OE]

then

1. ¢(P®Q) = ¢(P) + ¢(Q).

13



4 The group law

| 2. ¢ is a bijection.
Proof.

1. Let £ be the line PQ and m the curve 0gS. Then

div(%) = (P)+(9)+(Q)—(R)—(9)—(0g) = (P)+(Q)— (P&Q)—(0g)
s0 (P)+(Q) ~ (P® Q)+ (0g) and so
(P) = (0p) +(Q) — (0p) = (P2 Q) — (0p)

s0 p(P & Q) = ¢(P) + ¢(Q).

2. For injectivity, suppose ¢(P) = ¢(Q) for P # Q. Then exists f € K(E)*
such that div(f) = P — Q. Then

deg(f: E —PY) =ordp(f) =1

so B = P! absurd.

For surjectivity, let [D] € Pic’(E). Then D+ (0 ) has degree 1. Riemann-
Roch tells us that £(D + (0g)) = 1 so exists f € K(E)* such that

div(f)+ D+ (0g) >0

and furthermore LHS has degree 1. Thus it has to be (P) for some P € E.
It follows that (P) — (0g) ~ D.

O
In a nutshell, ¢ identifies (E,®) with (Pic’(E), +) so @ is associative.

4.1 Explicit formula for the group law
We consider E in Weierstrass form and O the point at infinity.
y2 +ai1xy +azy = 3+ a2:102 + asx + ag

Remark. Og is a point of inflection so now we can characterise the group law
as P & P, & P; = 0 if and only if P;, Py, P3 are colinear.

The inverse of P = (x1,y1) is the intersection of POg, which is the vertical
line, and E so is given by

OP = (z1,—(a121 + a3z) — y1).

Given P; = (z1,y1), Po = (22,y2), want to find an expression for P3 = P, @ Ps.
Let Py P, intersect E at P’ = (2/,y'). Then P3 = P, @ P, = ©P’. Substitute
y = Az + v into * and looking at the coefficient of x2 gives

Nitar—ay=z+z9+2
which gives

T3 :)\2+a1)\—a2—x1 — X2
ys = —(a12' +a3) — (A’ +v) =N +a1)rz3 —v —as

14



4 The group law

It remains to find formula for A and v. If 1 = 29 and P; # P, then Py® P, = Op.
For the general case 1 # x2, have

P Y2 — Y1
T2 —T1
T2Y1 — T1Y2
vV=y —Ar; = ————=
X9 — I

Finally the case P; = P» is left as an exercise.

| Corollary 4.3. E(K) is an abelian group.
Proof. Tt is a subgroup of E:

o identity: O € E(K) by definition,

o closure/inverses: see formula above.

o associativity /commutativity: inherited.

O
Theorem 4.4. Elliptic curves are group varieties, i.e. [-1] : E — E,+ :
E x E — E are morphisms of algebraic varieties.
Proof. The above formulae show [—1] and + are rational maps. [-1] : E —

E is a map from a smooth curve to a projective variety so is a morphism.
Unfortunately there is no such result for surfaces. Instead, the formulae also
show + is regular on

U:{(PvQ)GEXEP3Q7P+Q7P_Q#0E}

For Pe E let 7p: E — E, X — P + X be translation by P. 7p is a rational
map so a morphism. We factor + as

ExE25°pxp 5285 g

so + is regular on (74,75)(U) for all A,B € E so + isregular on E x E. [

Definition (torsion subgroup). For n € Z, let [n] : E — E be the “n times”
map. The n-torsion subgroup of E is E[n] = ker([n] : E — E).

Lemma 4.5. Assume chark # 2 and E : y* = f(z) = (x—e1)(x—ez)(z—es3)
where e; € K distinct. Then

E[2] = {0g, (e1,0), (e2,0), (e3,0)} = (Z/2Z)>.

Proof. Let P = (z,y) € E. Then [2]P = 0 if and only if P = —P so (z,y) =
(z,—y) soy =0. O

15



4 The group law

Elliptic curves over C Let A = {aw; + bwz : a,b € Z} be a lattice, where
w1, ws is a basis for C as an R-vector space. The the set of meromorphic functions
on the Riemann surface C/A is the same as A-invariant meromorphisc functions
on C. This field is generated by p(z) and p'(z) where

1 1 1
-3+ 3 ()

They satisfy
©'(2)% = 4p(2)° — g20(2) — g3

for some g3, 93 € A depending on A. One shows C/A = E(C) where E is the
elliptic curve
y2 = 4a° — gow — gs.

The isomorphism is understood as isomorphism of Riemann surfaces and iso-
morphism of groups.

| Theorem 4.6. Every elliptic curve over C arises this way.

For elliptic curve E/C we have
1. E[n] = (Z/nZ)?.
2. deg[n] = n%.

We'll show 2 holds for any field K, and 1 holds if char k t n.
Statement of results

1. If K = C then E(C) 2 C/A ~R/Z =~ R/Z.

Z)2ZxR)Z A >0

2. If K =R then F(R) &
R/Z A <O
3. If K =TF, then |E(F,) — (¢ +1)| <2,/g. This is Hasse’s theorem.

4. If [K : Qp] < oo with rings of integers Ok then E(K) has a subgroup of
finite index isomorphic to (O, +).

5. If [K : Q] < oo then E(K) is a finitely generated abelian group. This is
Mordell-Weil theorem.

Remark. The isomorphisms in 1, 2 and 4 resepcted the relevant topologies.

16



5  Isogenies

5 Isogenies

Let K be any perfect field in this chapter.
Let E4, E> be elliptic curves.

Definition (isogeny). An isogeny ¢ : E; — E5 is a nonconstant morphism
with ¢(0g,) = Og,. We say E; and Ej are isogenous if there exists an
isogeny from E; to Es.

We define Hom(FE1, E5) to the be set of all isogenies F1 — FEy plus 0.
This is a group under

(@ +U)(P) = o(P) +(P).

Note that nonconstant implies that surjectivity on K-points. The composition
of isogenies is an isogeny.

| Lemma 5.1. If0#n € Z then [n] : E — E is an isogeny.

Proof. We have checked that [n] is a morphism. We must show [n] # 0. There
is a trick that we can use, if we assume char K # 2. If n = 2 then we computed
last time that E[2] has 4 points so [2] # 0. If n is odd then let T € E[2] be
nonzero then nT =T # 0 so again [n] # 0. Now use [mn] = [m] o [n].

If char K = 2, we can compute E[3] as in the lemma before. O

| Corollary 5.2. Hom(E1, Es) is torsion-free as a Z-module.
Lemma 5.3. Let ¢ : E1 — E5 be an isogeny. Then ¢(P+Q) = ¢(P)+0(Q)
forall P,Q € FE.
Sketch proof. ¢ induces a map
b« : DivY(Ey) — Div(Ey)

> npP =Y np(P)

Recall we have a field extension ¢* : K(F2) — K(E) so there is a norm map
Nk (g)/K(E:) * K(E1) = K(E2). It is a fact that if f € K(£;)" then

div(Ng (B k(B) f) = ¢«(div f)

so ¢, takes principal divisors to principal divisors. Since ¢(0g,) = Og,, we have
a commutative diagram

B — B

Lok

Pic®(Ey) 2 Pic%(E,)

As ¢, is a group homomorphism, so is ¢. O
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5  Isogenies

Example. Let E/K be an elliptic curve. Suppose char K # 2 and exists 0 #
T € E(K)[2]. wlog assume E : y? = z(z? + az + b) with a,b € K,b(a* —4b) £ 0
so T =(0,0). If P=(x,y) and P = P+ T = (2/,y') then

= (3) —ama=g
=) —a—x=—
x x
—b
y = — (E) = Qy
x T
We define two variables that remain unchanged under (7) swapping

_ / _(Y\?
=+ +a=(=
x

Then

= ¢((¢ — a)* — 4b)
= ¢(¢* — 2aC + a® — 4b)

Let B : y? = (2% + a’z + V') where o/ = —2a,V’ = a® — 4b. Then there is an
isogeny

¢:E— E' CP?
(z,y) = (E:n:1)

Left to show ¢(0g) = 0g/. The three coordinates has a pole of order —2,—3,0
respectively at Op so multiply by uniformiser to the power of three we get
(0:1:0).

Lemma 5.4. Let ¢ : E1 — FEs5 be an isogeny. Then exists morphism &
making the following diagram commute

B, -2 B,

[ ]
pl %, pt
where x; is the x coordinate on a Weierstrass equation for E;. Moreover if

£(t) = :8; where 1,8 € K[t] coprime then

deg ¢ = deg ¢ = max(deg(r), deg(s)).

Example. In the example above we just have £ = % so in particular it

has degree 2.

Proof. For i = 1,2, K(E;)/K(x;) is a degree 2 Galois extension with Galois
group generated by [—1]*.

18



5  Isogenies

If f € K(x2) then [-1]*f = f so
(170" ) = " (-1 f) = @™ f

so indeed ¢*f € K(x1). Taking f = x5 gives ¢*xo = £(x1) for some rational
function £. By tower law deg¢ = deg&. Now K(xz3) — K(x1), 29 — &(x1) =

:gi; for some 7,5 € K|[t] coprime. Claim the minimal polynomial of z; over

K(Z‘Q) is

f@&) =r(t) —st)ze € K(x2)[t].

Check f(x1) = 0. f isirreducible in k[zo, t] (since r, s are corpime) so by Gauss’
lemma f is irreducible in K (z5)[t]. Therefore

deg ¢ = deg¢ = [K(z1) : K(22)] = deg(f) = max(deg(r), deg(s)).
O

The lemma shows that the example ¢ above has degree 2. We say ¢ is a
2-isogeny.

| Lemma 5.5. deg[2] = 4.

Proof. Assume char K # 2,3 so write E : y? = f(x) = 23 +ax+b. If P = (z,y)
then

4f(x) ~ 4f(2)

The numerator and the denominator are coprime. Indeed otherwise exists § € K
with f(8) = f'(6) = 0, so f has a multiple root, absurd. Therefore by the lemma
deg[2] = max(4,3) = 4. O

2(2P) — (2x2+a>2_2 _ B2+ a)?—8af(x) _ate

We will show that deg[n] = n? by showing that deg is a quadratic form.
This will also be useful when we prove Hasse’s theorem later.

Definition. Let A be an abelian group. ¢ : A — 7Z is a quadratic form if
1. g(nz) = n2q(x) for all n € Z,x € A.

2. (z,y) = q(x +y) — q(x) — q(y) is Z-bilinear.
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5  Isogenies

Lemma 5.6. ¢ : A — Z is a quadratic form if and only if it satisfies the
parallelogram law

q(z +y) +q(x —y) = 2q(x) + 2q(y)
for all z,y € A.

Proof. Only if is an easy exercise. If will be on example sheet 2. O

| Theorem 5.7. deg : Hom(E1, E2) — Z is a quadratic form.

Here by convention the 0 map has degree 0.

For the proof we assume char K # 2,3 and write Es : y? = f(z) = 2°+az+b.
Let P,Q € Ey with P,Q,P+Q,P—Q # 0. Let z1,..., x4 be the x coordinates
of these four points.

Lemma 5.8. There exist Wy, W1, Wy € Z[a,b][z1,22] of degree < 2 in
and of degree < 2 in xo such that

(1: 23+ x4 : w3xy) = (Wo : Wy 2 Wa).

Proof. Method 1 is to calculate directly and get Wy = (z7 — x2)?%,.... See
formula sheet.
Method 2: let y = Az + v be the line through P and @ so

fx) =z +v)? = (z —z1)(x — 20)(x — 3).
By comparing coefficients we get
Az = 51
2 v =83 —a
2

v =s3+b

where s; is the ith elementary symmetric polynomial in x1, x2, 3. Eliminating
A and p gives
(59 —a)? —4s1(s3+b) =0

F(z1,x2,23)

where F' has degree < 2 in each z;. x3 is a root of the quadratic W (¢t) =
F(z1,22,t). Repeating for line through P and —@Q shows z4 is also a root of
W (t). Write W (t) = Wot? — Wit + W5 and then

(1:a5+ x4 x324) = (Wo : Wh 2 Wa).

We show that if ¢, € Hom(E4, E3) then

deg(¢ + ¢) + deg(¢ — ¢) < 2deg(¢) + 2 deg()).

We may assume ¢, ¥, p+1), p—1p # 0 as the other cases are trivial or we may use
deg[2] = 4. Let the  coordinate of ¢(z,y), t(x,y), (6 + ¥)(z, ), (¢ — ¥)(z, y)
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5  Isogenies

be & (x),...,&(x) respectively. Put & = ¢ where r;,s; € K[z] coprime and
use the above lemma, we get

(5354 : 1384 4 71453 : 7374) = ((r153 —1981)% 1 ---).
Note that the three coordinates on LHS are coprime. We have

deg(¢ + 1) + deg(é — ¢)
= max(deg(rs), deg(ss3)) + max(deg(rs), deg(s4))
= max(deg(s3s4), deg(rsss + ras3),deg(rsry)) case checking

< 2max(deg(ry),deg(s1)) + 2max(deg(rz), deg(s2)) as terms on LHS are coprime
= 2deg(¢) + 2deg(y)

Now replace ¢, by ¢ + 1 and ¢ — ¢ to get
deg(2¢) + deg(2¢) < 2deg(¢ + 1) + 2deg(¢ — )

Since deg[2] = 4 we get

2deg(¢) + 2deg(v) < deg(¢ + 1) + deg(¢ — )

Together they show deg satisfies the parallelogram law, so deg is a quadratic
form.

Corollary 5.9. deg(n¢) = n?deg(¢) for all n € Z,¢ € Hom(E, Ey). In
particular degn] = n?.
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6 Invariant differential

6 Invariant differential

We want to find out when a morphism is separable so we may apply Riemann-
Hurwitz. To do so we use differentials.

Let C be an algebraic curve over K = K. The space of differentials Q¢ is
the K (C)-vector spaces generated by df for f € K(C) subject to the relations

Lod(f +g) = df +dg,
2. d(fg) = fdg + gdf,
3. da=0forallaec K.
Fact. Q¢ is a 1-dimensional K (C)-vector space.

Let 0 # w € Q¢. Let P € C be a smooth point with uniformiser ¢t € K(C).
It is a fact that dt # 0 so we may write w = fdt for some f € K(C)*. We define
ordy(w) = ord,(f). This is independent of choice of .

Fact. Suppose f € K(C)* and ordp(f) =n # 0. If char K t n then ordp(df) =
n— 1.

We now assume C' is a smooth projective curve.

Fact. ord,(w) = 0 for all but finitely many P € C.
Definition. We define div(w) = > p. ordp(w)P € Div(C).

Definition. We define the genus of C' to be
9(C) = dimg{w € Q¢ : div(w) > 0},

the dimension of the space of regular differentials.

As a consequence of Riemann-Roch, we have if 0 # w € Q¢ then deg(div(w)) =
29(C) —2.

Lemma 6.1. Assume chark # 2 and E : y> = (x—ey)(x—ez)(x—e3). Then

w = 9 js q differential on E with no zeros or poles. In particular g(E) =

1 andy the K-vector space of regular differentials on E is 1-dimensional,
spanned by w.

Proof. Let T; = (e;,0) and we know E[2] = {0,T1,T5,T5}. We have
div(y) = (Th) + (T2) + (T3) — 3(0g)

T; appears with multiplicity 1 in div y since we know degdivy = 0. If P € E\{0}
then

div(x —zp) = (P) + (—P) — 2(0g).
If P € E\ E[2] then ordp(z — zp) = 1 so ordp(dz) = 0. If P = T; then
ordp(x — zp) = 2 so ordp(dx) = 1. Finally if P = Og then ordp(z) = —2 so
ordp(dx) = —3. Therefore

div(dx) = (Tl) + (TQ) + (Tg) — 3(0E)
It follows that div(Z) = 0. O
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6 Invariant differential

Definition. If ¢ : C; — (5 is a nonconstant morphism then we have
pullback of differentials defined by

¢* : Qc2 — ch
fdg v~ (¢" f)d(¢"g)

Lemma 6.2. Let Pc Eandtp : F - E, X — P+ X. Ifw = d?“’ then
Tpw = w. w is called the invariant differential.

Proof. T,w is again a regular differential on F so 7pw = Apw for some A\p € K*.
The map E — P!, P+ \p (after a calculation we know the map is rational)
is a morphism of smooth projective curve but not surjective, as it misses 0, co.
Therefore it is constant. Thus exists A € K* such that 7w = Aw for all P € E.
Taking P = 0g shows A = 1. O

Remark. If K = C then remember we have an isomorphism C/A = E(C), z —

(9(2), 9'(2)) so
dz  ¢'(2)dz _

y  9(2)

which is manifestly invariant under z — z 4+ constant.

Lemma 6.3. Let ¢,1 € Hom(E1, E2) and w the invariant differential on
Es. Then (¢ +¥)*w = ¢*w + Y*w.

Proof. Write E = E5. We have three maps

ExFE—FE
p(PQ)— P+Q
m: (P,Q)— P
T (PQ) — Q

As E x E is 2-dimensional, it is a fact that Qg g is a 2-dimensional K (E x E)-

vector space with basis 7fw,m5w. Then p*w = friw + griw for some f,g €

K(ExE). For Q€ Elet 1g: E— Ex E, P~ (P,Q). Applying 1, gives
(@) w = (Lo f)(mieg) w + (159) (Tatg) w,

ie.
TOW = (ngf)w +0

soyf=1forallQ € E,so f(P,Q) = 1forall P,Q € E. Similarly g(P, Q) = 1.
Thus p*w = mfw+miw. Now pullback by E — E X E, P — (¢(P),¢(P)) to get

(P +9)'w=d'w+v w.
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6 Invariant differential

Lemma 6.4. Let ¢ : C; — Cy be a nonconstant morphism. Then ¢ is
separable if and only if ¢* : Qc, — Q¢, s non-zero.

Proof. Omitted. O

Example. Consider the group variety G,, = A\ {0} = P!\ {0, 00} with group
law being multiplication. Let n > 2 be an intger and consider ¢(z) = z™. We
know from Galois theory that if char K 1 n then ker ¢ has n elements. This can
also be deducted geometrically using differentials: ¢*(dz) = dz™ = na™ ldz so
if char K { n then ¢ is separable. Then #¢~1(Q) = deg ¢ for all but finitely
many Q € G,,. ¢ is a group homomorphism so #¢~1(Q) = ker ¢ for all Q € G,,
so0 in fact #ker ¢ = degd = n. Thus K (which is algebraically closed) contains
exactly n nth roots of unity.

| Theorem 6.5. If char K {n then E[n] = (Z/nZ)?.

Proof. By induction [n]*w = nw so if char K t n then [n] : E — F is separable.
Thus by the theorem #[n]~(Q) = deg[n] for all but finitely many @ € E. But
[n] is a group homomorphism so #[n]~!(Q) = #En] for all Q € E. Thus

#E[n] = deg[n] = n*.
By classification of finitely generated abelian groups,

En] 2 Z/d\Z x Z]doZ x - X L] drZ

with dy | dg | -+ | d¢ | n and [[d; = n® If p is a prime with p | d; then
Elp] & (Z/pZ)t. But #E[p] = p> sot = 2 and dy | da | n, dide = n? so
d1 = d2 =n. O

Remark. If char K = p then [p] is inseparable. It can be shown that either
Ep"| =2 Z/p"Z for all r > 1, or E[p"] = 0 for all r > 1. They are called ordinary
and supersingular.
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7 Elliptic curves over finite fields

7 Elliptic curves over finite fields
We begin by proving a form of Cauchy-Schwarz.

Lemma 7.1. Let A be an abelian group and q : A — 7Z a positive definite
quadratic form. If x,y € A then

lg(z +y) — a(z) —qy)] <2V q(@)q(y)-
Notation. (z,y) = q(z +y) — ¢(z) — ¢(y) and note that (z,z) = 2¢(x).

Proof. We may assume = # 0 as otherwise the result is clear. Let m,n € Z.
Then

0 < qma + ny)

1

5 (ma + ny, ma +ny)

= m?qx + mn{z,y) + n62q(y)

— olz)(m n{(x, y) o n2 _ (,9)?
= q(z)(m + 2q(x)) +n7(q(y) 1q(x)

Take m = (z,y),n = —2q(x) to deduce
(x,9)? < 4dq(2)q(y)-
O

Let F, be the field with ¢ elements where ¢ = p™ for some p prime. Then
Gal(FF4-/IF,) is cyclic of order r generated by the Frobenius map z + z9.

Theorem 7.2 (Hasse). Let E/F, be an elliptic curve. Then

[#EF,) — (¢ + 1] <2V

Proof. Let E have Weierstrass equation with coefficients ay, ..., ag € Fy so al =
a; for all 4. Define the Frobenius endomorphism ¢ : E — E,(z,y) — (29,y9)
which is an isogeny of degree q. Then

EF,)={P e E: ¢(P)=P}=ker(l—9).
Note ¢ is not separable as

. . dx dr?  qr?ldx
po=g(T)=" =

y 'y R

but
l-¢)'w=w—0@w=w#0
so 1 — ¢ is separable. Same as before, we have # ker(1 — ¢) = deg(1 — ¢).
Recall that deg : End(E) — Z is a positive definite quadratic form so by
Cauchy-Schwarz

| deg(1 — ¢) — deg[1] — deg[¢]| < 21/deg][1] deg]¢]
SO
[#E([F) —1—q| <24
as required. O
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7 Elliptic curves over finite fields

7.1 Zeta function
For K a number field, define

1 1\
Crl(s)= ) N(a)s 11 (1 - (N(P))S>

aCOxk pCOKk prime

For K a function field, i.e. K = F (C) where C'/F, is a smoth projective curve,

we define B
o= T1 (= )

ze|C|

where |C| is the set of closed points of C, and is the same as the orbits of
Gal(F,/F,) on C(F,). Have Nz = ¢9°® where degz is the size of the orbit.
We have (x(s) = F(q~*) for some F € Q[[T]]. Explicitly

P(T)= [ (-1~

z€|C|

Take logarithm of the formal power series, we get

log F(T) = Z i %deegw

z€|C| m=1
d = m deg x
Td—T log F(T) = Z Z(degac)T &
z€|C| m=1

= Z( Z degx)T™

n=1 z€|C|,deg z|n
(oo}
= E #CO(Fgn)T™
n=1
Now reverse the process,

#C(Fq” ) Tn
777/ .

F(T) =exp Z
n=1
We define tr: End(E) — Z, ¢ — (¢, 1).

Lemma 7.3. If ¢ € End(E) then

¢* — (tr¢)¢ + deg ¢ = 0.
Proof. Example sheet 2. O

Definition (zeta function). The zeta function of a variety V/F, is the formal
power series (?)

Zy(T) = exp Z WT".
n=1
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7 Elliptic curves over finite fields

Lemma 7.4. Suppose E/F, is an elliptic curve, #E(F,) = ¢+1—a. Then

1—aT + qT?

O Tena-a

Proof. Let ¢ : E — E be the ¢g-power Frobenius. By the proof of Hasse’s
theorem

#E([Fy) =deg(l—¢) =q+1—-tro

so a = tr¢ and deg$ = ¢q. By the above lemma ¢? — a¢ +q = 0 so ¢"+? —
ag™t! 4+ g¢p™ = 0. Upon taking trace,

tr¢"t? —atr o™t 4 gtro™ = 0.

This second order difference equation with initial condition tr1 = 2,tr¢ = ¢
has solution tr ¢ = o™ 4 8™ where «, 8 € C ar roots of X2 —aX +¢ = 0. Then

#E[Fm) =deg(l —¢") =deggp" +1—tr¢”" =¢"+1—a" — "
Thus the zeta function is

(1—aT)(1 - BT)
(1-T)(1 —qT)

1
Zy(T) =exp Yy —(T" +(qT)" — (aT)" — (BT)") =
n=1
using —log(1 — ) =Y, % Expand. O

Remark. Hasse’s theorem as Riemann hypothesis for finite fields: Hasse’s the-
orem gives a bound |a| < 2,/q so a = B. As a8 = ¢, have |a| = |B| = sqrtq.
Let K =TF,(E). Then (x(s) =0 if and only if Zg(¢~*) =0, so ¢° = a or § so
ghtes = V4 i.e. Res = % Thus we have proven the Riemann hypothesis.
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8 Formal groups

8 Formal groups

Definition (I-adic topology). Let R be a ring and I C R an ideal. The
I-adic topology is the topology on R with basis {r + I" : r € R,n > 1}

Definition. A sequence (z,,) in R is Cauchy if for all k exists N such that
for all m,n > N, have z,, — z, € I*.

Definition. R is complete if

L. N,>o " = {0} (Hausdorff condition),

2. every Cauchy sequence converges.

Remark. Suppose R is complete. If z € I then ﬁ =1l4+2x+22+ - s0
11—z € R"

Example.
1. R =7, with I = pZ,. This is complete by construction.
2. R =Z][[t]] with I = (¢).

Lemma 8.1 (Hensel’s lemma). Let R be an integral domain and is complete
with respect to the ideal I. Let F € R[X], s > 1. Suppose a € R satisfies
F(a) =0 (mod I®), F'(a) € R*. Then there exists a unique b € R satisfying
F()=0,b=a (mod I?).

Proof. Let u € R* with F’'(a) = u (mod I). Replacing F' by XT"’A, we may
assume a =0 and F'(0 =1 (mod I). We define

20=0, Tpy1 =T, — F(z,).
An easy induction shows z,, = 0 (mod I®) for all n. Also
FX)—FY)=(X-Y)(F'(0)+ XG(X,Y)+ YH(X,Y))
for some G, H € R[X,Y]. Claim that z,,11 =z, (mod I""*) for all n > 0.
Proof. Induction on n. n = 0 holds. Suppose x,, = x,,_1 (mod I"**~1). Then
Fon) = Fl@n 1) = (20— 201)(1+¢)
for some ¢ € I. Modulo I""%, get
F(x,) — F(2p_1) = 2y — Tp_1 (mod I"T3).
Rearrange to get

Tng1 = Tn — F(2n) = 21 — F(zp_1) = 2, (mod I"**).
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8 Formal groups

Thus by completeness x,, — b as n — oo for some b € R. Taking limit of
the recurrence relation and use the continuity of F' to get F(b) = 0. Taking
limit in z, = 0 (mod I®) gives b = 0 (mod I*). Uniqueness follows from the
assumption R is an integral domain. O

Consider FE : Y2Z + a1 XY Z + asyZ? = X3 4+ a9 X?Z + au X 7% + agZ>.
We want to study the behaviour near Og so use the affine piece Y # 0. Let
t=—-X/Y,w=—-Z/Y. Then

w= f(t,w) =t + artw + ast*w + azw? + astw? + agw®.

Apply Hensel’s lemma to R = Zlaq, . .. ,a6][[t]], I = () and FI(X) = X —f(¢, X).
The approximate root is a = 0 for s = 3. Check F(0) = —3, F'(0) = 1 —
ait — ast? € R*. Then there exists a unique w(t) € Zlay, ..., ag][[t]] such that
w(t) = f(t,w(t)) and w(t) =0 (mod t3).

To see w(t) explicitly, we follow the proof of Hensel’s lemma (with u = 1)
and get w(t) = lim,— o wy,(t) where

wo(t) =0, wpt1(t) = f(t, wn(t)).
In fact N
wt) =131+ At + Apt® +..) = Y Ay ot™!
n=2

where A) = a1, Ay = a2 + az, A3 = a$ + 2a1a2 + as, . ..

Lemma 8.2. Let R be an integral domain, complete with respect to an ideal
I. Let ay,...,a6 € R and K the field of fraction of R. Then

E(I) = {(t,w) € B(K) : t,w € T}
is a subgroup of E(K).
Remark. By ungiueness in Hensel’s lemma (with s = 1), we can also describe

E(I) as

(I) = {(t,w(t)) € B(K) :t € I}.

Proof. Taking (t,w) = (00) shows O € E(I), so suffices to show if Py, Py € E(I)
then —P, — P, € FE(I). Suppose P; = (t;,w;). The line PP, is given by

w = A\t + v where
B =l
w’(tl) tl = t2

SO

A= Ap oty 17 o+ th) €T
n=2

v=w; —At; €1
Subsituting w = At + v into w = f(t,w), we get
A = coefficient of t3 = 1 4 asA + ag )2 + agh®
B = coefficient of t2 = a1\ + asv + asA? + 2a4\v + 3ag\*v

we have Ac¢ R*,Belsots=—-B/A—t;—te€elandws=NNs+vel O
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8 Formal groups

Taking R = Zlaq,...,a[[t]],] = (¢). The lemma shows that there exists
u(t) € Zlay, ..., ag][[t]] with ¢(0) = 0 such that [—1](t,w(t)) = (¢(t), w(e(?))).
Taking R = Zlas, ..., a6][[t1,t2]], I = (t1,t2), the lemma says there exists F €
Zlay, ..., ag][[t]] with F(0,0) = 0 such that

(tr,w(t1)) + (t2, w(tz)) = (F(t1, t2), w(F(t1, t2))).
In fact
(X)) =X —a1 X% —asX® — (a3 +a3)X* + ...
FX,)Y)=X+Y —a; XY — ap(X?Y + XY?) + ...

By properties of the group law we deduce

1. F(X,Y) = F(Y, X).

2. F(X,0) =X and F(0,Y) =Y.
3. F(F(X,Y),Z) = F(X,F(Y, Z)).
4. F(X, (X)) =0.

Definition (formal group). Let R be a ring. A formal group over R is a
power series F(X,Y) € R[[X,Y]] satisfying 1, 2, 3.

A question on example sheet 2 shows that for any formal group, there exists
a unique ¢(t) = —t + - - - € RJ[[t]] satisfying 4.

Example.
1. F(X,Y) =X +Y. We call this formal group G,.
2. F(X,)Y)=X+Y+XY =(14X)(14Y) — 1 sois secretly the same as

above. We call this formal group G,,.

3. F arising from an elliptic curve. We call it E.

Definition. Let F and G be formal groups, given by power series F' and G.

1. A morphism [ : F — G is a power series f(T') € R[[T]] with f(0) =0
satistying f(F(X,Y)) = G(F(X), f(Y)).

2. F = G if there exists morphisms f : F — G,g : G — F such that
fle(X)) = X, g(f(X)) = X.
Theorem 8.3. Ifchar R = 0 then every formal group F over R is isomorphic

to G, over R® Q. More precisely,

1. there is a unique power series log(T) = T + %TQ + %TS + -+ with
a; € R such that

log F(X,Y) = log(X) + log(Y). (%)

2. there is a unique power series exp(T) =T + %T2 + %T?’ + -+ with
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8 Formal groups

b; € R such that
explog(T) = logexp(T) = T.
Proof.

1. Write F1(X,Y) = 22(X,Y). For uniqueness, let

d
p(T):ﬁlogTzl—i—agT—l—agTQ—k....

Differentiating (%) with respect to X gives
p(F(X,Y))F1(X,Y) = p(X).

Putting X = 0 gives p(Y)Fy(0,Y) = 1 so p(Y) = F1(0,Y)~! is ungiue.
Thus log is unique.

For existence, let p(T) = Fy1(0,T)"! = 1+ aoT + a3T? + ... for some
a; € R. Let logT =T + %T2 + .... Differentiate the associativity law
with respect to X we get

Sub X = 0 and use identity law,
Fl(Y7Z)F1<O7Y) :Fl(an(KZ))

F(Y, Z)p(F(Y, 2)) = p(Y).

Integrate with repsect to Y to get
log(F(Y,Z)) =logY + h(Z)
for some power series h. By symmetry in Y, Z have h(Z) = log Z.
2. We use
Lemma 8.4. Let f = aT + --- € R[[t]] with a € R*. Then exists a
unique g = a 1T + - -+ € R[[T]] such that f(g(T)) = g(f(T)) =T.

Proof. We construct polynomials g, (T) such that f(g,(T)) =T (mod T"*1)
and g,4+1(T) = go(T) (mod T"*1). Then g(T) = lim, o0 gn(T) exists
and satisfies f(g(T)) =T.

To start the induction set g1 (T) = a~T. Now suppose n > 2 and g,,_1(T)
exists 80 f(gn_1(T)) = T 4+ bT™ (mod T™*!) for some b € R. We put
gn(T) = gn—1(T) + XT™ for some X\ € R to be chosen later. Then

f(gn(T)) = f(gn-1(T) + AT")
= f(gn_1(T)) + XaT™ (mod T™*)
=T+ (b+Xa)T™ (mod T")

so we take A = —b/a.

31



8 Formal groups

We get g(T) = a= T + --- € R[[T]] such that f(g(T)) =T. Applying the
same argument to g gives h(T) = aT+- - - € R[[T]] such that g(h(T)) =T.
Then

O

The theorem then follows except for showing b, € R (not just R ® Q).
This is on example sheet 2.

O

Notation. Let F (e.g. Gq, G, E) be a formal group given by F € R[[X,Y]].
Suppose R is complete with respect to I. For z,y € I put x Bry = F(z,y) € I.
Then F(I) = (I,®F) is an abelian group. For example GEI) = (1, +),GmA(I) =
(1+1,x) and E(I) C E(K) as in lemma 8.2. This also explains the earlier

choice of notation.

Corollary 8.5. Let F be a formal group over R and n € 7Z. Suppose
n € R*. Then

1. [n] : F — F is an isomorphism.

2. If R is complete with respect to an ideal I then xn : F(I) — F(I) is
an isomorphism. In particular F(I) has no n-torsion.

Proof. We first explain the notation [n]. We inductively define [1](T") = T, [n|(T) =
F(n—1T,T) for n > 2 (for n < 0, use [-1](T) = «(T)). An easy induction
show [n](T) = nT + --- € R|[[T]] so by Lemma 8.4 it is an isomorphism. O
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9  Elliptic curves over local fields

9 Elliptic curves over local fields

Let K be a field, complete with respect to a a discrete valuation v : K* — Z.
The valuation ring, also known as ring of integers, is

Ok ={x e K" :v(z) >0} uU{0}

with unit group
Ok ={xz € K*:v(z) =0}

and maximal ideal 71O where v(w) = 1. It has residue field k = O /7Ok. We
assume char K = 0,chark = p > 0. For example K = Q,, O =Z,, k =T,.
Let E/K be an elliptic curve.

Definition (integral/minimal Weierstrass equation). A Weierstrass equa-
tion for E with coefficients a1, ...,as € K is integral if aq,...,a6 € Ok and
is minimal if v(A) is minimal among all integral equations for E.

Remark.
1. Putting » = u?2’,y = vy’ gives a; = u'al so integral equation exists.

2. If ay,...,a6 € Ok then A € Ok so v(A) > 0 so minimal Weierstrass
equations exist.

3. If chark # 2,3 then exists a minimal Weierstrass equation of the form
y? = 2% +ax +b.

Lemma 9.1. Let E/K have integral Weierstrass equation
2 _ .3 2
Y-+ arry +asy = x° + a2x” + asxr + ag.

Let 0 # P € E(K), say P = (z,y). Then either z,y € Ok or v(z) =
—2s,v(y) = —3s for some s > 1.

Proof. First we deal with the case v(z) > 0 (or x = 0). If v(y) < 0 then
v(LHS) = 0 while v(RHS) > 0, absurd so z,y € Ok.
Now suppose v(x) < 0. Then

v(LHS) > min(2v(y),v(z) + v(y),v(y)), v(RHS) = 3v(x).
In each of the three cases, v(y) < v(z) so 2v(y) = 3v(x). O
Remark. See example sheet 1.

Fix a minimal Weierstrass equation for F/K, we get a formal group F over
Ok, and

T 1

E(n"Ok) = {(z,y) € E(K) : 5y € " Ok} U {0}
= {(@) € BK) :0(3) 2 roo(2) = 1} U0}

= {(z,y) € E(K) : v(z) < =2r,0(y) < —2r} U{0}
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9  Elliptic curves over local fields

by using the lemma. This is a m-neighbourhood of 0. By theorem 8.2 this is a
subgroup of E(K), say E,.(K). Then we have a nested sequence of groups
Ey(K) 2 By(K) D -
More generally for F a formal group over Ok, we have
F(nOk) 2 ]:(7T20K) ...
We will show that F(1"Ok) = (Ok, +) for r sufficiently large and
m =~ (k,+)

for all r > 1.
A reminder we are working over char K = 0, char k = p.

Proposition 9.2. Let F be a formal group over Ok. Let e = v(p). If

€
> o5 then

log : F(1"Ok) — Go(n"O)
is an isomorphism with inverse exp.

Proof. For x € n" Ok we must show that the power series exp and log in theorem
8.3 converge. Recall exp(T) = T+ % T2 +... where b, € Og. Note that while a
“big” denominator is good in Archimedean analysis, the situation is the opposite

in the non-Archimedean case. Claim v,(n!) = Zf_%.
Proof.
| n i n n
vp(n!) = Z {J < — =
r=1 pT r=1 pT p= 1
so (p — 1)vy(n!) < n. By noting that it is integer valued we get the required
inequality. O
Now ;
z" n—1
(2 >nr—e =(n-1)(r- c ) +r
n! p—1 p—1
—_——
>0
This is always > r and goes to infinity as n — co so exp x converges and belongs
to 7" Ok . logx is similar but easier. O

Proposition 9.3. Forr > 1,
F (7" Ok)
F(nm+10k)
Proof. Recall F(X,Y)=X+4+Y + XY (---) soif z,y € Ok,
F(r"z,n"y) = n"(x +y) (mod 7" *1).

=~ (k,+).

Thus
F(r"Ok) — (k,+)
7"z x  (mod )
is a surjective homomorphism with kernel F (7" t1O). O
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9  Elliptic curves over local fields

Corollary 9.4. If k is finite then F(nOk) contains a subgroup of finite
index and is isomorphic to (O, +).

Notation. We denote reduction mod w by = + .

Proposition 9.5. Suppose E/K is an elliptic curve. The reduction mod 7
of two minimal Weierstrass equations for E define isomorphic curves over

k.

Proof. Say Weierstrass equations are related by [u;r, s,t] where u € K*,r, s,t €
K. Then Ay = u?A,. Minimality of equations implies that u € O%. By trans-
formation formula for a; and b;, we conclude r, s,t € Ok. Then the Weierstrass
equation for the reductions mod 7 are related by [i; 7, 5,%]. Note that all these
are to ensure that things work in characteristic 2 or 3. O

Definition (reduction). The reduction E/k of E/K is defined to be the
reduction of a minimal Weierstrass equation.

E has good reduction if E is nonsingular (and so is an elliptic curve),
otherwise bad reduction.

For an integral Weierstras equation, v(A) = 0 is a sufficient condition for
good reduction. On the other hand if 0 < v(A) < 12 then by A; = u'2A, we
have bad reduction. If v(A) > 12 then the equation might not be minimal.

There is a well-defined map

P2(K) — P2(k)
(:y:2) = (2:9:2)
where we choose representatives with min(v(x), v(y),v(z)) = 0 to ensure we do
not get (0 : 0 : 0). We restrict to get E(K) — E(k),P — P. If P = (z,y) €
E(K) then either y € (’)K so P = (Z,9), or v(z) = —2s,v(y) = —3s and we
choose P = (m3%z : w35y : m%) which reduces to P = (0:1:0). Thus

Ey(K) = E(nOk) = {P € E(K) : P =0}

is the kernel of reduction.

Let E'ns be the set of nonsingular points on E. If E has good reduction then
this is the same as E. Otherwise we delete the singular points. The chord and
tangent process still defines a group law on FEys (since the third intersection
point only has multiplicity 1). In case of bad reduction Ens = G, or G, (over
k), called additive reduction or multiplicative reduction. For simpicity suppose
char k # 2 and we have E: y? = f(x). Then E is singular if and only if f has
a repeated root. For double root (y? = 2%(z + 1)) we have a curve with a node
and we use multiplicative reduction. For triple root (y? = 2?®) we have a curve
with a cusp and we use additive reduction

Ens — G,
(l‘,y) = -

(t2t73) it
00+ 0
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9  Elliptic curves over local fields

We check this is a group homomorphism. Let Py, P», Ps be on the line az +by =

1. Write P, = (24,9:),t; = Z—‘ Then z} = y? = yZ(az; + by;) so t1,t2,t3 are

roots of X3 —aX —b = 0. Looking at the coefficient of X2 gives t; +to +t3 = 0.
The node case is on example sheet.
Definition. We define
Eo(K)={P e E(K): P e En(k)},

the points that do not become singular upon reduction.

Proposition 9.6. Ey(K) is a subgroup of E(K) and reduction mod 7 is a
surjective group homomorphism Eo(K) — Fns(k).

Proof. First check this is a group homomorphism. A line ¢ in P? defined
over K has equation aX + bY + ¢Z = 0 where a,b,c € K. We may assume
min(v(a),v(b),v(c)) = 0. Reduction mod 7 given the line ¢ aX +bY +¢Z = 0.
If Pl,Pg,Pg € E(K) with P1 + P2 + P3 = 0 then they lie on a line /. Then
P17P2,P3 lie on E If Pl,PQ S Ens(k’) then P3 S Ens(k’) so if P, Py € EO(K)
then P3 € Fy(K) and P1 + P2 + P3 = 0. It is an exercise to check that this still
works when f’l, ﬁ27 ﬁg are not necessarily distinct.

Now we show surjectivity. Let f(ﬂc y) = y? +arzy +azy — (23 +...) be
the Weierstrass equation. Let P € Eyu(k)\ {0}, say P = (&o,jo) for some
Zo,Yyo € Ok. P nonsingular implies that either ai (z0,y0) # 0 (mod 7) or
g)yc (20,90) # 0 (mod ). In the first case put g(t) = f(t,y0) € Ok][t]. Then

g(zo) =0 (mod ), g'(z0) € Ok
so by Hensel’s lemma exists b € Ok such that g(b) = 0,b = z¢ (mod 7). Then
P = (b,y0) € E(K) has reduction P. The second case is similar. O

Recall that for » > 1 we put
En(K) ={(z,y) € E(K) : v(x) < =2r,v(y) < =3r} U{0}
and we have a nested sequence of groups
(Ok,+) = E(K) C -+ C Ey(K) C Ei(K) C Ey(K) C E(K)
-57- The quotient OEKS =~ [,(K) and all quotients é—tl = (k,+).
What about FEy(K) C E(K)? There are much to be said about this but we only
cover a special case here. More can be found is Silverman’s sequel.

Lemma 9.7. If |k| < oo then P"(K) is compact (with respect to m-adic
topology).

Proof. Tt |k| < oo then Té‘ is finite for r > 1 so Og = lim Ok /m"Ok 1is

compact. P"(K) is the union of compact sets
{(ap:ar:- - tai—1:1:ar - tan)aj € Ok}

and hence compact. O
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9  Elliptic curves over local fields

| Lemma 9.8. If |k| < co then Eo(K) C E(K) has finite index.

Proof. E(K) C P?(K) is a closed subset so (E(K),+) is a compact topological
group. If E has singular point (Zg, go) then

E(K)\ Ey(K) = {(z,y) € E(K) : v(z —20) = Lv(y — yo) > 1}

(?) is a closed subset of F(K) and so Eq(K) is an open subgroup of E(K). The
cosets of Ey(K) are an open cover of E(K), and thus Ey(K) has finite index in
E(K) by compactness. The index is called Tamagawa number and is denoted
CK (E) O

Remark. Good reduction implies that cx (F) = 1 but the converse is false.

Fact. For these facts it is essential that F is defined by a minimal Weierstrass
equation, but we don’t need |k| < oo.
Either cx (E) = v(A) or cx(F) < 4

Theorem 9.9. If [K : Q,] < oo then E(K) contains a subgroup E,(K) of
finite index with E,(K) = (Ok,+).

Proof. We have |k| < co. Combine all results in this chapter. O

| Corollary 9.10. E(K)ios injects into 5((}(}()) and is therefore finite.

We now quote some results from algebraic number theory. Let [K : Q,] < o0
and L/K a finite extension. Then [L : K| = ef where vy|g+ = evkg and
f = [k : k] where k' and k are the residue fields of L and K respectively. If L/K
is Galois then there is a natural group homomorphism Gal(L/K) — Gal(k'/k).
This map is surjective with kernel of order e.

| Definition (unramified extension). L/K is unramified if e = 1.
Fact. For each integer m > 1,
1. k has a unique extension of degree m, say ky,.

2. K has a unique unramified extension of degree m, say K,,.

Definition (maximal unramified extension). We define the mazimal un-
ramified extension to be K™ =], -, Ky, (inside K).

Theorem 9.11. Suppose [K : Q] < oo, E/K an elliptic curve with good
reduction and p{n. If P € E(K) then K([n]7'P)/K is unramified.
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9  Elliptic curves over local fields

Recall that when we do not specify a base field then we refer to the algebraic

closure so
[n]7'P ={Q € E(K) =nQ = P}.

Also we denote
K({le",PT}) = K(Xlw")x’myl)' "7y’r)
where P; = (x4, y:).
Proof. For each m > 1 there is a short exact sequence
0 —— Ey(Kpn) — E(Kp) — E(km) — 0

Taking union over all m > 1 gives a commutative diagram with exact rows

0 —— By (K™) — E(K™) E(k) 0
0 —— By (K™) —— E(K™) E(k) 0

The left vertical map is an isomorphism by corollary 8.5, which applies since
p1n implies n € Of. The right vertical map is surjective by Theorem 2.8 and
has kernel isomorphic to (Z/nZ)? by theorem 6.5. Then by snake lemma

nryf, 1 o E(K™)
E(K™)[n] = (Z/nZ)Q, m =0

so if P € E(K) then P = nQ for some Q € E(K™) so
[n]'P={Q+T:T € E[n]} C E(K™)

so K([n]7'P) C K™ so K([n]7'P)/K is unramified. O
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10 Elliptic curves over number fields

Suppose [K : Q] < oo and E/K is an elliptic curve. Throughout we let p be a
prime of K (i.e. of Ok), K, the p-adic completion of K and k, = Oy /p.

Definition (prime of good reduction). p is a prime of good reduction for
E/K if E/K, has good reduction.

| Lemma 10.1. E/K has only finitely many primes of bad reduction.

Proof. Take a Weierstrass equation for F with coefficients ai,...,a¢ € Ogk.
E is nonsingular implies that 0 # A € Og. Write (A) = p{* - pr for the
factorisation into prime ideals. Let S = {p1,...,p,}. If p ¢ S then v,(A) =0
so E/K, has good reduction. O

Remark. If K has class number 1 (e.g. K = Q) then we can always find a
Weierstrass equation for aq,...,as € O which is minimal at all primes p.

| Lemma 10.2. E(K)o, s finite.

Proof. Take any p. Note K C K, and apply theorem 9.8. O

Lemma 10.3. Let p be a prime of good reduction with p t n. Then reduction
modulo p gives an injection E(K)[n] — E(ky)[n].

Proof. Proposition 9.5 says that E(K,) — E (kp) is a group homomorphism with
kernel E;(K,). Then corollary 8.5 implies that E;(K,) has no n-torsion. [

Example. Let E/Q : y> +y = 2° — 2?. A = —11. E has good reduction at
all primes p # 11. so by looking at 2 and 3, #FE(Q)tor | 5 - 2* for some a > 0.

p |2 3 5 7 11 13
#EF,) |5 5 5 10 - 10

#E(Q)tor | 5-3° for some b > 0, s0 #E(Q)or | 5. Let T = (0,0) € E(Q). We
can check that 57 = 0 so E(Q)tor = Z/5Z.

Example. Let E/Q : y? +y = 23+ 2. A = —43. E has good reduction at all
p # 43. By considering p = 2,11 we show E(Q)sor = {0}. Thus P = (0,0) €

p |2 3 5 7 11 13
#EF,) |5 6 10 8 9 19

E(Q) is a point of infinite order. Thus rank of F(Q) > 1.

Example. Let Ep : y2 = y?2 = 2® — D22 where D € Z square free and

A = 2°6D5. We know the torsion group contains {0, (0,0), (d,0)} = (Z/2Z)>.
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10 Elliptic curves over number fields

Let f(x) = 2% — D?x. We can count the number of points using Legendre
symbol. If p t 2D then

#Ep(Fp) =1+ > (<f§;”)) +1).

z€F,

If p =3 (mod 4) then since f(x) is an odd function,

(f(fv)> _ (f(ﬂf)) _ (1> (f(@) _ <f(93))
p p p p p
so #Ep(F,) =p+ L.

Let m = #Ep(Q)tor- We have 4 | m | (p 4+ 1) for all sufficiently large
primes p with p = 3 (mod 4). Then by m = 4 as otherwise we will get a
contradiction to Dirichlet’s theorem on primes in arithmetic progression. Thus
Ep(Q)tor = (Z/2Z)?. Thus rank Ep(Q) > 1 if and only if there exists z,y € Q
with y # 0 and y? = 23 — D?z, if and only if D is a congruent number.

Lemma 10.4. Let E/Q be given by a Weierstrass equation with a, ..., ag €
Z. Suppose 0 # T = (x,y) € E(Q)tor. Then

1. 42,8y € Z,
2. if2 | ay or 2T #0 then z,y € Z.

Proof.

1. The Weierstrass equation defines a formal group E over Z. For r > 1,
recall

E(p"Zy) = {(z,y) € BE(Qyp) : vp(2) < =2r,v,(y) < =3r} U{0}.

Proposition 9.2 says E(p"Z,) = (Z,,+) if 7 > p%l. Thus E(4Z3) and
E(pZ,) for p odd are torsion free. Thus if 0 # T = (z,y) € E(Q)iors
then T ¢ E(4Zs3), so va(z) > —2,va(y) > —3. T ¢ E(pZ,) so v,(X) >
O,UP(y) Z 0.

2. Suppose T € FE(2Z3), i.e. va(x) = —2,v3(y) = —3. Since ggi;i; = (Fq, +)

and E(4Zs) is torsion free, we get 2T = 0. Also
(x,y)=T=-T=(z,—y — a1z — a3)

so 2y +ai1x+asz = 0. Thus 8y+ a1 (4z) +4as = 0, and 8y, 4x are both odd
and 4ag = 0 so a7 is odd. Thus if 27 # 0 or a; is even then T € E(2Z5)
and so x,y € Z.

O

Example. y? + zy + 2% + 4z + 1 has (-1, §) € E(Q)[2].
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10 Elliptic curves over number fields

Theorem 10.5 (Lutz Nagell). Let E/Q : y?> = 23 + az + b where a,b € Z.
Suppose 0 # T = (z,y) € E(Q)tors- Then x,y € Z and either y = 0 or
y? | (4a® + 2702).

Proof. Lemma 10.4 implies z,y € Z. If 2T = 0 then y = 0. Otherwise 0 # 2T =
N2
(z2,ys2) is torsion so o, ys € Z. Then zo = (%;)) —2x. Everything is integer

soy | f'(z). E is nonsingular so f(X) and f’(X) are coprime. f(X) and f'(X)?2
are coprime so exists g,h € Q[X] such that g(X)f(X) + h(X)f'(X)2 =1. A
calculation gives

(3X® +4a)f'(X)? — 27(X3 + aX — b) f(X) = 4a® + 27b%.
Since y | f/(x) and y? = f(z) we get y? | (4a® + 27%). O

Remark. Mazur has shown that if E/Q is an elliptic curve then E(Q)tors is
isomorphic to one of the below:

Z/nZ for 1 <n <12,n# 11 or Z/27Z x Z/2nZ for 1 <n < 4.

Moreover all 15 possibilities occur.
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11 Kummer theory

Let K be a field with char K ¥ n. Assume pu,, C K.

Lemma 11.1. Let A C K*/(K*)" be a finite subgroup. Let L = K({/A).
Then L/K is Galois and

Gal(L/K) = Hom(A, py,).
Proof. L/K is Galois since p,, C K and char K { n. Define the Kummer pairing

(,):Gal(L/K) x A =

(0,2) o(¥/x)
) W
Check this is well-defined: if a, 8 € L with o™ = " = x then (%)" =1 so
G En CKsoo(F)=Fso UE;X) = # It is bilinear:
(oT,7) = U(T\/@Tﬁ = (o, z)(T, )
T/X VT
g y/xy o\/xT oYY
) = T = T T 0.0y ()

The pairing is nondegenerate in both arguments: let o € Gal(L/K). If (o,z) =1
for all z € A then o {/x = /z for all z € A so o fixes L pointwise so o = 1.
Conversely let z € A. If (0,z) =1 for all o € Gal(L/K) then o /z = {/x for
all o so ¢/x € K* sox e (K*)".

To put it in another way Gal(L/K) and A are dual groups to each other
and we have two injective group homomorphisms

1. Gal(L/K) < Hom(A, up),
2. A — Hom(Gal(L/K), ).

Statement 1 implies Gal(L/K) is an abelian group of exponent dividing n. Now
similar to the fact that the dual group of a finite abelian group has the same
size, we have | Hom(A, u,,)| = |A] and same for the other so

|Gal(L/K)| < |A] < | Gal(L/K)|
so 1 and 2 are isomorphisms. O

Example. Gal(Q(v/2,v3,V5)/Q) = (Z/27)%.
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11 Kummer theory

Theorem 11.2. There is a bijection

{ finite subgroups finite abelian extensions
L/K of exponent
C * *\1N }
ACK/(KY) dividing n
A — K(VA)
— L
CODNAN

Proof. Let A C K*/(K*)" be a finite subgroup. Let L = K(¥/A) and A’ =
%- Clearly A C A’. To show equality,

L=K(VA)CK(VA)CL

so K(¥/A) = K(/A) so |A| = |A’| by the lemma. Thus equality.

Conversely let L/K be a finite abelian extension of exponent dividing n.
Let A be as defined in the statement. Then K({/A) C L. We aim to show
equality by showing [K({/A) : K] = [L: K]. Let G = Gal(L/K). The Kummer
pairing defines an injective group homomorphism A — Hom(G, p,,). Claim this
is surjective.

Proof. Let x : G — u, be a group homomorphism. From basic Galois theory
distinct automorphisms are linearly independent so exists a € L such that y =
> e x(m)7'7(a) # 0. Let o € G. Then

oly) =Y x(r)tor(a) =Y x(o7'n) I r(a) = x(o)y

TEG TEG
Thus o(y™) = y" for all 0 € G so x = y» € K* N (L*)". Then =z € A and
X0 % = U&;. O
Now

[K(VA): K] =|A| = [Hom(G, u,)| = |G| = [L : K].
O

Proposition 11.3. Let K be a number field and p, C K. Let S be a finite
set of primes of K. There are only finitely many extensions L/ K such that

1. L/K is abelian of exponent dividing n.
2. L/K is unramified at all primes p ¢ S.

Proof. By 11.2 L = K (/A) for some finite subgroup A C K*/(K*)"™. Let p be
a prime of K with
POL =i
for distinct primes B; of L. If z € K* represents an element of A then
v, (V) = v, () = eivp(2).
If p ¢ S then e; =1 for all i so vy(x) =0 (mod n). Thus A C K(S,n) where
K(S,n)={ze K*/(K*)" :vp(x) =0 (mod n) for all p ¢ S}.
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11 Kummer theory

| Lemma 11.4. K(S,n) is finite.
Proof. The map

K(S,n) — (Z/nz)!5
z = (vp(x) (mod n))pes

is a group homomorphism with kernel K ((,n) so suffice to prove the lemma
with S = (. If z € K* represents an element of K((),n) then (z) = a™ for some
ideal a. There is an exact sequence

0 — 05 /(0%)" —— K(0,n) — Clg[n] —— 0

From algebraic number theory | Clx | < oo and O}, is finitely generated (Dirich-
let’s unit theorem) so K ((), n) is finite. O

O
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12 Elliptic curves over number fields 11
Mordell-Weil Theorem

Lemma 12.1. Let E/K be an elliptic curve and L/K be a finite Galois
E(K) BE(L)

extension. Then the map has finite kernel.

~—

Proof. For each element in the kernel we pick a coset representative P € E(K
and then exists @ € E(L) such that nQ = P. Gal(L/K) is finite and E[n
is finite so there are only finitely many possibilities for the map Gal(L/K)
Enl,o = 0Q — Q. But if P,,P, € E(K) with P, = nQ; and cQ1 — Q2
0Q2— Qs forall o € Gal(L/K) then O'(Q1 _QQ) =Q2—Q250Q1—Q2 € E(K
and hence P, — P, € nE(K).

[

~

)

O

Theorem 12.2 (weak Mordell-Weil theorem). Let K be a number field and

E/K an elliptic curve. Then for n > 2, |£E((KK))| < 0.

Proof. By lemma wlog we can assume pu, C K and F[n] C E(K). Let S =
{p | n} U {primes of bad reduction for E}. For each P € E(K) the extension
K([n]~'P)/K is unramified outside S by theorem 9.9.

Let Q € [n]7'P. Since E[n] C E(K), K(Q) = K([n]"'P) is a Galois
extension of K. Define

Gal(K(Q)/K) — E[n] = (Z/nZ)?
o oQ —Q

Check this is a homomorphism:
0T -Q=0(TQ-Q)+0Q - Q= (7Q - Q) + (¢0Q — Q).

It is injective as 0@ = @ implies o fixes K(Q) so 0 = 1. Thus K(Q)/K is an
abelian extension of exponent dividing n, unramified outside S. By 11.3 only
there are only finitely many possibilities for K(Q). Let L be the composite of

all such extensions (i.e. for all P € E(K)). Then L/K is finite (and Galois) and
B(K) ., B(L)

is the zero map. Apply lemma 12.1. O

Remark. If K =R or C or [K : Q] < oo then |£E((KK))| < 00, yet E(K) is not

finitely generated (even uncountable).

Fact. Let E/K be a elliptic curve over a number field. Then there exists a
quadratic form, called canonical height h : E(K) — R with the property that

for any B > 0, {P € E(K) : h(P) < B} is finite.

Theorem 12.3 (Mordell-Weil). Let K be a number field and E/K an
elliptic curve. Then E(K) is a finitely generated abelian group.

Proof. Fix an integer n > 2. Weak Mordell-Weil implies that |%|

<
0o. Pick coset representatives Pi,...,P,. Let ¥ = {P € E(K) : h(P) <

maxi<;<n n(F;)}. Claim ¥ generates E(K).
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12 Elliptic curves over number fields I1

Proof. Suppose not. Then exists P € FE(K) \ {subgroup generated by ¥} of
minimal height. Then P = P, + nQ for some 1 < i < m where Q € E(K) \
{subgroup generated by X}. Then A(P) < h(Q). Then

4h(P) < 4h(Q
2(Q
(n@Q
(P—Py)

h(P — P)) + h(P + P,)
2h

3

<
<

>

|
S~—

>

IN

(P) + 2h(Py) parallalogram law

so h(P) € h(P;) so P € %, contradiction. O

Y is finite so done. O
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For simplicity take K = Q. Write P € P*(Q) as P = (a3 : - : a,) where
ag, ..., an € Z,ged(ag, - . . ,an) = 1.

Definition (height). We define the height of P to be

H(P) = max |a,].

Lemma 13.1. Let f1, fo € Q[ X1, X3] be coprime homogeneous polynomials
of degree d. Let
F:.P'— P!
(w12 m2) = (fi(wr, 22) : fa(m1, 22))

Then exists c1,co > 0 such that

ciH(P)? < H(F(P)) < coH(P)4

for all P € PY(Q).

Proof. wlog f1, fa € Z| X1, X3]. We prove the upper bound first. Write P = (a :
b) where a,b € Z coprime. Then

H(F(P)) < max(|fi(a,b)], |f2(a,b)]) < czmax(|al’, |b|*) = c2H (P)?

where ¢, is the maximum of the sum of absolute values of coefficients of f; and

f2.
For the lower bound, we claim exists g;; € Z[X1, X2] homogeneous of degree
d—1 and k € Z~( such that

2
> gl = kX (1)

j=1

Proof. Indeed running Euclid’s algorihm on f1(X,1) and f5(X,1) gives r,s €
Q[X] such that

r(X) (X, 1) +s(X) f2(X,1) = 1.
Homgogenising and clearing denominators gives (f) for i = 2 Likewise for i =

1. O

Write P = (aj : a3) where a1, as € Z coprime. Then (1) gives

> gij(ai, a2) fi(ar, az) = ka7,
j=1
Thus ged(fi(ar,a2), f2(a1,az)) divides ged(ka??™t, ka2?™1) = k. But also

2
IR < ma | (e 2)| Y lgis (o, 02)].
, 2

SKH(F(P) e
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where ; is the sum over j of absolute values of coefficients of g;;. Thus
la;[*17t <y H(F(P))H(P)™!
for i = 1,2. Thus
H(P)*™" < max(y1,72)H(F(P))H(P)"".
Take ¢; = max(y1,v2) L. O

u

Notation. For 2 € Q we define H(x) = H((x : 1)) = max(|ul, |v[) where z = =
for u,v € Z coprime.

Let E/Q be an elliptic curve of the form y? = 23 + ax + b.
Definition (height). The height is defined as the map
H:E(Q) — R>
b {H(w) P = (x.y)

We define the logarithmic height to be h =log H.

Lemma 13.2. Let E, E’ be elliptic curves over Q, ¢ : E — E’ an isogeny
defined over Q. Then exists ¢ > 0 such that

[h(¢(P)) — deg(9)h(P)| < c

for all P € E(Q). Note that ¢ depends on E,E' and ¢.

Proof. Recall (Lemma 5.4) we have commutative diagram

E—* g

[
pl —°, p!

and deg ¢ = deg& = d, say. Lemma 13.1 says that there exist ¢1,co > 0 such
that
clH(P)" < H(¢(P)) < c2H(P)*

for all P € E(Q). Taking logs gives
|h(6(P)) — dh(P)| < max(logca, —logey).

Example. Let ¢ = [2] : E — E. Then exists ¢ > 0 such that

Ih(2P) — 4h(P)| < ¢

for all P € E(Q).
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Definition (canonical height). The canonical height is

W(P) = lim 4inh(2np).

n—oo

Check convergence: for m > n,

~— 1
41 T
|—h(2mP)——h (2"P)| ;L 4T+1 W2 P) = h(2P)|

m—1

< o +1\h(2T+1P) 4h(2"P)|
rT=n

< 3 1

— CZ: 4r+1

—0

as n — oo so the sequence is Cauchy so h(P) exists.

| Lemma 13.3. |h(P) — h(P)| is bounded for P € E(Q).

Proof. Put n =0 in the above calcultion to give

I*h(QmP) h(P)]| <

wlo

Take limit as m — oco. O

| Corollary 13.4. For any B > 0, #{P € E(Q) : i(P) < B} < oo.

Proof. By the lemma fL(P) is bounded implies h(P) is bounded, so only finitely
many possibilities for z. Each = leaves at most 2 choices for y. O

Lemma 13.5. Suppose ¢ : E — E’ is an isogeny defined over Q. Then

h(¢P) = (deg $)h(P)
for all P € E(Q).
Proof. By lemma 13.2 exists ¢ > 0 such that
|h(¢P) — (deg 9)h(P)| < ¢
for all P € E(Q). Replace P by 2" P, divide by 4" and take limit as n — oco. [

Remark.

1. The case deg ¢ = 1 shows that iL, unlike h, is independent of the choice of
Weierstrass equation.

2. Taking ¢ = [n] : E — E gives h(nP) = n2h(P) for all P € E(Q).

(Going to prove his a quadratic form by showing that it satisfies the paral-
lelogram law).
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Lemma 13.6. Let E/Q be an ellitpic curve. There exists ¢ > 0 such that
H(P+Q)H(P Q) < cH(P)*H(Q)
forall P,Q,P+Q,P—Q # 0g.

Proof. Let E have Weierstrass equation y? = 23 +ax+b, a,b € Z. Let P,Q, P+
Q, P — Q has z coordinates z1,...,x4. By lemma 5.8 there exist Wy, W1, W5 €
Z[x1, x2] of degree < 2 in x; and degree < 2 in x5 such that

(]. s ol /I LU3£E4) = (WO W Wz)

and Wy = (z1 — x2)%. Write z; = < where r;,s; € Z coprime. Then we get

(8384 : 1384 + 1483 : r314) = ((r182 — T281)2 s ).
So
H(P + Q)H(P — Q) = max(|rs|, [s3]) max(|ral, |s4])
< 2max(|s3s4|, |r384 + rass3)|, [r374])
< 2max(|rise — rosif, )
< cH(P)’H(Q)?
where ¢ depends on F but not on P and Q). O

| Theorem 13.7. h: E(Q) — Rxg is a quadratic form.
Proof. Lemma 13.6 and |h(2P) — 4h(P)| bounded implies that
WP + Q) + h(P — Q) < 2h(P) +2h(Q) + ¢

for P,Q € E(Q) (there are several special cases to check). Replacing P, Q by
2" P,2™Q, dividing by 4™ and taking limit n — oo gives

h(P 4 Q) + h(P — Q) < 2h(P) + 2h(Q).

Replacing P, @ by P+ @, P — Q and writing fL(ZP) = 4iL(P) gives the reverse
inequality. Thus h satisfies the parallelogram law and h is a quadratic form. [J

Remark. For K a number field, P = (ag : - - - : a,,) € P*(K), define
(P) = I gues e

where the product is over all places v and the absolute values |-|, are normalised
such that [[, |[A], = 1 for all A € K*. Then all results in this section generalises
to K.
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14 Dual isogenies & Weil pairing
Let K be a perfect field and E/K an elliptic field.

Proposition 14.1. Let ® C E(K) be a finite Gal(K/K)-stable subgroup.
Then exists an elliptic curve E'/K and a separable isogeny ¢ : E — E'
defined over K with kernel ® such that for every : E — E" with 1 C ker 1)

factors uniquely via ¢.

E s B

g
l(b T
E

Proof. Omitted. See Silverman Chapter 3. O

Proposition 14.2. Let ¢ : E — E' be an isogeny of degree n. Then exists a
unique isogeny ¢ : E' — E such that ¢¢ = [n]. ¢ is called the dual isogeny.

Proof. Case ¢ separable: |ker ¢| = n so ker ¢ C E[n]. Apply proposition 14.1
with ¢ = [n]. The ¢ inseparble case is omitted (see Silverman. Suffice to check
for Frobenius map). For uniqueness if 1)1¢ = 12¢ = [n] then (¢1 — 1h2)¢ = 0 so
11 = 19 since ¢ nonconstant is surjective. O

Remark.

1. The relation of elliptic curves being isogenous is an equivalence relation.
2. If deg ¢ = n then deg[n] = n? implies that deg ¢ = deg ¢ and [/n\] = [n].
3. ¢o¢ = ¢p[n]p = [n] ¢ implies that ¢¢ = [n]g:. In particular ¢ = ¢.
4 1HE Y B 2 B then ¢y = 1.
5. If ¢ € End(F) then by example sheet 2

¢* — (tr¢)p +deg ¢ =0

SO
([tr¢] — ¢) ¢ = [deg 9]
\_\;—/
¢

and hence tr ¢ = ¢ + ¢.

| Lemma 14.3. If ¢,¢ € Hom(E, E') then m =¢+1.
Proof. It E = E’ then this follows from tr(¢ 4+ 1) = tr¢ + tre. In general let
a: E' — FE be any isogeny (e.g. ¢). Thus

(ad+av) = ag + ay

SO

— ~ ~

¢+ pa = (¢ +1)a.



14 Dual isogenies € Weil pairing

Remark. In Silverman’s book, he proves Lemma 14.3 first and uses this to
show deg : Hom(FE, E') — Z is a quadratic form.
Definition (sum). The sum map is defined as

sum : Div(E) —» E

ZHP(P) — Z’I’LPP

where LHS is a formal sum and RHS is sum using group law.

Recall that we have a group isomorphism E — Pic’(E), P~ [P — 0]. Thus
sum D + [D] for all D € Div?(E).

Lemma 14.4. Let D € Div(E). Then D ~ 0 if and only if deg D = 0 and
sum D = 0.

Let ¢ : E — E’' be an isogeny of degree n with dual isogeny ¢ : E' — E.

Assume char K { n. We define the Weil pairing es : E[¢] X E'[¢] — fin. Let
T € E'[¢]. Then nT = 0 so exists f € K(E') such that div(f) = n(T) — n(0).

Pick Tp) € E(K) with ¢(Ty) = T. Then

o"(T)=¢"(0)= > (P+Ty)— Y (P)

PeE[¢] PcE[¢]

has sum nTjy = ¢p¢Ty = ¢T = 0 so exists g € K (E) such that div(g) = ¢*(T) —
6°(0). Now div(6" ) = 6" (div f) = n(6"(T) ~ *(0)) = div(g") s0 6" = cg”
for some ¢ € K . Recaling f, wlog ¢ =1, i.e. ¢*f = g™.

If S € E[¢] then 74(div g) = div g so div(r§g) = div g so 759 = (g for some

e K, ie. (= % independent of choice of X € E(K). Now

o SX S fO(X+S)
9X)" F(60X))

since S € E[¢]. Thus ¢ € p,,. Finally we define

g(X +95)
9(X)

€¢(S,T) =
for any X € F.

| Proposition 14.5. ¢4 is bliniear and nondegenerate.

Proof. Linearity in first argument:

_g(X + 51+ 52) g(X + Ss)
18D =" sy e ®)

= €¢,(Sl, T)€¢(Sg, T).

Linearity in second argument: let 71,7y € E'[¢]. We can find f;, g; such
that div(f;) = n(T;) — n(0), ¢* f; = gI*. There exists h € K(E’) such that

div(h) = (Th) + (T2) — (T1 + T») — (0).
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Then put f = f;l,{"’ ,g = df’j(g}f). Check

div(f) = n(Th + Tz) — n(0)

wr ON10°f g2\ .
o1 == (5) =
SO
X+ S
€¢(S,T1 +T2) = g(g(;(:))

_ g1 X +8)ga(X+8) h(p(X))
g1(X) 92(X)  h(op(X +9))
—_————

=1

= ey(S, Th)ey(S, 1)

ey is nondegenerate: fix T' € E'[¢]. Suppose e4(S,T) =1 for all S € E[¢],
so 7ég = g for all S € E[¢]. Thus

K(E)

¢*K(E')

is a Galois extension with group E[¢|, with S € E[¢] acting as 75. Thus g = ¢*h
for some h € K(E')*. Thus ¢*f = g" = ¢*h" so f = h". Thus divh = (T')—(0)
soT =0g. A

For the other direction, we've show E’'[¢] — Hom(E[¢], itr,). It is an isomor-
phism by counting. O

Remark.

1. If E,E" and ¢ are defined over K then e4 is Galois equivariant, i.e.
es(0S,0T) = o(ey(S,T)).

2. Taking ¢ = [n] : E — E (so ¢ = [n]) gives e, : E[n] x E[n] — pn2 = fin
since e,, is bilinear.
| Corollary 14.6. If E[n] C E(K) then p, C K.

Proof. We claim exists S,T € E[n| such that e,(S,T) is a primitive nth root
of unit, say (,. We pick T € E[n] of order n. The group homomorphism
E[n] = pn, S — e,(S,T) has image ug for some d | n. Then e, (S,dT) =1 for
all S € E[n]. By nondegeneracy dT' = 0 so d = n, proving the claim. To show
¢ € K we use Galois equivariance: for all o € Gal(K/K),

0(Cn)o(en(S,T)) = en(0S,0T) = e, (S, T) = ¢,
so ¢, € K. O

Example. There does not exist F/Q with E(Q)ior = (Z/37)2.

Remark. In fact e, is alternating, i.e. e,(T,7) = 1 for all T € E[n|. By
expanding e, (S + T, S + T), we have e,, alternating: e, (S,T) = e, (T,S) " .
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Let G be a group and A a G-module, i.e. an abelian group with an action of
G via group homomorphism (in other words a Z[G]-module). We begin with a
very practical definition of group cohomology (or more precisely, H® and H!).

Definition (group cohomology). We define
H°(G,A) =A% ={ac A:0(a) =aforall o0 € G}.
We define the first cochains, cocyles and coboundaries
CHG,A) ={G — A}
ZNG, A) = {(ag)seq : Gor = 0(ar) + ay}
BY(G,A) = {(6b—b)geq : b€ A}

Then we define e @ 4)
1 o 9
H (G,A) = 7Bl(G,A)'

Remark. If G acts trivially on A then H!(G, A) = Hom(G, A).

We quote some elementary results from homological algebra:

Theorem 15.1. A short exact sequence of G-modules

¢

B, ¢ 0

0 A

gives rise to a long exact sequence of abelian groups

0 — A — BY — 0% — HY(G,A) — H'(G,B) — H'(G,C)

Proof. Omitted. We note the definition of § : C¢ — H'(G, A): given ¢ € CY,
exists b € B such that 1(b) = ¢. Then

T(ob—b) =0c—c=0

for all o € G so ob—b = ¢(a,) for some a, € A. Can show (a,)scc € Z1(G, A).
We define 6(c) to be the class of (a,)seq in HY(G, A). O

Theorem 15.2. Let A be a G-module and H < G be a normal subgroup.
Then there is an inflation-restriction exact sequence

0 — HYG/H,A") 2L, HY(G, A) = HY(H,A)

Proof. Omitted. O

Let K be a perfect field. Then Gal(K/K) is a topological | group with basis
of open subgroups Gal(K /L) for [L : K] < co. If G = Gal(K/K) we modify
the definition of H'(G, A) by insisting
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1. the stabiliser of each a € A is an open subgroup of G,
2. all cochains G — A are continuous, where A is given the discrete topology.

Then

HY'(Gal(K/K), A) = lim Hl(Gal(L/K%AGal(f/L))'
L/K finite Galois

Here the direct limit is with respect to inflation maps.

Theorem 15.3 (Hilbert theorem 90). Suppose L/K is a finite Galois ex-
tension. Then
H'(Gal(L/K),L*) = 0.

Proof. Let G = Gal(L/K) and (a,)scc € Z'(G, L*). Distinct automorphisms
are linearly independent so exists ¢ such that

=Y 0t £ 0.

TEG
For o € G,
o(x) = ola;)or(y) = as Y aztor(y) = aow.
reG TEG
Thus a, = # s0 (ay)geq € BY(G, L*). Thus H* (G, L*) = 0. O

| Corollary 15.4. H'(Cal(K/K),K )= 0.

As an application, assume char K { n. There is a short exact sequence of
Gal(K /K )-modules

*

0 n K =2 | 0

so we have a long exact sequence

K* 222 gy HY(Gal(K/K), pn) — HY(Gal(K/K),K) =0
SO
HY(Gal(K/K), pn) = K*/(K*)™.
Now let’s revisit Kummer theory. If p,, C K then
Hom(Gal(K/K), jn) = K*/(K*)™.

Finite subgroups of LHS are of the form Hom(Gal(L/K), ) for L/K a finite
abelian extension of exponent dividing n. Thus we get another proof of Theorem
11.2.

Remark. Every continuous group homomorphism x : Gal(K/K) — pu, fac-
torises uniquely as o
Gal(K/K) — Gal(L/K) < pn

for L the fixed field of ker x.
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Notation. Since we are dealing with Galois cohomology, write H YK, —) for
HY(Gal(K/K),—).

Let ¢ : E — E' be an isogeny of elliptic curves over K. There is a short
exact sequence of Gal(K /K )-modules

LN 0

0 — E[¢] E

which induces a long exact seqeucne
B(K) —2 E/(K) —— HY(K,E[¢]) —— HY(K,E) —% H'(K,E')

from which we get a short exact sequence

0 e HY(K, B[¢]) — HY(K, E)[¢.] — 0

Now take K a number field. For each place v of K we fix an embedding K CK,.
Then Gal(Kv/Ky) C Gal(K/K). We get a commutative diagram

0 Lk HY(K, E|g)) — HY(K, E)[¢,] — 0
0 Lah HY(K,, Bl¢]) —— HY(K,, B)[¢s] — 0

Definition (Selmer group). The ¢-Selmer group S(®)(E/K) is the kernel
of the dotted arrow in

0 Lk HY(K, El¢]) —— HY(K,E)[¢.] — 0

l J{resv R » J{resv
ey

0 — TI, B 2o [T H1(K,, Bl6)) — T1, H' (K., E)é.] — 0

SUNE/K) = ker(H' (K, E[¢]) — [ [ H' (K., E))

={a € H (K, E[¢]) : resy (a) € im(d,) for all v}

Definition (Tate-Shafarevich group). The Tate-Shafarevich group is

II(E/K) = ker(H' (K, E) — [ [ H'(K,, E)).

We get a short exact sequence

0 — Jr) SO(B/K) — (E/K)[¢.] — 0
In particular we can specialise to ¢ = [n]. Rearranging our proof of weak

Mordell-Weil gives
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| Theorem 15.5. S (E/K) is finite.

Proof. For L/K a finite Galois extension there is an exact sequence

0 — HY(Gal(L/K), E(L)[n]) -2 HY(K, E[n]) —=» H'(L, E[n))

B B

SM(E/K) —— S™(E/K)

As HY(Gal(L/K),E(L)[n]) is finite, we we extend our field K and assume
E[n] € E(K) and hence p,, € K. Thus E[n] & p, X u, as Galois modules.
Thus

HY(K,E[n]) = H (K, ) x HY(K, p,) = K*/(K*)" x K*/(K*)".

Let S be the union of primes of bad reduction for E, v such that v | n and
the infinite places. Note S is a finite set of places.

Definition. The subgroup of H*(K, A) unramified outside S is

HY(K, A; §) = ker(H' (K, A) — [[ H' (K", A)).
vgS

There is a commutative diagram with exact rows

BE(K,) —" B(K,) —— H'(K,, E[n))

/ / [

B(K}7) =" B(K}) —— H'(K}", E[n])

Multiplication by n on the second row is surjective for all v ¢ S (Thm 9.9).
Thus

SM(E/K) = {a € H'(K, E[n]) : res,(a) € im(é,,) for all v}
C H'(K, E[n]; 5)
= HY(K, pin; S) x H (K, j1; S)

(?using the fact that resod, = 0) But

H' (K, ;) = ker(K*/(K*)" — [T (&) /(57)™) = K(S.n)
vgS

which is finite. O

Remark. S (E/K) is finite and effectively computable. Tt is conjectured that
|(E/K)| < co. This would imply that rankE(K) is effctively computable.
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16 Descent by cyclic isogeny

Let E, E’ be elliptic curves over a number field K. Let ¢ : E' — E’ be an isogeny
of degree n. Suppose E'[¢] = Z/nZ is generated by T € E'(K). Then E[¢] =
s S+ eg(S,T) as a Gal(K /K)-module. We have a short exact sequence of
Gal(K /K )-modules

¢

0 Ln E E' 0

giving rise to long exact sequence

E(K) — E'(K) —— HY(K,u,) — HY(K,E)

e b

K*/(K*)"

Theorem 16.1. Let f € K(E') and g € K(E) with div(f) = n(T) — n(0)
and ¢*f = g". Then a(P) = f(P) (mod (K*)") for all P € E'(K)\{0,T}.

Proof. Let Q € ¢~'P. Then §(P) € H'(K, u,) is represented by the cocyle
o 0Q —Q € E[p] = puy. For any X € F not a zero or pole of g,

00— 0.7~ U@ X) _ g0Q) _ 0l6(@) _ o(y/IF))

9(X) 9(Q) 9@ — Yf(P)
But
HY(K, ) = K*/(K*)"
o U;\/; o
so a(P) = f(P) (mod (K*)™). O

Descent by 2-isogeny Let E:y? = z(z?+azx+b),E : y* = z(z2? +d'x +V)
where b(a? — 4b) # 0,0’ = —2a,b’ = a? — 4b. Define

b E—E
(@) - (L2, 2220,
$:E - E
@y (502, 120
Check they are dual to each other. Have E[¢] = {0,T}, E'[¢] = {0,T"} where
= (0,0) € E(K),E' =(0,0) € E'(K).
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16 Descent by cyclic isogeny

Proposition 16.2. There is a group homomorphism
E'(K) — K*/(K*)*

r (mod (K*)?) x#0
(%”H{y(mwucw v=0

with kernel ¢(E(K)).

Proof. Either apply theorem 16.1 with f =2 € K(E'),g = £ € K(FE), or direct

calculation, see example sheet 4. O]
Let
E(K) 2 E'(K) 2
o ———— <= K*/(K*)", ap : — K*/(K*)".
P(E'(K)) P(E(K))

| Lemma 16.3. 2rankE(K) — i|imaE| Slimag|.
Proof. Since ¢¢ = [2]p there is an exact sequence

0 —— B(K)[¢] —— E(K)[2] —*— E'(K)[J]

E(K) 0
PE(K) 2E(K) E'(K)

so the alternative product of group orders is 1. Thus

|E(K)/2E(K)| |imag]- |imaE/|.

E(K)[2] 4

By Mordell-Weil E(K) 2 A xZ" where A is finite and r is the rank of E(K).
Thus

E(K) _ A
2B(K) - 2n <

Since A is finite, % and A[2] have the same order. The result thus follows. [

7./27)", B(K)[2] = A[2].

Lemma 16.4. If K is a number field and a,b € Ok then imag C K(S,2)
where S = {primes dividing b}.

Proof. Must show if z,y € K, y* = z(2? + az + b) and v,(b) = 0 then vy(x) is
even. If vp(x) < 0 then by lemma 9.1 vy(x) = —2r,v,(y) = —3r for some r > 1.
If vp(z) > 0 then vy (22 + az + b) = 0 50 vy (x) = vp(y?) = 20, (y). O
Lemma 16.5. If biby = b then by (K*)? € im ag if and only if
w? = biu* + auv? + bov?

is soluble for u,v,w € K not all zero.
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16 Descent by cyclic isogeny

Proof. 1f by € (K*)? or by € (K*)? then both conditions are satisfied so may
assume by, by & (K*)2. by (K*)? € im ap if and only if exists (z,y) € F(K) such
that = = b;t? for some t € K*, so

y? = bit*((011%)* + abyt* +b)

S0
(i)Q = b1t4 + CLt2 + bQ
byt
so have solution (u,v,w) = (¢, 1, ﬁ)
Conversely if (u,v,w) is a solution then uv # 0. Check (by(%)2,b1%%) €
E(K). O

Now take K = Q.

Example. E : y? = 23 —x. By lemma 16.4, imag C (—1) C Q*/(Q*)%. But we
know (0,0) € im ag, equality. E': y?> = 2% + 4z, imap C (—1,2) C Q*/(Q*)2.
Need to check

by = 1w? = —u* — 4u?
by = 2w? = 2u* + 20v*
by = —2,w? = —2u* — 2*

The first and third are not soluble over R. The second has solution (u, v, w) =
(1,1,2) soimap = (2) C Q*/(Q*)2. Thus rankE(Q) = 0so 1 is not a congurent
number.
Example. E : y? = 2% + px where p is a prime, p =5 (mod 8). by = —1,w? =
—u* — pv? is insoluble over R so imag = (p) C Q*/(Q*)%2. E':y? = 23 — 4dpx
soimag C (~1,2,p) C Q/(Q°)%. Note ap(T") = (~4p)(@")* = (—p)(Q")?
so only need to consider

by = 2,w? = 2u* — 2pv?

by = —2w? = —2u* + 2pv?

by = pw? = pu* — 4v*
Suppose equation 1 is soluble. wlog u,v,w € Z,ged(u,v) = 1. If p | u then p | w
and then p | v, absurd. Thus w? = 2u* # 0 (mod p) so (%) = 1, contradicting
p=>5 (mod 8).

Likewise 2 has no solution since (*7) =—1.

To recall, for E : y?> = x(2?2 + ax +b), ¢ : E — E’ a 2-isogeny. w? =
biu* + auv? + bov*(x). Have a short exact sequence

0 o SO(E/Q) —— TII(E/Q)[¢.] — 0

imap = {b1(Q*)? : * is soluble over Q}

C S(E/Q) = {b1(Q*)? : * is soluble over R and over Q, for all p}
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16 Descent by cyclic isogeny

Fact. (Uses example sheet 3 question 9 and Hensel’s lemma) If a,by,b0 € Z
and p t 2b(a® — 4b) then * is solubleover Q,,.

Example (example 2 continued). E : y?> = 23 + pz, p = 5 (mod 8), w? =
put —4v*t. E(Q) has rank 0 if (1) is insoluble over @ and rank 1 if soluble. By
the fact we only have to look at p- and 2-adics.

o T is soluble over Q, since (_?1) =1so —1 € (Z)? (by Hensel’s lemma).
o soluble over Qg since p —4 =1 (mod 8) so p — 4 € (Z3)2.
« soluble over R since ,/p € R.

We can try to spot solutions:

b
5

13
29
37
53

AN e N Y e
—
g ot ot w =8

e el e e

Conjecture: rank(E(Q)) = 1 for all primes p =5 (mod 8).

Example (Lind). E : y? = 23 + 172. imag = (17) C Q*/(Q*)2. E' : y* =
23 — 68z, imag C (—1,2,17) C Q*/(Q*)2. Consider by = 2. w? = 2u* — 34v*.
Replace w by 2w and divide through by 2 to get C : 2w? = u* — 17v*. Denote
by

C(K) = {(u,v,w) € K*\ {0} satisfying C}/ ~
where (u,v,w) ~ (Au, Ao, \2w) for all A € K*.

C(Qq) # 0 as 17 € (Z3)*. C(Q17) # 0 since 2 € (Z};)?. C(R) # 0 since
V2 € R. Thus C(Q,) # 0 for all places of Q. However it has no solution over
Q: suppose (u,v,w) € C(Q). wlog u,v € Z,ged(u,v) = 1, then w € Z and
can assume w > 0. If 17 | w then 17 | w and then 17 | v, absurd. So if p | w

then p # 17 and (177) = 1 so by quadratic reciprocity (%) = (177) =1 (for p
odd. For p = 2 have (&) = 1. Thus (%) = 1. But 2w? = u* (mod 17) so

2 € (F3;)* = {&£1, £4}, absurd. Thus C(Q) = (. C is a counterexample to the
Hasse principle. It representes a non-trivial element in III(E/Q).

Birch Swinnerton-Dyer conjecture Let E/Q be an elliptic curve.

Definition (I-function). The L-function of E is L(E,s) = ][, Ly(E,s)
where

(1 —app=® +p'=2%)"! good reduction
L(E.5) (1—p)~t split multiplicative reduction
b) S = . . . . .
P (1+p)~t nonsplit multiplicative reduction
1

additive reduction

where #(F,) =p+ 1 — a,.

Hasse’s theorem says that |a,| < s\/p so L(E,s) converges for Res > %
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16 Descent by cyclic isogeny

Theorem 16.6 (Wiles, Breuil, Conrad, Diamond, Taylor). L(E, s) is the L-
function of a weight 2 modular form and hence has an analytic continuation
to all of C (and a functional equation relating L(E,s) and L(E,2 — s)).

Conjecture (weak Birch Swinnerton-Dyer conjecutre). ords—1 L(E, s) = rankFE(Q).

Assuming weak BSD and let r = ords—1 L(E, s) be the analytic rank, we
have

Conjecture (strong Birch Swinnerton-Dyer conjecutre).

1 _ Qp|UI(E/Q)|RegE(Q) [[p c
lm G LB = [E(Q)eors]? :
where
o ¢, = [BE(Q) : Ey(Qp)] = tamagawa number of E/Qy, if Ej(%gi =

(Py,...,P.) then
RegE(Q) = det([F;, P;])s;

where [P, Q] = h(P + Q) — h(P) — h(Q).

e OQp = fE(R) m where a; s the coefficient of a globally minimal
Weierstrass equation for E.

Best result so far:

Theorem 16.7 (Kolvragin). If ords—1 L(E,s) = 0 or 1 then weak BSD is
trus and |III(E/Q)| < co.
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