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1 Manifolds

1 Manifolds

We want to generalise curves and surfaces in R2. A curveisamapy:R2D T —
R? or R? that satisfies certain properties we’ll find out in a minute. Clearly
continuity is necessary but not sufficent, as evidenced by the famous Peano
space-filling curve. Smoothness is not quite enough either, as ¢ — (¢2,¢3) has a
cusp at the origin. The correct requirement will be that ~ has regular parame-
terisation, i.e. |¥(¢)| # 0 for all ¢.

Similarly, a surface should be defined as as a map 7 : R? O D — R3 with a
regular parameterisation, i.e. r € C°°(D) and ‘% X %‘ %+ 0 for all (u,v) € D.

We may follow this route and generalise to (hyper)surfaces in R™, which will
be a generalisation of classical differential geometry of curves and surfaces in R3.
The good thing is that we can readily apply calculus and it is easy to construct
these objects. However, it does suffer from the prolblem of different parameteri-
sations give rise to different geometric objects, as well as some surface requiring
more than one parameterisation. Although these can be bypassed more or less,
the more serious drawback is the extra technical complexity determined by the
higher dimension of the ambient space.

A better concept is smooth manifolds. We first begin with a review of topo-
logical structure, which every manifold possesses.

Definition (topological space). A topological space M is a choice of class of
the open sets such that

1. () and M are open,

2. if U and U’ are open then so is U N U,

3. for anly collection of open sets, the union is open.

In this course, we always require a topological space to be Hausdorff and
second countable.

Definition (local coordinate chart). A local coordinate chart on a topolog-
ical space M is a homeomorphism ¢ : U — Vwhere U C M and V C R are
open. U is a coordinate neighbourhood.

Definition (C*°-differentiable structure). A C*°-differentiable structure on
a topological space M is a collection of charts {¢, : U, — V,} where
V, C RY for all « such that

1. {U,} covers M, ie. M =JU,,

2. compatibility condition: for all «, 3, pg° Bt is O wherever defined,
ie. on ¢, (U, NUg),

3. maximality: if ¢ is compatible with all the ¢,’s then ¢ is in the
collection.

The collection of charts is called an atlas.

Note that 2 implies that ¢g ° @1 is a diffeomorphism.
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Definition (manifold). A manifold is a Hausdorff, second countable topo-
logical space with a C'*°-differentiable structure.

Remark.

1.

In practice, we almost never specify the topological structure. Instead, we
can induce a topology from a C'°° structure by declaring D C M open if
and only if for all (p,,U,), ¢, (U, N D) is open in RY.

2. We may replace C* by C* for k > 0 finite. If we set k& = 0, the objects be-
come topological manifolds. On the other hand, use C™ and holomorphic
maps we get complex manifolds.

3. Requirement of being Hausdorff and second countable are for rather tech-
nical reasons. In some cases we may drop Hausdorfiness requirement, and
such examples do arise naturally. However in that case we lose uniqueness
of limits. Similarly non-second countable space, such as the disjoint union
of uncountably many R”, can become manifold-like structure if we relax
the definition.

Example.

1. R? covered by the single chart ¢ = id.

2. Unit sphere S" = {x = (zg,...,x,) € R"': 37" 2% = 1}. The charts
are stereographic projections

(x) = = ) 1)
X) = Ty
¥ 1 . 1'0 1> s Pn
Blx) = ——( ) (2)
X) = ——(%q, ..,
1 + T, 1» yn
where ¢ is defined for all points on S™ except (1,0,...,0) and similar for
. Suppose p(P) = u,9(P) = v, then by basic geometry v = 1o (u) =
u
Tul?
3. Given M,, M, manifolds of dimension of d; and dy, M, x M, is a manifold
of dimension d; + d,. We define the n-torus to be T,, = St x --- x S1.
n
4. An open subset U of a manifold M is a manifold.
5. The real projective space,

RP™ = {all straight lines through 0 in R""!}.

The points in the space are z; : --- : x,, where ;’s are not all zero. Note
that

Tt Xy = ALt AT,

for all A # 0. As per a previous remark, we shall induce the topology by
a C* structure. The charts are (U;, y;) where U, = {z,; # 0}, and

=)

Z;

8

X -
L)01'('730 P 'rn) = (705 cees by eens
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where i denotes that the ith coordinate is omitted. The U;’s cover RP™
so we are left to check compatibility. For i < j,
Y1 1

;o0 s Wy ey Yn) Py s Loy b (5 —
th

Yn)
i Yj Yj Yj

is smooth. Since ¢ and j are arbitrary, Rp™ is a n-manifold.

Similarly we can check CP" is a 2n-manifold, and HP™ is a 4n-manifold
(but this is a bit tricky due to noncommutativity).

6. Grassmannians (over R or C): we define Gr(k,n) to be all k-dimensional
subspaces of the n-dimensional vector space, which generalises the projec-
tive space. For real vector spaces for example, RP™ = Gr(1,n + 1). We
can check Gr(k,n) is a manifold of dimension k(n — k).

The construction is a bit technical so we will give example of one chart.
Let U be the k-subspaces obtainable as the span of rows of & xn matrices of
the form (I, =), and the local coordinate maps a basis of such k-subspace
to the k x (n — k) block . Since the frist k rows are linearly independent,
we call U = Uj_y ... More generally the domain of charts take the
form U;; ..c;, <n- It is an exercise to check that this gives a valid C>
structure.

7. A non-example: define an equivalence relation (z,y) ~ (Az,{) for all
A # 0 and define X := R?/ ~. {xy = c} is one equivalence class if ¢ # 0.
If ¢ = 0, {xy = 0} is three classes {(z,0) :  # 0}, {(0,0)},{(0,y) : y # 0}.
Thus

X 2 (—00,0) U{0/,0”,0”} U (0, 00).
Define charts
@+ (—00,0) U0 U (0,00) — R
in the obvious ways. We can check that it gives X a valid C'* structure,
except that the induced topology is non-Hausdorff!

8. For a non-second countable example, see example sheet 1 Q12.
Definition (smooth map). Let M, N be manifolds, a continuous map f :

M — N is smooth or C* if for any p € M, there exists charts (U, ¢) on M,
(V,4) on N such that p € U, f(p) € Vand

Yo fop!

is smooth wherever it is defined, i.e. on (U N f~1(V)) C R™ where n =
dim M.

Remark. Note that by continuity, o(UNf~1(V)) is necessarily open. Of course
we can do it differently by not requiring f to be continuous a priori but instead
ask the above set to be open.

For any charts @, 1;,
pofoft=(ovy)o(ofopt)o(popt)

is a composition of smooth map so is smooth. Thus smoothness of a map is
independent of charts.
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Definition (diffeomorphism). A smooth map f : M — N is a diffeomor-
phism if f is bijective and f~! is smooth. If such f exists, M and N are
diffeomorphism.

Remark.

1. Our definition of smoothness is a generalisation of that in calculus. More
precisely, f: R™ — R™ is smooth if and only if it is smooth in the calculus
sense.

2. Any chart ¢ : U — R? is a diffeomorphism onto its image.

3. Composition of smooth maps is smooth.
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2 DMatrix Lie groups

We can view GL(n,R) as an array of numbers and thus embed it in R"™. Fur-
thermore, by considering the determinant function it is an open subset so is an
n2-manifold. Matrix multiplication is obviously smooth. In the same vein we

have GL(n, C), SL(n,R) etc as mannifolds with smooth multiplications.

Definition (Lie group). A group G is a Lie group if G is a manifold and
has a compatible group structure, i.e. the map (o, 7) — o7~ ! is smooth.

Before Lie groups, let’s have a short digression in analysis to discuss the
exponential map. For a complex n X n matrix A = (aij), define a norm

Al =n- mi?x |aij|

where the n in front is such that |AB| < |A| - |B|. We now define
1, 1
exp(A) =T+ A+ 5A + o+ EA" + ...

Of course we have to check the series makes sense: in fact exp A is absolutely
convergent for all A as ‘%’ < %. The series is also uniformly convergent
on any compact set, by Weierstrass M-test. Therefore exp is a well-defined
continuous map.

In fact, the map is smooth although the proof is technical. A sketch of the
proof is like this: note that f: A — A™ is smooth for all m € N. For m = 2,

dfs: H— HA+ AH so |df 4| < 2|A] so for all m,
ldfall < m]A[m

We can thus term-by-term differentiate exp and get a locally uniformly conver-
gent series and use the above estimate to bound derivatives.
It is easy to check that:

—_

exp(A?) = (exp A)! where A? is the transpose of A.

[\

. exp(CAC™ 1) = C(exp A)C~! for C nonsingular.

bt

exp(A + B) # exp Aexp B unless AB = BA.
4. exp Aexp(—A) = I for any matrix A.

The second property prompts us to put A into Jordan normal form before
computing exp A.
Using the series
A2 n+1 A"
log(I + A) :A—7 + -+ (—1) 7+...
we can tackle this similarly to exp to check log(I + A) is smooth on {|A4| < 1}.

We can also check
exp(logA) = A
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if |JA—1I| < 1, with a proof given by manipulation of double indexed series,
which is valid due to absolute convergence. The expression log(exp A) is more
subtle. Clearly we need |exp A — I| < 1. But it is not sufficient: if

0 —0
=5 0)

cosf —sin 9)

where 0 € R, then

sinf  cosf

exp(4g) =
Put 0 = 2w, exp A — 1 =0 but

log(exp A27'r) =0 7& A27r'

The reason is that the series is no longer absolutely convergent. If we add the
additional condition that |A| < log2 then

log(exp A) = A.
It is left as an exercise. (Hint: |exp|A| — 1| < 1 implies absolute convergence.)

Example (orthogonal group). Recall that
O(n) = {A € GL(n,R), AA* = I}.

Let A € O(n) with |[A—1I| < 1. Let B = log A so e® = A. There exists 0 < & < 1
such that whever |4 — I| < ¢, have |B| < log2 using continuity of log. Then

eBeB' = AAt =1

SO
t

eP=A=A)1=(F)t =P

Now |B!| = |B| = log2. Taking log, we find that B = —B' so B is a skew-
symmetric matrix.
Conversely, if B = —B¢, |B| < log?2 then

so A=eB € 0(n).

Proposition 2.1. O(n) has a C* structure making it a manifold and Lie

. . n(n—1)
group of dimension ——5—.

Proof. Put
V, := {B : B skew-symmetric, | B| < log 2}

and U := exp(V};), an open neighbourhood of I € O(n). Let

h:U—V,
A logA

which is a well-defined homeomorphism onto V|;, an open subset of the skew-
symmetric matrices, which can be identified with R™"~1)/2,
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Now we construct the charts (Ug, he). For all C = O(n), put Uy := {CA :
A € U}, i.e. left translation of U by C. Define

he - Ug — V,
A log(C7LA)

which is a homeomorphism . To check they form an atlas, first note that C' € U,
so O(n) = UCeo(n) Ue. Furthermore

he, @ he (B) = he, (CreP) = log(C3 1 C,eP)

which is smooth since it is the composition of smooth maps. Thus O(n) is a
manifold.
To check compatibility of group axioms, define

F:0(n)xO(n) = O(n)
(A}, Ay) = A AT
In local coordinates, it is
ha,ayt (F(h (By), hiyl (Bs)))
=log[(A;A7") 1A ePi(AyeP2) 7Y
=log(AyeBre B2451)
which is smooth. O

The same construction works for other classical groups of matrices. See
example sheet 1 Q4.
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3 Tangent space to manifolds

Consider a curve in R", defined by a smooth parameterisation
z(t) = (z;(t))isy
such that 2(0) = p € R™. Then a tangent to the curve is velocity
@(t) € T,R" = R"™.
Let y = y(z) be a C* change of variables, i.e. a local coordinates. Then

d Dy ) Jy; "
o t:oy(x(t)) = Qz (p)z(0) = ( o, ) 3

Jacobian

Definition. A tangent vector a to a manifold M at a point p € M is the
assignment to each chart (U, ), p € U a n-tuple (aq,...,a,) € R™ where
n = dim M so that for another chart (U’,¢’), p € U’ with local coordinates
(xy,...,2,) and (x],...,2;,), we have

/

z": i

This is sometimes known as the tensorial definition of tangent space. Other
equivalent definitions involve flows or using derivation on germs of smooth func-
tions.

Definition (tangent space). The tangent space T),M is the set of all tangent
vectors to M at p.

It follows that T, M is an n-dimensional real vector space. Thus 7),M = R"
although this isomorphism is not canonical. But given a local coordinate chart
with coordinates (xq,...,x,), the tuple (0,...,1,...,0) with 1 in éth position

in R™ has image under isomorphism %(p). Recall the chain rule for partial

derivatives:
0
830 8m 830
where (21, ..., 2),) is another chart. Thls is precisely the reason we impose upon

tangent vectors the transformation rule, namely so that tangent vectors become
a well-defined derivation of smooth functions at p: let a =3 a,5.-(p) € T,M
where z;’s are local coordinates around p. Then a first order derivation at p is

a:C®M)—=R
f'_}zazax

(where we assume the same charts on RHS) is a well-defined map independent
of choice of coordinates. We can interpret, with the x;’s,

d

af) =%

dt‘tzof(w(t))
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for all x : (—e,e) = M smooth, z(0) = p and %(0) = a.

Now for another choice Z; of local coordinates,

B B of  0x; .
)E,0) = ¥ 55052 0)i0)

g

d - of
atl,  JEO) =2 5

5 8xj

by the transformation law for tangent vectors.
The derivations satisfy Leibniz rule, i.e.

a(fg) = a(f)g(p) + f(p)a(g).

Conversely, every linear map a : C*°(M) — R satisfying the Leibniz rule arises
from some a € T,M. This is left as an exercise.

Example. An example from classical differential geometry. Consider a surface
r =r(u,v) : D — S where D C R? and S = r(D) C R3. Then S is a manifold
with ¢ = r71 o

) .
as a chart. Then r,,r, at p € S corresponds to -, 5, in our
theory.
3.1 Lie algebra
For a Lie group, the tangent spaces get an “infinitesimal” version of the group

multiplication.

Definition. A Lie algebra is a vector space with a bilinear multiplication
[-,], i.e. a Lie bracket such that

1. anticommutativity: [a,b] = —[b, a],

2. Jacobi identity: [[a,b],c] + [[b, ], a] + [[c, a],b] = 0.

Theorem 3.1. Let G be a Lie group of n X n (real or complex) matrices
such that log defines a coordinate chart near I € G, i.e. the image of log
near I is an open set in some real vector subspace of R™. Identify g = T,G
with the above open subset. Then g is a Lie algebra with

[Bth] = BBy — ByBy

for By, B, € g.

Proof. Check that g is a vector space and [, -] is anticommutative. The Jacobi
identity holds for matrices (straightforward check).
What is left is to show By, B, € g then [B;, B,] € g. Consider

A(t) = exp(B,t) exp(Byt) exp(—Byt) exp(—Byt),
the commutator of two elements in G. Then A(0) = I. Expand exp, we get
A(t) = I + [By, ByJt? + o(t?)
ast — 0 so

B(t) =log A(t) = [By, By]t? + o(t?).

10
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In addition exp B(t) = A(t) holds for [¢| sufficiently small so B(t) € g as it is
in the image of the log chart. It follows that Bl ¢ g for t # 0 as g is a vector

t2
space. Thus
B(t)
By, B,| = lim —=
[B1, By 150 12 co
as every vector subspace of matrix n,C is a closed subset. O

Example. For G = O(n), have g = o(n) = {skew-symmetric n X n matrices}
by previous work.

Definition. g is called the Lie algebra of G, write g = Lie(G).

In fact we can show Lie is a functor but we won’t pursue in that direction.
Definition (tangent bundle). Let M be a smooth manifold. Then TM =
]_[peMTpM is the tangent bundle of M.

Theorem 3.2. T'M has a natural C* structure, making it into a smooth
manifold of dimTM = 2dim M.

Proof. We shall induce the topology from the C*° structure. Let (U, ) be a
chart on M. Consider Uy = HpeUTPM so TM = |JUy. Fora € T,M,¢(p) =

(s, 2y,) so that a = 3. aia%i' Now define
op:Up— R x R"
a = (¢(p) (a;))

To show compatibility, suppose (U’,¢") is another chart on M with local
coordinates x; and efine ¢’ as above. Then

prowr (z,a) = (¢/,a)
where 2/ = ¢’ o o 1(x) and @’ is given by the translation law

’
a = axz

(x>a'j7

r 3o:j

so is smooth wherever defined.
Hausdorffness and second countability follows from that M and R™ are man-
ifolds. O

Note. Some remarks on the final statement regarding topological properties:
1. M is o-compact, i.e. every open cover has a countable subcover.

2. A basis of topology of TM is given by {B; x By} where By is open in
some coordinate neighbourhood U C M and B, is open in R™.

11
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Corollary 3.3. The projection

Tm:TM— M
(p,a) = p

18 smooth.

Remark. T'M has locally a product structure but in general 7'M is not diffeo-
morphic to M x R"”.

Definition (vector field). A wector field on a manifold M is a smooth map
X+ M — TM such that 7o X =id,,, i.e. X(p) € T,M for all p € M.

Note that X is smooth at p if and only if for any coordinate neighbourhood
U of p with local coordinates (z1,...,2,), X =37 a; (z)Z where a; € C*(U)
for all 4.

Example. Every manifold has at least one vector field: sending every point to
0. This is not the most interesting example, however.

Theorem 3.4. Suppose dim M = n. Then there exists smooth vector fields
XU XM on M such that for all p € M, XM (p), ..., X" (p) is a basis
of T,M, then TM is isomorphic to M x R™.

Here “isomorphic” means that there is a diffeomorphism ® : TM — M x R™
such that <I>|TPM : T,M — {p} x R" is a linear isomorphism.

Definition (parallelisable). A manifold satisfying the hypothesis is called
parallelisable.

Proof. Consider p € M so m(a) = p for all a € T,M. Then a =" | a; X (p)
for some unique a; € R. Put

®(a) = (n(a), (ay,...,a,)) € M x R"

which is clearly a bijection and <I>|Tp a is a linear isomorphism. Thus suffices to

check @ is a diffeomorphism. We use chart (U, ) on M and let (7~1(U), 1)
be the corresponding chart on T'M. Then

(@,idgn ) o @ o 7'« (2, (b)7y) = (2, (a;)fy)
such that

a=) a,X"(p)= Z%%(P)'

It is then obvious that these a,’s and b,’s differ by a change-of-basis transfor-
mation. Explicitly, write X in local basis as

. i 0
X0y = ZXJ( )(55)87
J

J

12
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and so

so ® is smooth. To check the inverse, note that (XJ@ (z)) is a non-singular
matrix smooth in x so ®! also has a smooth local expression. O

Remark.

1. The converse is easily seen to be true, in which case vector fields on M are
simply C*°(M,R™).

2. The parallelisable hypothesis is quite restrictive. For example, it implies
that each X" is never-zero. Some manifolds, such as S? do not have such
vector fields at all. In fact, S™ is parallelisable if only if n = 1,3, 7.

3. Every orientable 3-dimensional vector field is parallelisable.

Exercise. Show 52"t has a never-zero vector field.

Definition (differential). Let F' : M — N be a smooth map. Then the
differential of F'at p € M is a linear map

dF, : T,M — Ty N

such that if z; is a local coordinate near p and y; is a local coordinate near
F(p), then
0

aTJj(F(p))

0 oF;
Ay 50 Z 72 @)

where F = o F ol is the coordinate representation of F.

Now we have to check that it is independent of coordinate representation.
Recall that

P ox, . D
67;(29) = Z o, (@' (1) 5 (P)

and similar for %(F(p)). So

J

0 ox; 0y; 0y, 0O
P — v 7L F
ST?;Z by chain rule

so dF,, is indeed invariantly defined.

el
Exercise (geometer’s chain rule). For M NG Z, we have
d(G o F)p = dGF(p) o de

Now suppose F' : M — N is a diffeomorphism and X is a vector field on M.
Then (dF)X is a valid vector field on N.

13
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Remark. In general a vector field does not admit a pushforward. We need
surjectivity so (dF')X is everywhere defined and injectivity to avoid conflicting
values on target points. Finally we need the inverse to be smooth to ensure
(dF)X is smooth.

Every vector field X defines a linear map from C*°(M) to itself. More
precisely, it is a first order derivation with p € M varying. Locally, if X =
> Xi(x)£ then Xh is given by

Xh= 3 X))

It is an easy exercise to check that it is invariantly defined.

On the other hand, a smooth function on N can always be pulled back by
F. Suppose f € C*°(N). Then fo F € C°°(M). Thus in any local coordinates
x; on M, y;, on N, have

0
ox;

K3

.-
o F) =3 S o) 52 ).

Thus we have a coordinate-free formula
X(foF)=((dF)Xf)oF.
Equivalently, the following diagram commutes:

C=(N) - ¢>=(M)

l(dF)X lx

C>(N) - ¢ (M)

Let X and Y be two vector fields on M considered as first order linear differ-
ential operators. The composition XY is not a vector field. However,

Z:=[X,Y]=XY-YX
is a vector field. In local coordinates, it is

oy, . 9X,\ 0
Z@w;”m>%;

ik % %

where X = 37 X 9y = ZlYli Check that second order derivatives

19z, Ox;
vanish (because of symmetry of mixed partials). We can check that Z is a
vector field and as a map C*°(M) — C*°(M) it is linear over R and satisfy

Z(fg)=(Zf)g+ fZg.

Thus vector fields on M form a Lie algebra, which is infinite-dimensional.
Denote it by V(M).

14



8  Tangent space to manifolds

3.2 Left-invariant vector field

Let G be a Lie group and e € G the identity element. Let g = T,G. Given
g € G, the left translation by g

Lg:G%G
h = gh

is a smooth map and since it has inverse L 1, it is a diffeomorphism.
Given £ € g, we can define a vector field by

X§<g) = (dLg)e(g) € TgG

We can do this because for every point there is a diffeomorphism sending e to
it, and therefore we can construct a vector field using only its information at e.
We will soon find out there are lots of symmetry involved.

Lemma 3.5. The map X¢: G — TG, g+ (dLy).(§) is smooth so X, is a
smooth vector field.

Proof. As usual, check smoothness in local coordinates. Consider group multi-
plication L : G x G — G. Fix g, € G, then around (g4, e) € G x G, given charts
¢, around e whose image is V, and ¢, around g, whose image is V, , the local

expression L is

Then ig = i(¢g0 (9);+) = Ve =V, .Thus D, L, the derivative of the V,, variables,
gives the coordinate expression for (dL,).. But Dzi depends smoothly on the

V,, variables as L is a C*° map. Therefore X, is a smooth map around g,. As

g(; is arbitrary X, is smooth. O
We have shown that, identifying g = 7, G, that
(dLy)e 9 = T,G
is smooth. In fact, it is a linear isomorphism. Thus we have
Proposition 3.6. If&,, ..., &, are linearly independent (form a basis, respec-

tively) in g then for all g € G, X¢ (9),..., X, (g) are linearly independent
(form a basis, respectively) in T,G.

As a consequence we have

Theorem 3.7. Every Lie group G is parallelisable, i.e. TG =~ G x RIm¢&
where the diffeomorphism restricts to T,G is an isomorphism onto {g} x

RI™E for all g € G.

15
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There is another symmetry for a Lie group G. For all g, h € G, for all £ € g,
(dLg>hX§<h) = (dLg)h<dLh)e£ = (dLgh)e§ = Xf(gh)7

i.e.

(qu)X£ :XgoLq’ (*)
which, if we view X, : M — T'M as a global section of the projection map, may
also be written as (dL )X, = X,.

Definition (left-invariant vector field). A vector field X on a Lie group
satisfying the (x) is called left-invariant. Denote the subspace of all left-
invariant vector fields by £(G).

One important observation is that £(G) is a finite-dimensional subspace of
V(G): it is easy to see that for all X € ¢(G), there exists a unique £ € g such
that X = X,. This induces an isomorphism /(G) = g so dim/(G) = dimG.
Even better, £(G) is closed under Lie bracket so

| Theorem 3.8. {(G) is a Lie subalgebra of V(G).
Proof. One way to show this is to use
X(feF)=(dF)X[)oF

with F' = L, X = X, and f € C*°(G). See example sheet.
Alternatively, for any vector fields X,Y and diffeomorphism F, in example
sheet 1 Q6 we show that

(dF)[X,Y]=[(dF)X, (dF)Y].
Let f € C*(G),g9 € G,&,n € g. Then

which is saying

g

which is precisely (x). O
We now have, in the case of “good” matrix Lie groups, two definitions making

g into a Lie algebra. In fact, they are equivalent.

Theorem 3.9. Let G be a matriz Lie group with log defining a chart around
e € G. Then

T.G — {(G)
E X

is an isomorphism of the Lie algebras (using the “matriz” definition on

16



8  Tangent space to manifolds

| LHS).

We will prove the theorem in the next chapter.
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4 Submanifolds

4 Submanifolds

Let M be a manifold, N C M and N is itself a manifold (not a priori to be have
restriction of smooth structure on M). Denote ¢ : N — M the inclusion map.

Definition (embedded submanifold). If ¢ is smooth, dt, : T,N — T,,M is
injective for all p € N and ¢ is a homeomorphism onto its image, then we
say N is an embedded submanifold of M.

Definition (immersed submanifold). If we drop the requirement that ¢ is
a homeomorphism then N is a immersed submanifold of M.

At this point, the topological requirement may seem a bit mysterious and
not clear what it entails. It is equivalent to the statement that D C N is open
in N if and only if D = U N N for some U C M open. It excludes situation like
mapping an open interval to figure 8.

A variant of the definition may omit N C M and instead require ¢ : N — M
to be an embedding. If ¢ is injective and the three properties hold then ¢¥(N) C
M is an embedded submanifold.

Convention. From now on submanifold means by default embedded subman-
ifold.

Notation. For manifolds M and N and ¢ : N — M an embedding, write
P: N < M, ie (N) is a submanifold of M.

Remark. An immersion ¢ : N — M means that dv is injective everywhere. In
this way we may obtain ¥(N) C M “immersed with self-intersections”.

Example.

1. For curves and surfaces in R3, v : (0,1) — R® and r : U — R3 where
U C R?, the conditions mean that
(a) v and r are smooth,
(b) they are regular parameterisations,
(c¢) depending on what we are interested in, we may require them to be

(topological) embeddings.

2. The figure 8 example mentioned to distinguish embedded vs. immersed
manifold may seem contrived. However, immersed (and not embedded)
manifolds emerge naturally from irrational twist flow. Consider the map

R — St x S?
t (eit’ eiozt)
where @ € R\ Q. We can check that the map is injective and the image

is dense in S' x S'. In particular it is not a toplogical emedding so this
is an immersion but not an embedding.

One frequently asked question is: is a submanifold of R™ the same as f~1(0)
for some smooth map f : R® — R*? In general, no! f~!(0) C R is closed. One
can check that for every closed E C R? there exists a smooth f: R?2 — R such
that f~1(0) = E.

18



4 Submanifolds

Definition (regular value). Let f : M — Y be a smooth map. ¢ € Yis a
regular value of f if for all p € M such that f(p) = q, df, is surjective.

Note that under this definition if ¢ ¢ f(M) then ¢ is vacuuously a regular value
of f.

Theorem 4.1. Let f: M — Y be a smooth map and q € Y is reqular value
of f. If f~1(q) # 0 then N = f~1(q) is an embedded submanifold with

dim N =dimM —dimY.

This is geometer’s implicit function theorem, also known as preimage theorem.
We assume this theorem without proof, which can be found in the lecturer’s
online notes.

Remark. By a result in differential topology, suppose M is a manifold and
N C M is equipped with subspace topology. If there exists a smooth structure
on N such that N C M is submanifold then this structure is unique. Thus it
makes sense to say N is or isn’t a submanifold of M.

Proposition 4.2. Let N < M and p € N. Then there eixzsts a neighbour-
hood U of p in M and a smooth map f: U — R% where d = dim M — dim N
such that NNU = f~1(0). d is called the codimension of N in M.

Proof. Let ¢ : Uy — R™ is a chart on M where ¢(p) = 0 with local coordinates
(x4, ...,7,). Let 1 : V; — R’ be a chart on N where t(p) = 0 with local
coordinates (yy, ..., y,). Then the inclusion ¢ : N — M has local exression

r; = 1,(y).

(o)

has rank /. wlog we may assume the top ¢ x ¢ submatrix is nonsingular. Then
by Inverse function theorem,

The derivative at 0

nx{

Y; = yj(xlv e Tp)
which is well-defined and smooth near 0. Then for ¢ > ¢,
T =2 (Y(Tys @) = hy(@q,5 0, 0).

Then
fi(x) =2 — hy(wy, ..., 3y)

for i > ¢ gives a required f : U — R? where d = n — £, with Jacobian

1 0
v 0 1
so a regular value. O
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This result cannot be improved: let M = RP? and N = {x, : 1 : 25 €
RP? : 2, = 0} which can be identified with RP! = S*. But N # f~!(q) for all
smooth f : RP2 — P where P is a one-dimensional manifold, with ¢ a regular
value. A sketch of proof: if there exists such an f then there exsits some chart
v on U around ¢, o f : U — (—1,1) and U D N. Suppose for contradiction
N ={p: (¢of)(p) = 0}. RP?\ N is homeomorphic to an open disk in R2. 9o f
has 0 as a regular value, implying that 1) o f takes both positive and negative
values. But RP? \ N is connected so contradiction.

Theorem 4.3 (Whitney embedding theorem). Every n-dimensional man-
ifold M admits a smooth embedding to R?".

It is a hard theorem but it is very easy to show that there exists N such
that M is a submanifold of RY. In example sheet 1 Q9 we showed this for M
compact. It is also not too difficult to set IV = 2n+1, basically by embedding it
in a sufficiently large space and whittle down the dimension. However the last
step of improvement is truely an ingenious piece of work. The remarkability
of this theorem is not to say that the intrinsic defintion of manifolds coincide
with the extrinsic one, but the optimal dimension R2" of ambient space. This
is a topological invariant measuring how “complicated” a geometric object is.
For example, S™ can be embedded in R**! but Rp? cannot be embedded in R3.
The Klein bottle does not embed in R? either.

Restatement of an earlier theorem:

Theorem 4.4. Suppose G C GL(n,C) is a subgroup and a Lie group with
C™ structure of G given by log charts (i.e. log maps an open neighbourhood

U; of the idenity I onto a neighbourhood of 0 is some real subspace Vj of
Mat(n,C)), then

g — U(G)
§ X

is a Lie algebra isomorphism. Here g = T;G C Mat(n,C) is the span of V,
over R.

Proof. We have shown earlier
[Xe, Xyl = X¢
for some ¢ € g. Now want to show that
¢=I[&n =&n—ng

as matrices in g. First G = GL(n) = Mat(n) over R or C so g = mat(n). Then
for g € GL(n), L, is a linear map so (dL,); for all g,h in the usual matrix
multiplication The local expression for L, around I € GL(n) is

- 1
(Lg)B:g'eXpB:g'(I+B+5B2+...)

SO

(dL,)oC = 9C

g9
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Therfore for all g = (g}) € GL(n), A = (4}) € g = T;GL(n), we have

0 Do 0
Xal9) =D X955 = 2 oAz
J

i3 I gk

Now the chain rule follows from straightforard calculation. Using formula for
Lie brackets of vector fields,

, 0 0 0 ‘ 0
| AP —(¢!BP) — BF—(¢¢ AP) | = = ¢:(AB — BA)¥ o —.
gk ( 7 89; (gp q) J ag; (gp q)) 6,93 gk( )j 892

For the general case G C GL(n), note that the log chart hypothesis implies
that ¢ : G < GL(n). In fact we’ll use U; < GL(n) where U; C G. For all
g € G, L, : G — G is the restriction of L, : GL(n) — GL(n). Furthermore for
all h € G, (dL,), : T,G — T, G is the corresponding restriction of (dL,); on
GL(n). Therefore X, € £(G) is a restriction of X, € ¢{(GL(n)). Then

[X5|GaXn|G] = [XgaXn”G

which can be verified in “adapted” local coordinates using local test functions
only depending on coordinates along G and constant in the normal direction
(graph)

But on GL(n) we know [X, X, ] = X ), also for all {,n € g, [¢,7] € g. Now
the theorem for G follows too. O
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5 Differential forms

Definition (cotangent space). Suppose M is an n-dimensional manifold and
p € M. The dual of T, M, consisting of all linear funcitons 7, M — R, is call
the cotangent space at p and denoted by T7M.

If z,’s are local coordinates then we have %‘ as a basis for T),M. The dual
“lp

basis of Ty M is denoted by (dz;),, i.e.

Therefore for all a € T M, we can express uniquely as

= Zai(dx

i=1

Recall transformation rule for tangent space: if x; is another coodinates then

Ox;, 0
Z oz Oy,

so by linear algebra

Ox; dm

d,:
€L a/

so if a 1-form is given in two local coordinates
J— J— 7 /7
a= E a;dx; = E a;da;
@ J

then we have the transformation law

ox;
i 317’ i

which is not the same as that for tangent space.

Definition (cotangent bundle). The cotangent bundle of a manifold M is
defined by
M =[] ;M
peM

Theorem 5.1. T*M is a smooth manifold of twice the dimension of that of
M. Moreover the natural projection map w: T*M — M is smooth.

Proof. Similar to that of tangent bundle. O
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Definition (differential 1-form). A (smooth) differential 1-form, also known
as 1-form « is a smooth map a : M — T*M that is a section of 7 : T*M —
M, ie. a(p) € Ty M for all p € M.

Similar to vector fields, a 1-form a = 3 a,dz; is smooth if and only if ; is
smooth in all local coordinates, if and only if for all X € V(M), a(X) € C*°(M).

To define general k-forms, we need to take a crash course in multilinear
algebra. For r = 0,1, ..., the rth exterior product

A"T; M = {alternating multilinear functions on (7,,M)"}.
It is a vector space with basis
{dz; Aonda; 11 < < <i,<n
where n = dim M and x;’s are local coordinates around p. They are defined by

dz; A...A dxi,,,(”p ey ) = det((dm (V) .e)

where v, = 8 and k, < k,, for all £. This equals to 1 if and only if v;, = 836

for all £ and 0 0therw1se

Notation (multiindex notation). Let I = (iq,...4,.) be a multiindex, then write
dz;=dz; AN.. Adz; .

Using this notation, the transformation law for r-forms under change of coordi-

nates from z; to z is
oz’
de — Jk
2 H T

Using the same method in the construction of smooth structure on 7'M and
T* M, together with the transformation law for r-forms, we can make

AT M =[] ATy M
peM

into a manifold of dimension n = (") with smooth projection 7 : A"T*M — M.
It is called the bundle of differential r-forms.

Note. A°T*M = M x R and A'T*M = T*M

Definition (differential form). A smooth differential r-form, or simply an
r-form on M is a smooth map o : M — A"T*M that is a section of 7 :
A"T*M — M. The space of all r-forms on M is denoted Q" (M).

Given local coordinates z;’s, a differential form « can be locally expressed

a= Zal(m)dml

where «a;’s are smooth. They can be computed by a; = oz((9 1) It can be easily

checked that « is smooth if and only if (X, ..., X,) is smooth for all smooth
vector fields X,..., X,. Note that 0 forms are just smooth functions M — R

so QU(M) = C>=(M).

as
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5.1

Orientation of manifolds

Theorem 5.2. For an n-manifold, TFAE:

1. there exists a never-zero n-form on M,
2. there exists a family of charts (p,,U,) such that M =|J U, and for
all a, & with local coordinates x;,x; on U,,U,, respectively, we have
oz,
det — >0
ox;
onU,NU,,
3. A™T*M is parallelisable.
Proof.
1. 1 = 2: the transformation law when a differential form is expressed in

local coordinates z; and x; is

dz; A ... ANdzx,,

- (Z E?Z;ll d:cgl) A A (ZZ: g;ﬂ{’ dz;n)

n

Suppose we have w € Q"(M) never-zero. Let M = | JU, where each U,
is open connected, then

wly, = fa(z®)dzf A A day

We can reorder z* such that f, > 0. Then all deteminants are f,/f, >0

2 = 1: we need partition of unity. Given such a collection of charts,
define on each U, a never-zero n-form

Wy i=daP AL Adzd

Let {p,} be a partition of unity subordinate to the cover. Then
w= Z Pi (wa)
i

is a well-defined never-zero form on Q"(M).

1 <= 3: this involves the same idea in the proof that the existence of
global (co)frame is equivalent to parallisability of (co)tangent bundle. In
fact, this generalises to any bundle. We omit the details.

O

24
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Theorem 5.3 (partition of unity). For every open cover M =|JU,,, there
exists a countable collection p;, € C*°(M) such that

1. for alli, supp p; is compact and is contaned in U, for some c.

2. locally finite: for every x € M, there exists an open neighbourhood W,
containing x such that Pi‘wz =+ 0 only for finitely many i’s.

8. p; 20 foralliandy  p; = 1.

Then {p,;} is a partition of unity subordinate to {U,}.
Proof. Omitted. O

Definition (orientability). A manifold satisfying any of the condition is
called orientable.

If a manifold is orientable and connected then there are precisely two
choices of orientation.

The orientation is induced, equivalently, by
1. we Q"(M) up to a positive smooth function,
2. a coordinate cover up to “positive compatibility”,
3. a choice of ¢ up to composition (z,a) + (z,h(x)a) where h € C>*(M),
h > 0.
5.2 Exterior derivative

Let M be a smooth manifold and f a smooth function on M. The differential
at a point p € M is a linear map df, : T,M — Ty, R = R. Thus df, can be
thought as an element of Ty M. Therefore for all X € V/(M), have

df,(X) = X[f(p) € C=(M).

By checking coeficients of df in local coordinates we find that df € QY(M) is
well-defined.

Notation. For all local coordiates x; defined on U C M, dx, = dz; € Q' (U).

Remark. This is what is called gradient in vector calculus on R™. However,
in vector calculus we identify R with its dual, which is not always the case for
manifolds. Thus gradient is a covector, or 1-form.

Theorem 5.4 (exterior derivative). There is a unique R-linear map d :
QF (M) — QY (M) for all k = 0,1, ... such that
1. if f € QM) then df is the differential df.

2. dlw A n) = (dw) A+ (=1)4“y A dy where degw = k means that
we Qk(M).

3. d?=0.
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| d is called the exterior derivative.

Proof. Choose U C M with local coordinates x; and suppose w|y = f(z)dz;.
Then

d(f(x)dzy)

=(df)Ada;+ f(@) Y (. A(=D)Fdda, A L)
k=1
:z”: 863{ (x)dz; Adx;

i=1 ¢

and extend to Q"(U) by linearity. Then 1 clearly holds, 2 is an easy verification
and 3 holds by symmetry of mixed partials. This shows the uniqueness of d.
The above computation also shows that d must be a local operator, i.e.

dw, is determined by w|;; for any coordinate neighbourhood U of p. Thus for

existence of d it suffices to check if given another local coordinates x; on U,
the two local expressions agree. Suppose d’ is the exterior derivative given by
another coordinates z; on U. Aim to show d’ =d on Q"(U) for all r.

d'(fdey) = d'f Aday+ Y (=D fda, Ao Ad'da,, A Adag
k=1
d’f =dfas fis aO-form and d’a:ik = dz;_asz;_ aresmooth functions. Finally,
k k
so d(fdz;) =d’(fdx;). d=d'. O

5.3 Pullback of differential forms

Definition (pullback). Let f : M — N be a smooth map. Then the pullback
induced by f is
Q" (N) = Q"(M)
o f(a)
where
(f* (O‘))p(vh 7U7-> = af(p)((dfp)vla ) (de))U,.)
for all p € M,v; € T, M.

Note.
1. Unlike vector fields which in general cannot be pushed forward unless f is

a diffeomorphism, f* is well-defined for all maps f.

g f
2. Chain rule for pullbacks: given Z — M — N then (f o g)* = g* o f*, ie.
pullback is a contravariant functor.

3. f*(anpB) = f*(a)A f*(8) which is a straightforward exercise. In particular
for all h € C*°(N),
fr(ha) = (ho f)f*(@)
which implies that f* is C°°(M)-linear.

26
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4. Exterior derivative commutes with pullbacks, i.e. d(f*«a) = f*(da). For
a proof, suffices to check this on R™ as d is local and f* is pointwise (i.e.
algebraic). The outline is as follow: wlog M =U CR" and N =V CR™

open. Let the local coordinates be z; and y; respectively. For a = dy,,v =

Tgk and local coodinate for fis y; = y,(x), have

(@) ()
—duy((df) )

Z dy, 0
Oy, 82/4
Z 89@
8zk
_ af‘fj

_aT:k

so f* is determined by its images on dy;.

5.4 de Rham cohomology
We can use exterior derivatives to form a sequence

do d, d,
QM) — QY (M) — Q3 (M) — ...

with d,,; od, = 0 for all n. In fact this is a sequence of R-vector space
homomorphisms.

Definition (closed form, exact form). If & € Q"(M) is such that da = 0
then « is a closed form. If a = df for some 3 € Q"1 (M) then « is an ezact
form.

Clearly exact forms are closed but the converse is not true in general. Thus
it makes sense to consider

Definition (de Rham cohomology). The quotient space

kerd
Hig (M) = imd ’"1,

sometimes also denoted H" (M), is called the de Rham cohomology (or degree
r) of M.

As f* commutes with d, f* is a well-defined map on H"(M) and chain rule
holds. Hence for M diffeomorphic to N, we have

H"(M) = H"(N)

for all . The inverse, however, is not true.
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We can define -
Hig (M) = €D Hip (M).
r=0

It is an easy exercise to check that wedge product induces a ring structure on
HjR (M) (the key point is that (da) AS = d(aA ) whenever d3 = 0). Moreover,
assume M is connected, Hjp (M) is finite-dimensional as Q"(M) vanishes for
r > dim M, so does Hjp (M).

For all smooth f : M — N, the pullback f* induces a well-defined ring
homomorphism f*: H*(N) — H*(M). From previous work, have

Proposition 5.5. If M is diffeomorphism to N then
H*(M) = H*(N).
Again the converse is false. Try to show that
H*(RP3) =~ H*(S3%).
There are many types of (co)homologies on a space. The important result is
Theorem 5.6 (de Rham). Given a smooth manifold M,
H (M) = H"(M,R)
where H"(M,R) is the singular cohomology of M with coefficients in R.

This tells us that H]y (M) recovers an invariant of the topological space
underlying M, using differential r-forms.

If M is connected then HJp (M) = R, i.e. the constant functions on M. For
more generally result, we need

Theorem 5.7 (Poincaré lemma). Let U be the unit open ball in R™. Then
every closed k-form, where k > 0, is ezxact.

Corollary 5.8.

R k=0

Hk(U):{O k>0

In fact, we can replace U by R™ and get the same result.

Proof of Poincaré lemma. We give a sketch of proof. The key idea of is that we
can invert d,’s using integral operators

hy : QF(U) — QF1(U)
for k£ > 0 such that
Ppgr o dy +dp_y o by, = idgr ) -
Explicitly, define
hy(adz; A ... Adz; )(vgs .0 )

1 k
0
= (l tkla(tx)dt) dz; A..Adz; (Z Tig V1 ...vk1> .

i=1 ?
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5.5 Basic integration on manifolds

In this section assume M is an oriented n-manifold, where the orientation is
given by a choice of positively compatible charts {(¢,,U,)}-
Let w € Q"(M) and define its support to be

suppw = {p € M : w(p) # 0}.

Assume the closure suppw is comapct. If suppw C U, for some « with local
coordinates z; and
wly, = flz)dzy Ao Ada,

/wz/ flx)dzy ...dz,
M #aUs)

where RHS is the Riemann integral on R™. To show this is well-defined, suppose
suppw C Uy for some 8 with coordinates y;, and

then define

wly, v, = h(y)dy, A ... Ady,.

Then

Dy
det D de; = / fz)dx;

vaUq)

hiy)dy ; = h(y(x
/WB> (v)dy, /MUQ) (y(x))

To define the intergral of a differential form that is not supported on a single
chart, we use partition of unity.

Definition (integration on manifold). Suppose {p,} is a partition of unity
subordinate to the oriented cover. Then define

Some basic properties of the integral whose proofs will be left as exercises:
1. it is linear in w,
2. it is additive over disjoint coordinate neighbourhoods,

3. it is independent of choice of partition of unity (hint: if {p;} and {p,} are
two partitions of unity then show {p;p;} is another).

Theorem 5.9 (Stoke’s theorem for manifolds without boundary). If n €
Q"Y(M) is compactly supported then

/dn:O.
M
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Proof. Let {U;}Y, be positively compatible coordinate neighbourhoods cover-
ing supp7n and let choose charts on U, = M \ Supp7 so that it is positively
compatible with U, for 1 < i < N. Then {U;}¥ define an orientation on M.
Let {p;} be a partition of unity subordinate to {U,}¥, and let

N
dn=>"d(p;n)
1=0

be an n-form. Suffices to prove that for all 4,

/M d(p;n) = 0.

Fix ¢ and let x; be coordiantes on U;. wlog
p;n = hdx; A ... ANdx,

0 oh
d(p;n) = a—xlde A .. ANdzx,.

As supp h is bounded, say by R, have

d(p;n)
]R‘n.

R
:/ (/ @dml)d%...daﬂn
lon1 J_p 0Ty

Corollary 5.10 (integration by parts). Assume one of the forms a,f is
compactly supported on M and dega + deg 5+ 1 = dim M. Then

/Ma ANdB = (—1)1+deg“/ (da) A B.

M

Proof. Apply Stoke’s theorem to n = a A S. O
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6 Vector bundles

6 Vector bundles

Definition (submersion). A smooth map f : M — N is a submersion if
dfy s TyM — Ty, N is surjective for all x € M.

Definition (vector bundle). A vector bundle over a manifold B is a smooth
submersion 7 : E — B of a manifold E onto B satisfying

1. there exists a vector space V'such that for all p € B, E,, := 7 1(p) is
a vector space isomorphic to V;

2. local trivailisation: for every p € B, there exists open neighbourhood

U of p and a diffeomorphism ®;; such that the diagram

®
T U) —= UxV
~ |
U
commutes, where the map U x V' — U is projection to first coordinate;

3. ®,: E, — {p} x Vis an isomorphism of vector spaces for all p € U.

B is called the base of the bundle and E is called the total space. V'is called
typical bundle and dim V is the rank of the vector bundle. 7 is the bundle
projection. ®; is a local trivialisation and U is a trivialising neighbourhood.

Vector bundles of rank 1 are also called line bundles.

Definition (section). A section of a vector bundle E is a smooth map
5 : B — E such that mo s =idp.

A local section s : N — E where N C B is a smooth map such that
mo s =idy.

Example.

1. For any manifold V and vector space V, take F = B x V and 7 to be
the projection onto first coordinate. This is known as a trivial bundle or
product bundle. Sections of this bundle are C*°(B, V), i.e. vector valued
functions on B.

2. (Co)tangent bundles TM,T*M are real vector bundles of rank dim M.
Sections are V(M) and Q'(M) respectively. More generally, A"T*M is
a real bundle of rank (') and sections are differential r-forms Q"(M). If
7 = 0 then the bundle is trivial.

3. Tautological vector bundle over RP™ CP"™ and more generally Grassman-
nians: set B = CP™ and F to be the disjoint union of all complex lines
in C™*! through 0 and 7 maps z € E to the complex line containing z in
CP™. We'll check that this is a well-defined line bundle.
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6.1 Structure group and transition functions

Let (U,,¢,) and (Ug, pg) be two local trivialising neighbourhoods with U, N
Uy # 0. Then

0P (b,0) = (b, Y3, (b)(v))
for all (b,v) € (U, NUg) x V, where g, : U, NUs — GL(V) is smooth. We
have

waa = 1d‘V
1%5 : 1/Jﬁa = idV
waﬁ ' 7/’& ' 1/17(1 - 1dV

which are called the cocycle conditions. 14, are called the transition functions
of the vector bundle FE.

Example. When E =TM or T*M, 14, are given by the Jacobian matrices of
a change of local coordinates (they are daul to each other).

Proposition 6.1. The data of B and {(U,,vs,)} with B = JU, deter-
mines a vector bundle E uniquely up to isomorphism (which we will define
formally later).

Proof. The proof is called Steenrod construction. Define

E:= (];[Uaxv)/N

where the equivalence relation is the one generated by (b,v) ~ (b,1g,(b)(v)) for
all b e U, for all o, 5. E is a manifold as ~ is a diffeomorphism. wlog U, C B
are coordinate neighbourhoods with charts ¢,. Then @, = (¢,,id) are charts
for E. Finally, 7 : E — B, (b,v) i b is a smooth submersion. O

Definition (G-structure). Let E be a real vector bundle over B. Let
G < GL(k,R). A collection of charts {(U,,»,)} covering B such that the

corresponding g, (b) € G for all o, 8 is called a G-structure. If E = T'M,
we say E is a G-structure on B.

Example.

1. If G is the trivial subgroup then a G-structure is a global trivialisation
over B, ie. ®: E — B x R* is a local trivilisation on U = B.

2. If G = GL,(k,R), the linear isomorphisms with positive determinant,
then a G-structure is an orientation of E. For example, if £ = T'M then
this gives an orientation of M.

3. If G = O(k) (or G = U(k) in case of complex bundle) then it determines a
choice of invariantly defined inner product on fibres of E smoothly varying
with the fibre. @, are then called orthogonal (unitary respectively) trivial-
isations. In this case given a trivialisation @ : Y U,) — U, x R" and
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6 Vector bundles

b € U,, the linear isomorphism ®; |, : 7-1(b) — {b} x R™ is moreover a
linear isometry.

If we set instead G = SO(k) = O(k) N GL_(k,R) we get an orthogonal
trivialisation together with an orientation.

4. Suppose FE is a real vector bundle of rank k& = 2n and take

G = GL(n,C) C GL(2n, R),

then for all p € B, there exists J, € GL(E,) such that J* = —idEp
which depends smoothly on p. In other words, (E,,J,) is isomorphic

to a complex vector space of dimension n. This G-structure makes F
into a complex vector bundle. Note that this is not the same as complex
manifold, which has a stronger requirement. When F = TM then a
GL(n, C)-structure on FE is called an almost complex structure.

Generally, if G < GL(V) preservse some “linear algebra objects” on V then
G-structure on a vector bunldes means there exists a well-defined family of such
objects depend smoothly on the point in the base.

6.2 Principal bundles
Let G be a Lie group, 1, the identity element of G. Let P, B be manifolds.

Definition (smooth free right action). A smooth free right action is a right
action of a Lie group on a manifold that is also free. Concretely, a smooth
free right action of G on P is a smooth map

PxG—=P
(p,h) = ph

satisfying

1. free action: for all p € P, ph = p if and only if h = 1.

2. right action: for all p € P, hy, hy € G, (phy)hy = p(hihy).

Note. The right action implies that for all h € G, p — ph is a diffeomorphism
of P to itself.

Definition (principal bundle). A principal G-bundle of Pover B is a smooth
submersion 7 : P — B with a smooth free right action of G on P such that
the set of orbits is bijective with B “naturally”: for all b € B, there exists
an open neighbourhood U of b with a diffeomorphism ®;; such that

commutes, where U x G — U is projection to first coordinate. Moreover ®;
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commutes with G-action, i.e.

Py (ph) = (b, gh)

whenever b = 7(p) € U, ®(p) = (b, g).
P is the total space, B is the base and G is the fibre.
Note. Principal G-bundle is not the same as a locally trivial bundle with fibres
being a Lie group. It also incorporates information about group action.

Similar to vector bundles, given charts on two trivialising neighbourhoods,
have

SDB ° 90;1(1’7 g) = (ba wﬁa(ba g))
where 14, (b,-) : G — G. The G-equivariant condition then implies that

V5 (b,9) = Vs, (b)g = Ly,.0)9

where L, : G — G is left multiplication by an element h and g, (b) =
Ypa(b, 15). As before, the transition functions 4, : U, N U, — G are smooth
maps satisfying the cocycle conditions.

We can also recover a principal G-bundle from the transition functions, up
to G-bundle isomorphism:

Theorem 6.2. Given {(U,,¥3,)} such that B = JU, and g, s satisfy
the cocycle conditions, let

P:= (HUaxG>/~

[

where (b,h) ~ (b',h") if and only if b = b',h" = 1g,(b)h. Then P is a
principal G-bundle over B.

Proof. Same as before. O

Remark. The orbit space can be made into a manifold with an additional
assumption: if the action of G is also proper, i.e. the map

GxP—-PxP
(9,p) = (pg,p)

is a proper map (preimage of compact set is compact) then can show P/G is a
smooth manifold. Then may define B = P/G.

The consequence of the above theory is that we can start from a vector
bundle F with a G-structure, and use {wﬁa} to obtain a principal G-bundle P
with the same transition functions. Conversely, given a principal G-bundle P,
we say G is associated to P via the action of G on R™ where n is the rank of F,
i.e. this is a representation G — GL(n,R), an injective homomorphism.

In the case of principal G-bundle, G acts on itself by left translation.

Example. Let E = TM then Pis a frame bundle, G = GL(n,R). For all p € P,
it is a basis of T}, M.

If in addition T'M has O(n)-structure then obtain P the orthonormal frames
bundle.
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6.3 Hopf bundle

A Hopf bundle is an example of a tautological rank 1 complex vector bundle
over CP!. Recall that the fibre over z; : 2o € CP! is the line C(2;,2,) C C?.
We shall work out the transition functions to prove this vector bundle is
well-defined. Let
U; ={% # 0} CcCP!

and let z = 22 be a local coordinate on Uy, ¢ = 2+ on U,. Every point in fibre
1 2

over 1 : z € Uy can be written as (w,wz) where w € C, and respectively as
(w¢,w) over ¢ : 1 € U,. The local trivialisations over U, are

o, Y U) = U, xC

( wz (1:z,w\/1+]2?)

)
)=

@y i 1 (Uy) = Uy x C
w)

(wCa <C : 1,11)\/@)
then
=107 .5 ) — o @
pr (L:z0) = <\/1+|z|2’\/1+|zl22>
if z % 0 then
o 7Tt : ) = v 2
P20 (1:2,0) =2 <<¢1+1/|<|2<’ <¢1+1/|<|2>
1<l
=(¢:1, . )
zZ .
_<1Z7mw)

by noting that (z = 1. Thus the transition functions are

1/’2 1(1 Z) ‘ ‘
: 12l \ <
P1o(C:1) = =

Observe
Yoy Uy N0, = U(L) = {a € C: fa] = 1} € C = GL(T)

so the Hopf-bundle is well-defined and admits a U(1)-structure. Thus it has an
invariantly defined norm on the fibres, induced from standard Euclidean norm
on C C C? via ¢y, ¢y. More explicitly, on 71 (U;),

[ (w, wz)| = |w]v/1 + |22].

Leave as an exercise to write out the expression for 7~1(U,), and verify that it
gives the same norm.

The associated principal U(1)-bundle P, also known as Hopf bundle, is the
bundle of unit vectors. Thus

P = {(wy,wy) € C? : lwy > + |wy|* = 1} = 53

35
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and

7:8% - CP!

(wy,wq) > wy Wy

But recall from example sheet 1 Q5 that CP' = S2 so 7 : 3 — S2. Together
with some topological argument, we see that the Hopf bundle cound not be a
product bundle

53 >~ 8% x S

See example sheet 2 Q5.

Definition (local section). A local section of a principal bundle 7 : P — B
is a smooth map s : W — P, where W C B open, such that 7o s =id,,.

There is nothing new in the dfinition here — we have seen local and global
sections for vector bundles before. However, note that although every vector
bundle admits a global section, namely the zero section, it is not true for prin-
cipal bundles. We cannot choose the “identity element section” as there is no
distinguished point in a fibre. In fact, a principal bundle admits a global section
if and only if it is trivial.

6.4 Pullback of a vector bundle or a principal bundle

Definition (pullback of a vector bundle). Let 7 : E — B be a vector bundle
and f: M — B be a smooth map. The pullback f*E of E is a vector bundle
over M with same fibre Vas E and such that there exists smooth F' making
the diagram

E—Lt5 F
bk

M—' B

commutes, and the restriction F' : (f*E)
phism of vector spaces for all p € M.

p Ef(p) to fibres is an isomor-

It follows that for all local trivialisations of E over U, we must have

U) —2 s Uuxv

FT indvT

FUIW)) 2 U v

It is left as an exercise to check that ®,; is a diffeomorphism.
Example.

1. If B = % then E = V. Have

d: ffE-MxV
@ = (7(x), F(2))

as a (global) trivialisation of f*FE over M.
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2. As a variant, let M = B x X with f: B x X — B the projection to first
coordinate. Then f*FE is “trivialised in the X direction”, i.e. f*F = EFx X
and 7 =7 X idy.

3. Suppose M = *. Then f*F is just a copy of the fibre Vand F': V < Eis
an embedding as the fibre over f(M) € B.

In general, f*FE may be determined by pulling back the transitions

f*wﬂa = wﬁa ° f ; f_1<Uo¢ N U,B) - GL(V>

This gives an equivalent but more formal way to define pullbacks of bundles.
The above discussion applies equally well to pullbacks of principal G-bundles
f*P, with obvious change of notations.

6.5 Bundle morphism

Definition (vector bundle morphism). Let 7 : E — B, 7’ : E' — B’ be two
vector bundles and f : B — B’ a smooth map. A smooth map F': F — E’
is a vector bundle morphism (covering f) if the diagram

oy 5

B, p

commutes and for all p € B, the restriction F,, = F|Ep 1 B, = E}, Isa
linear map.

It follows that if ®, ® are local trivialisations of F and EA/ respectively over
U C B,U’ C B’ with f(U) C U’, then the local expression F' = ® o F o ® ! is
given by

F(b,v) = (f(v), h(b)(v))
forallbe Uand h: U — L(V,V’) is a smooth map.

Example.

1. Suppose ¢ : M — N is a smooth map then dy : TM — TN given by dg,
for all p € M is a bundle morphism.

2. Given f: M — Band 7 : E — B a vector bundle, the pullback F': f*E —
FE is a bundle morphism.

3. Let B = B and f: B — B a diffeomorphism. If for all p € B, F,, : E, —
Ey(,) 1s a linear isomorphism then F'is an vector bundle isomorphism.
Furthermore if f = idg, B’ = E,n" = 7 then we have the commutative
diagram

E-L£5F

B
In this case F'is called an automorphism of E and denote it by F' € Aut(E).
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6 Vector bundles

4. For example if E = V x Vthen Aut(E) = C>*(V,GL(V)). If E has a
G-structure then Autg(E) C Aut(E) is well-defined. Locally

F(b,v) = (v, h(b)(v))

where h(v) € G C GL(V), whenever F is with respect to local trivial-
isations ® from this G-structure. In mathematical physics, often write
Aut,(E) = G, the group of gauge transformations. For example, G =
U(1),5U(2),50(3),SU(3).
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7  Connections

7 Connections

Let 7 : E — B be a vector bundle and s : B — FE is a section. Locally

§:U—UXV
b= (b, (b))

which is really, just a map to Vso ds, : T,U — T, (V) = V. On the other
hand, the ordinary differential of s is a map ds,, : T, B — T}, ) E. We would
like T}, B, = Ej, for some subspace of T, E.

How to define differential of a section of a vector bundle so that it looks
reasonable like a gradient

Some conventions throughout: let dimB = n and U C B a coordinate
neighbourhood that is simultaneously a trivialising neighbourhood for E, with
coodinates z* where k = 1,...,n. Let a = (aj);-":1 € R™ be coordinates on
the fibres on . We use i,j = 1,....,m and k = 1,...,n and use summation
convection for Roman indices (but not Greek indices).

Let @ : 7' (U) — U x R™ be a local trivialisation. Let T, be the span of

%, %. For p € E,n(p) = b, Let 7-1(b) = E, C E is a submanifold.
T,B, = ker(dwp)
which is the span of %.
Definition. The vertical subspace at p € E' is
Tv,E = ker(dm),).
A subspace S, C T, E is a horizontal subspace if

Sp NTv,E=0
S, ®Tv,E=T,E

Then dim S, = dim B.

How to choose a horizontal subspace? All n dimensional subspace of T),F =
R™*" is ﬂ:il ker §” for some linearly independent §',...,6™ € (R™*")* = T*E
where

9t = f,’gdgc’C + g;da;
where f,i,gé € R. A subspace C' = Bk% + Cj% € T,E is vertical if and only
if B¥ =0 for all k. Thus must have
; 0
i i
not all 0 for i = 1,...,n, ie. g;'Cj = 0 for all i, which implies C7 = 0 for all j.
Hence the m x m matrix (g}) is invertible. Let its inverse be (h%). Put

5;; = h;% = da’ + e} da”
which determines the same subspace Sp C TpE, where

et =el(p) = el (z,a) € C®(U x R").
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Proposition 7.1. Every given field of horizontal subspace S,,p € E is
locally expressed as

S, =

Dk

ker 9;)
1

<.
Il

where
0, = da’ + €} (z,a)dz®

for some unique functions e, on U x R™.
We say S = S, is smooth if all e are smooth.

Definition (connection). S = S, a field of horizontal subspaces is a con-
nection of E if all e}’s are linear in a. Write

el (z,a) = Fék(m)aj

where Fék € C™(U) are the coeflicients of this connection in a local trivial-
isation.

9" = da’ + I‘;k(x)ajdxk =da’ + A;»aj
where A} € Q'(U).
The transformation law for Aé: if U’ is another trivialisation neighbourhood

with UNU’ # ) and ¥ = (T?)
and U~ = (¥%)

mxm 1S the transition function from ®; to @,

mxm the transition function fro ®;, to ®;. Note that

Uil =5t
Suppose a’ = ¥i'a’, then
da’ = (d0)a' + 9! da'.
Suppose
0" = da” + Ao’
0" = da’ + A;aj

then rewrite
0" = (AW} )a’ + ¥ da’ + A% 0’

Compare the coefficient of da’, must have
0" = W0

SO
0" = da’ + (V3,dVY + Ui, A0 )al

so the transformation law is

Al = L ATWY + W AW
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Use A® to denote the matrix (A}), have AY = AY® — (A;/,) Then the trans-
formation law is
AY® — GAPT (4T
Noting that
(dU) T + Wd(T ) =0

so equally
AY = UTAY®Y 4 (dU) DL,

Theorem 7.2. Every choice of local matrices (A;) of 1-forms satifying *
assigned to local trivialisations defines a connection on E.

Recall the transformation law for the connection matrices
AY® = g A®y~ — (cl\I!)\If*1

where W is the transition function from local trivialisation ® to ®’ with ® =
"ot Write A® = (A), ;,, , where m is rank of E,

AL = F;k(x)dxk € QL U).
Similarly AY® = (A;/,) The (A;.)’s do not patch together over trivialising
neighbourhoods U C B to give a global matrix-valued 1-form, essentialy because
of the (d¥)¥~! correction term in the transformation law.

Let ®,,®5: 7 (U) = U x Vbe two trivialising neighbourhoods over U. If
G, € End(V) considered in the @, trivialisation then with respect to ®4, G,

becomes
Gﬂ - ‘IIBQGOC\I/QB7

note that there is no summation here! This defines a linear action of GL(V') on
End(V). Thus we can apply the Steenrod construction to build a vector bundle
End(E) using U x End(V) and the above formula for the transitions. This is
the endomorphism bundle of E. This is the bundle associated to E.

Remark. We may also define subbundle GL(E) C End(V) with typical fibre
GL(V) C End(V). GL(E) is not a principal bundle. For example it always has
a global section

B — GL(E)

b idy,
Sections of GL(E) are precisely Aut(E). Coincidentally this also provides a

practical counterexample to the statement that “every vector bundle with tran-
sition functions in a group is a principal bundle”.

Similarly to End(F) we may build a vector bundle with typical fibre

ATRM)* @V = {f:R" x -« x R®* — Vmultilinear and antisymmetric}

r times

(where the isomorphism comes from the fact in linear algebra that (R")*®V =
{linear maps R™ — V} and so on), where n = dim B. Use the action induced
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vector bundle typical fibre transition functions
E |4 v Ugv
End(E) End(V) G V,,GY 4
T*"B® E LR V)= R V] vda® o (Pg,0,) 22 da®
A(T"B)® E AT(RM) @V vgdaX 5 (D5,050) 225 da
T*B®End E (R")* ® End V Grda® o (¥5,Gh ¥, 5) 225 da®’
AN'T*B®End E A"(R")" ® End V

by the Jacobi matrices for local coordinate transformation on B and use ¥, 4’s
on the V factor.

whwere we multiply vectors and matrices in A"V ® F and A"V ®@ End V using
the wedge product of forms.

(The good news is we mostly use r = 1, 2)

Connections are not sections of 7*B ® End F, but if A and A are two con-
nections then A — A is a valid section of 7*B ® End E. Thus the space of all
connections A on a given vector bundle F is an affine space modeled on section
of T*B ® End E, written Q%L (End E). (this means there is no canonical zero
section).

Notation. Use I'(E) to denote all sections of E and Qp(E), Q5 (End E) to
denote sections of A"T*B®F and A"T* B®End E. In particular Q4 (E) = I'(E).

Now we are ready to define calculus on vector bundles.

Definition (covariant derivative). A covariant derivative on a real vector
bundle E over B is a R-linear map V¥ : I'(E) — QL(FE) satisfying the
Leibniz rule

VE(fs)=df ® s+ fVEs

for all s e I'(E), f € C*>(B).

Example. Let A be a connection on E. Have in any local trivialisation A =
(A?) where A% € Q' (U). Define an map d 4 which is locally given by

dysly = (ds+ As)|y = (ds' + As9),_,

,,,,, m

where m is rank of E. To check this is well-defined, if U is also a coordinate
neighbourhood in B then

(dys) = (W + F;k(m)sj> da®.

Let ® be another local trivialisation over U. Then

s=Ws’
A=VAT ! — (QU)T!
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SO

dy(s) =ds+ As
=d(¥s') + (VA — (d0) 1) Us
=Uds" + (d¥)s’ + TA's" — (dV)s’
=U(ds"+ A’s")
=U(dys)

which is the correction transformation law for QL(E).

Theorem 7.3. Every covariant derivative VE arises as VE = d 4 for some
connection A on E.

Recall that

where RHS only makes sense with a choice of local trivialisation!

Proof. Claim every V¥ is a local operator. i.e. for all U C B open, if 5| = 5|y
then VEs, [, = VFs,|;;. (remark by writer of note: essentially partition of unity
subject to {U, B\ U,) Indeed for all b € U let

beUy, CU,CU
and let a € C°°(B) such that 0 < < 1, gy = 0. Then
0=VF(a(s; —s,)) =da® (s; — s5) +aVF(s; —s5)
At b, doy, = 0, a(b) = 1 whence
(VEs1)(b) = (VFs,)(b)

so it suffices to work in trivialising neighbourhoods. Let s = (s, ..., s™) = s'e;

where e; is the standard basis of R™ and s € C*°(U). Put

_ o1
F;’k = [(VEej)w]

where we assumed that U is also a coordinate neighbourhood in B. T;k €
C>(U). Thus

VEs = VE(sie,) = (ds® + ij§k(m)dxk) ®e; =dys

Then the previous example verifies that A% = I'}; dz* have the required trans-
formation law. O

Definition (covariantly constant). A (local) section s : U — E is covari-
antly constant with respect to connection A if d4s = 0.

This is geometer’s constant vector function.
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Proposition 7.4. (dss)(z) =0 zf and only if (ds)x(TxB) C T, E is a
horizontal subspace (ds,(T,B) = Sy, associated with A.

Proof. Exercise. O

We can extend d4 as a R-linear map d 4 : Q5 (E) — Q7 H(E) for r = 0,1, ...
by requiring
dy(c ANw) = (dyo) Nw+ (—1)%870 A dw

for all 0 € QL(E),w € Q5 (B). Locally
da(spdx?) = (dys;) Adz! = d(s;dxl) + (A A s)dz!,
ie.
dyo=do+ANo.

Again, RHS only makes sense with a choice of local trivialisation. Can futher
extend d 4 to
dy: Qp(End E) — Q5 H(End E)
via
(dyC)s =dy (Cs) —Cdys

for all C € T'(End E),s € T'(FE) (this is really just product rule rearranged).
Also
(dpp)wo = dy (N o) = (=1)%8 uNdyo

for p € Q% (End E), 0 € Q3(E). Finally
da(py A pip) = (dype— 1) A g + (1) 1y Adypa
for puq, g € Q(End E).

Example. For p € Q%(End E), the above theory implies in that in any local
trivialisation,
dap=du+ANp—pANA.

7.1 Curvature

We may repeatedly apply covariant derivative d4 to get a chain

F(E):Q%(E)gﬁg( )—> d—A>Q”( )d—A>0.

Unfortunately in general d 4 o d, # 0 so we don’t have a cohomology. However
in a local trivilisation, let s € Q% (E), have

dpdgs=d(ds+ANs)+AN(ds+ ANs)
=dANs—ANds+ANds+ANANs
=(dA+ANA)As

so dd 4 is multiplication by a 2-form. The expression is a pointwise (i.e. alge-
braic) expression: if s;(b) = s,(b) then

(dadygsy)y = (dgdy52)y
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Note. One may wonder why A A A does not vanish in the expression. In fact
it is matrix valued:

(ANA): =T} da® AT da* = T0, T da* A dx® # 0

which is nonvanishing in general unless E has rank 1. In summary, matrix
multiplicaiton is noncommutative.

Definition (curvature). Given a connection A, the 2-form
F(A)=dA+ANAeQ%(EndE)
is the curvature of A.

Note that F(A) is well-defined (i.e. independent of local trivialisation) as
dyd 4 is so.

Locally FA = F(A);l»’kedxk/\dxz where {F(A);M} is a function of {I’;k, %}.

Definition (flat). A connection is flat if F'(A) = 0.
A vector bundle E is flat if made a choice of flat connection.

Example. Consider the product bundle £ = B x R™. Then
dy=d:C®B,R") - QY(B)®@R™
is a trivial product connection. It is flat.
The converse is true only locally and only if connection is flat.
Theorem 7.5 (2nd Bianchi identity).
dyF(A)=0
for every connection A on vector bundle E.
Proof. Let s € I'(E). Then
dy(F(A)s) =dy(dydy)s = (dady)dys = F(A) Adys.
Bu LHS may be rewritten as
do(F(A))s+ F(A) Ndys.

Substitute and cancel to get the result. O
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8 Riemannian geometry

Definition. A Riemannian metric g on M is a field of positive-definite
symmetric bilinear forms

g, T,M x T,M — R

defined for all p € M and smooth in p.

Definition (Riemannian manifold). A Riemannian manifold is a manifold
endowed with a Riemannian metric.

Remark. Smoothness in p means that for all X,Y € V(M) have g(X,Y) €
C®°(M). Equivalently, in each coordinate neighbourhood U with coordinates z*
have

o 0

9ij = 9(@7 %) e Cc>().

We thus obtain the local expression of g
gijdxdal.

Technically it should be g, jdmi ®dz? but we omit the tensor symbol. This means

_ i O _yi_ 0
that suppose X = X"575 Y = Y' 5% then

9(X,Y) = ginin.
Formally g € T'(T*M @ T*M).

Example. This is compatible with the more classical definition of Riemannian
metric in differential geometry of curves and surfaces. Given r = r(u,v) :
R3 , — R?, the first fundamental form

Edu? + 2Fdudv + Gdv?

is a Riemannian metric with g, = E, g9 = 991 = F, g99 = G.

| Theorem 8.1. FEvery manifold admits a Riemannian metric.

Proof. Apply example sheet 3 question 2 (every vector bundle can be given a
smooth inner product) to T M. O

The definition of a pullback F* for smooth F': M — B is valid for bilinear
forms of TN. If g, is a metric on N then F*gy is a symmetric, bilinear smooth
and non-negative definite on fibres of T'M.

If also dF, are injective for all * € M then F*g, is positive-definite on
TM and is a valid Riemannian metric. For example, when M is a immersed
submanifold or F'is a diffeomorphism.

This gives us an alternative way to prove the theorem by embedding in
FEuclidean space by Whitney and pullback the Euclidean metric.
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Definition (connection). A connection on a manifiold M is a connection
on T'M.

Recall that transition functions for T'M are given by the Jacobian
; oz’
Y= (Y;) = (W)

The coefficients F;k of a connection on M are sometimes called Christoffel sym-
bols. Recall the transformation law for connection

) ., - 8xk/ ) 31/)i»/
T T T )] ) J
Uik = Do Vot 5or V0 0%
When E = TM this simplifies to
oxt Oz dz¥ N oxrt 92z
Ox? Oxi OxF = Oxt Oxidxk

X3 — X2
i, =T%,

Note that in this case the object I} ; obtained by switching j and k makes sense
as they live in the same space. It obeys the same transformation law so they
also define a connection.

The difference T;k = I‘é.k — F};j is the torsion of a connection on M. T =

(T}) € Qy(End TM). Locally T = T} dz*. Moerover given X,Y € V(M),

s wion O
T(X,Y) = (TijJYk%) cV(M).

Then T(X,Y) =-T(Y,X)so T € Q%,(TM)

Definition (symmetric connection). A connection on a manifold M is sym-
metric if the torsion vanishes, i.e.

Ui = Ty
in every local coordinates.
Denote the covariant derivative on M
D:O8(TM)=V(M)— Q4 (TM).

Denote by DyY, where X,Y € V(M) the evaluation of DY € Q},(TM) on X.
Thus DyY € V(M). This is an R-linear map.
In local coordinates,

(DyY)0, = (XJ@]Yi — I’;ijXk)ai
Consequently we obtain
Proposition 8.2. A connection D on M is symmetric if and only if
DY — DX =[X,Y]

for all XY € V(M).
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Theorem 8.3 (Levi-Civita connection). On each Riemannian manifold
(M, g) there is a unique connection D such that

1. for every X, Y, Z € V(M),

2. D s symmetric.

D is called Levi-Civita connection of g.

Recall that given X € V(M), Dy : V(M) — V(M) is a covariant derivative
if and only if

1. R-linearity in Y: Dx(AY) = ADxYforall A e R, Y € V(M),
2. Leibniz rule: Dy (hY) = (Xh) Y +hDxY for all h € C(M),
3. C°(M)-linearity in X: D;xY = fDyY for all f € C*(M).
Proof of Theorem 8.3. We do uniqueness first. In a coordinate neighbourhood
Do, = kaapdmk.

For condition 1 in the statement of the theorem, let X = 0,,Y = 9;,Z = 9, so
that g(X,Y) = g;;, so we obtain the first equation

0955 = T39p; + Tk ip
ajgki = Fngpi + Ffjgkp
9595 =59 + Tiijp

the next two lines are similarly obtained by cyclic permutation on 4, 7, k.
Define (9'?) = (g;,) ", the inverse matrix. Use the fact that g;, is symmetric,

F?kgpqgiq = F;‘k’
Summing equations 1+ 2 — 3 gives
OGij + 039k — 0956 = 2195
which is the same as
» 1
ijgqp = 5(616911]' + 091q — 6qgjk?)'
Multiply by g% to get
7 1 1q
Dok = 59"(0k9q; + 0i9kq — q9jk)

which is to say, there is at most one way to define the Christoffel symbols.
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Exercise. Show that the equation has a coordinate-free formulation
1

To check the requirement for covariant derivative, 1 is clear from the coordinate-
free formula. We omit the verification for 2 and 3 with the following checkpoints:

1. 3: Let f € C°°(M). Recall
(X, 2] =(fX)Z - Z(fX) = fIX,Z] - (Z/)X
9(DyxY . 2) = S(FX, (V. 2) + Y (£9(Z, X)) = Z(fg(X.Y))
— (Y, [X, Z]) +9(Z2,[Y, X]) —9(X,[Z2,Y]))
+(Z2)9(X,Y) = (Y f)g(Z, X)
=9(fDxY,Z)
then do some cancellation. We are also using
Y(fhy=(Yf)-h+f-Yh.
2. 2: let h € C>*(M),

g(DX<hY)7 Z) = %(X(hg(ya Z)) + hY(g(ZaX)) - Z(hg<X7Y)) - hg(Y7 [Xa ZD - g<Z7 [hYaX]) +g(X7

= %((Xh)g(Y» Z)+hXg(Y,Z)+hY(9(Z,X)) — (Zh)g(X,Y) — hZg(X,Y) — hg(Y, [X.
= (Xh)g(Y,Z)+ hg(DyY, Z)

for all Z. Thus
Dy(h,Y)=(Xh)Y +hDyY.

Thus D is a well-define connection. For statment 1 in theorem, we can trace
deduction of I‘;k backwards. O

8.1 Geodesics

Let v be a curve in U, a coordinate neighbourhood of M. Let 7w : E — M be a
vector bundle equipped with a connection A, A = (Fz.k) on U. Then a lift of ~

to E is vy such that 7o vz = ~. If 4(t) = (2¥(t)) in local coordinates, then

Yp(t) = (2*(t),a'(t))

in U xV =xa"YU). A horizontal lift means that

Ye(t) € Sy 1
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for all ¢t where S denotes the horizontal subspace with respect to A. In other
words,

0" (p(t)) =0
for ¢ = 1,...,m where m is the rank of E. Expand out,

0

. o 0
% % k\( .k
(da® + I'jya’dz™) (2" (t) D

3k T al(t)

)=0
Simplify to get
a' + Tiy(x)al % = 0.

This is a system of 1st order linear ODEs so by basic results in ODE theorey, it
is solvable on ant I C R and is uniquely determined by a*(0). Thus horizontal
lift always exists from each a € E.

Misses a lecture on 17/11/18

Fix p € M. If y(t,a) = v,(t,a) is a geodesic, A € R then

d .
a’}/(/\tv a’) - /\’Y<Ata CL)

2

ﬁ’}/(/\tv a’) = /\Q’Y(Atv a’)

SO
V(A a) = 7(t Aa).

Furthermore

1. for all a € T, M, there exists ¢ = ¢, > 0 such that

7(s,a) = (1, 50)
exists for all |s| < e.

2. from theory of ODEs, €, may be chosen continuous in a. For |a|, < &,
have €, > &5 > 0. We have |a|, < & = &;¢, then (1, a) is defined.

Definition (exponential map). Let (M, g) be a Riemannian manifold and
p € M. The exponential map at p is

exp,, : T,.M— M

at,(1,a)

Thus for some € > 0 sufficiently small, exp, Ball (0,e) — M is a well-defined
smooth map.

Proposition 8.4.
(d eXPp)o = idr m

by noting Ty (T,,M) = T, M.
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Proof. One approach is to Taylor expand
v(t,a) = p+ at + cot? + ...

and then substitute into geodesic ODE to get
= ST (@alat
¢z = 5T(d)a’a”.

Then do some hands-on analysis.
Another approach is to note epr(O) =p. For |a|, <¢, v,(t,a) = 7,(1,ta)
for —1 <t < 1. Then

d
(dexpp)oa = expp(ta)‘t =0

d d
= —7,(1,t = —,(t
bt =gtal
= fyp(t,a)‘tzo
=a

Corollary 8.5. exp, : Ball,(0,7) — U is a diffeomorphism onto its image
U for some r > 0.

Proof. Inverse mapping theorem. O

This means that (expp)*1 is a hcart around p € M. The respective local
coordinates are the normal coordinates, aka geodesic coordinates at p.
For exmaple in geodesic coordinates

exp, (0 (t,0)) = ta
for |¢| sufficiently small.

The geodesic polars (T,M, g(p)) = (R", Euclidean). Suppose (0,¢) x S g
included in the domain of exp, . Then can define a map

f:(0,e)x St - M
(r,v) expp(rv)

Let 3, be the image under f of {r}x.S™!, then f defines an immersion (embed?)
into M. This is a geodesic sphere around p.

Theorem 8.6 (Gauss lemma). v,(t,a) meets X, orthogonally for all 0 <
r < e. Thus in geodesic polars,

g =dr3 + h(r,v)

where g = g|y, .
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So we may write g as

dr? 0 0

Proof. Choose any X € V(5™ 1). §"~! C T, M with respect to g(p). Extend X
o Ball; (0)\ {0} = {a € T,M : |a], < 1}. X(r,v) = rX(v) on B\ {0}. Define

Y(f(h U)) = d(expp)m)?(n U)’

a vector field on B” C expp(B \ {0}) € M. To show Y L % at each point in

B’ \ {p}, note that
9 _ A, (t, a) ———
or n |a|g(p)
so (t, a) defines a vector field on B"\ {p} for all |a| ) = 1 and 0 <t < e. Take

limit as » — 0 to obtain g(%, 8%) =1
Thus to show g(Y,%) =0,

~ 0
D.Y — Dyy= (df)(Dyj9, X — D}"(g)
d ~
— @ (%)
X
= (df)7
B Y
Ty

by linearity of df at each point. Thus

d . . _ _
59%,7) = 9(D;Y,4) +9(Y, DY)
-0
.Y
= g(Dyy + g )
1
= — Y S
Tg( )
Let G = ¢g(Y, %) and we have an ODE

d G
—G =—.
dr r

So G is linear in 7 and Z—f is independent of r. But

. dG . 0
Jim o= Jim g(X. 50 =0

because (dexp), is an isometry. O

8.2 Curvature of a Riemannian metrix
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Definition (Riemannian curvature). Let (M, g) be a Riemannian manifold.
The (full) Riemannian curvature R = R(g) of the metric g is the curvature
of the Levi-Civita connection of g.

By general theorey R(g) € Q32,(End TM). In local coordinates,
_Ln k ¢
R= ER].de Adx

where ¢, 7, k, ¢ all take values 1,...,n where n = dim M. (R;M is called the
Riemann curvature tensor.
Let X,Y € V(M). Then R(X,Y) € I'(EndTM). Explicitly, if X =
R(X,Y) = (R} 1, X*Y), ;.
We may define R, = R(0},d,) to be local sections of End T'M so
R(X,Y) = X*Y'R,,.
In local coordinates, D = d + A where A = A, dz* = (F;k)da:k). Denote
Dk = Dak =5 5k + Ak
For all Z € V(M) have

(—D o D)Z =RZ = (ngdask A d:ce)Z
Ry Z = (DEDk - DkDE)Z
thuS Rk‘[ = —[Dk,Dé] and thus
R;‘,k:é = ((DeDk - DkDE)aj>i

Write Dy = X*D, then we have

~[Dx, Dyl = —[X*D},Y*D,]
=-Xx*0, YD, — X*Y*'D,D,
+Y*(0, XD, +Y*X'D,D,
= X*Y*R,, — [X,Y]'D,

This proves

Lemma 8.7.
R(X,Y) = Dixy)— [Dx, Dyl

Sometimes it is convenient to consider
_ q
Rij,ké = giqu,kZ

by (X,Y,Z,T) = g(R(X,Y)Z,T).
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Proposition 8.8 (symmetries of the curvature tensor).
L Rz‘j,ek = _Rij,ke = Rji,ké'

2. 1st Bianchi identity: R;‘,ké + Ri’ej + Ré,jk —0.

3. Rz‘j,ke = Rké,ij'
Proof.

1. The first equality is clear from properties of (“scalar”) 2-forms. For the
second equality,

891‘3‘
Ok = 9(Dy0;, 8;‘) + g<8i7Dkaj>
32%"
azga;k = 9(DyD0;,0;) + 9(D}0;, D,0;) + g(D,0;, D},0;) + 9(9;, D,D,,0;)

SO

. 6291‘3‘ _ 829ij

T 9xtoxk  Bxkdxt

= g([Dy, Dy]0;,0;) + 9(9;, [Dy, D;0;)
= g(Ry£0;,0;) + 9(0;, Ry 0;)

1]

=Ry 1o+ Rijp

0

R 1o+ R y; + Ry i = [DyD0; — D.D,d; + D;D,0y, — DyD;0), + two more terms|*
But the first and last term cancel as [0y, 9,] = 0.

3. See the handout on octahedron trick.

Definition (Ricci curvature). The Ricci curvature of g = gijdmidxj at p €
M is
Ric,(X,Y) = tr(vi= R,(X,v)Y).

Locally Ric = (Ric;;) so
Ric(X,Y) = Ric;; XY,
We can also write

Ric;; = R}, = g™ R

1,59 Di,Jq"

By the third identities we derive, Ric;; is a symmetric bilinear form on 7}, M for
all p.
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Definition (scalar curvature). The scalar curvature s = scal(g) € C°°(M)
is the trace of Ric with respect to g, i.e. if g;;(p) = d;; then s = Ric;;.

In general,
s=g" Ricij = nggqupi,jq = gijf,M'
We can show, using linear algebra and representation theory, that Ric and
s are the only SO(n)-invariant components in the “space of curvature tensor”.

Missed a lecture on 24/11/18 (Laplacian, Hodge star operator)
Recall that § = (—1)"®+D+1xdx on p-forms for p > 1 and 6 = 0 on functions.

Proof. Given o € QP~L(M), 3 € QP(M),
d(a A *B) = da A B+ (—1)P"ta A d(*3)

Now
— %03 = (—=1)"P*Y xx dxfj
E(Zn—erl
= (—1)rprD+—pt -1 g 5 g
=(=1)"td* B (mod 2)
Thus
dla AN*f) =daAxB—a A6 = (da, B) w, — (@, 6) w,
Now proposition follows from Stokes’. O

Remark. We can define for ¢,n € QP (M)

(Cmang = [ G,

1

the L? inner product of p-forms. The the proposition asserts that
((dev, B)) = {{a;05))
i.e. § = d*, the formal L?-adjoint of d.

Corollary 8.9.
A =dd+dd

is formally self-adjoint.

Definition (Laplace-Beltrami/Hodge Laplacian). A is called Laplace-Beltrami,
also known as the Hodge Laplacian.

We give a special name to kernel of A:

Definition (harmonic p-form). The space of harmonic p-forms is defined
as
HP(M) ={a € QP(M): Aa=0}.

Note. *A = Ax so x : HP(M) — K™ P(M) is an isomorphism.
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Proposition 8.10. Assume M is compact. Then for all o € QP (M), Aa =
0 if and only if da =0 and da = 0.

The condition da = 0 is called « is coclosed.
Proof.
e —:

0= {((Aa,a))
= ({déa, )y 4+ ({(ddav, a))
= [6alF. + [del-

but for all ¢ € Q*(M),

ISlze = V(6 0)) =0

with equality if and only if { = 0 as ( is smooth. Thus da = 0, = 0.

e <—: obvious.

Corollary 8.11. Let M be compact and connected. Then if f € C2(M) is
harmonic it is constant.

Note. Compactness is essential. For example (z,y) > €Y cos z on the Euclidean
space R2.
Note that on (R™, g) where g is not necessarily Euclidean,

1 3] of
/ ij 9J
I ( det gg 8xi>'

A -7
g Vdet g0

When g is Euclidean, this simplies to

82
AEucl = _Z W

It is an exercise to check that this has positive eigenvalues.

Theorem 8.12 (Hodge decomposition theorem). Let (M,g) be a compact
oriented Riemannian manifold. Let 0 < p < dim M. Then

1. dim HP(M) is finite.
2.
OP (M) =HP(M) ®d AQP (M)

= FHP(M) @ dQP (M) @ 5dQP (M)
= FHP(M) @ dP~1 (M) & 6QP(M)

where all the direct sums are orthogonal with respect to L?.
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Proof. Too long. Omitted. O

Corollary 8.13. Assume the hypothesis of Hodge decomposition theorem,
then for all a € HY (M) there exists a unique o € HP (M) such that [o] = a.

Proof. We do uniqueness first: suppose o,y € HP(M) with o —ay = df.
Then
[dBI* = ((dB,ay — ay)) = ((B, 00, — day)) =0
0
so df =0 and o = ay.
For existence, suppose a = [@] where d@ = 0 but & is not necessarily closed.
By Hodge decomposition theorem we can write

d=a+dB+ 6.

Then déy = 0 so
0 = ((ddv,7) = 7]
so 0y = 0. It follows that oo € HP(M). O

What we have shown is that
HP(M) — Hfi’R(M)
a - [a]

is a linear isomorphism. LHS is an analytic object, and by de Rham theory,
RHS is the same as HP(M), a topological object. The significance of Hodge
decomposition is this correspondence.

An intuitive explanation of the corollary: given a € HY (M), define

B, ={¢€Q(M):d¢=0,[(] = a}

and consider the function F(¢) = ||¢|? on B,. If o is a minimum of F the

%LZOF(Q +tdB) =0
for all g so
d
E‘H = ({a + tdB, a + tdB))
— 2((0,d) da=0
=2((0, B))
=0
so o€ HP(M).

A remark about the second statement of Hodge decomposition theorem: the
last two lines follow from the first for similar reason to the corollary. If Ao =
then 8 L HP(M) so (HP(M))* is well-defined and the projection of 3 to this

space is given by
dim FP (M)

B— D ((Bwdw

i=1
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where {w,} is an orthonormal basis of FP?(M). Thus AQP(M) C (HP(M))*.
We can solve for w is
Aw=aqa,a L HP.

First define a “weak solution” of Aw = «, a bounded linear functional on 27 (M).
Then argue using a regularity theorem from analysis every weak solution is an
actual solution. The key idea is that A is elliptic.
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