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0 Introduction

0 Introduction

In TA Analysis I, the primary space we are interested in is R and we studied
notions such as continuity, convergence, differentiation, integration and solving
equaiton through, for example, Intermediate Value Theorem. In Analysis II, we
moved to the study general function space.

R™ Function space
Convergence & | v v
continuity
Differentiation v Calculus of variations
Integration Probability and measure 77?7 (ask physicists)

Solving equa-
tions

inverse function theorem

existence of solutions for

ODEs

Table 1: Comparison of Euclidean space and function space




1 Normed Vector Spaces

1 Normed Vector Spaces

1.1 Definitions
A motivating example: if (a,,) is a sequence of real numbers, then (a,,) — a if
Ve > 0,3Ns.t.vn > N,la, —a| < e.

Now if I replace R by a real vector space V, what do I replace | - | with?

Definition (Norm). If Vis a real vector space, a norm on Vis a function
[l : V' — R satisfying

1. Vv € V,|v| > 0 with equality if and only if v =0
2. v, ¥\ € R, [Av] = [Al|v]

3. Vv,w eV, |v+w| < |v|+||w| (triangle inequality).

Example.
1. V=R"v=(v,...,0,)
(a) vl = (3", v)'/2, the Euclidean norm,
(b) |v]s = max |v,|, the max norm,

(©) IVl =327 vl
2. V.=CI0,1],

(@) [flloo = max,e 01]|f )|,

(b) 1£fl2 = f f(z)?dx)*/?, which comes from (f,g) = f f(z

() £l = [ |f(x)|d, the L* norm.

Definition (Convergence). Suppose (V] - ) is a normed vector space and
(v,,) is a sequence of elements of V. We say (v,,) converges to v € V, denoted
(v,) = v, if Ve > 0,3Ns.t.¥n > N,|v, — v| < e. Equivalently, (v,) — v if
(lvy =vl) = 0.

Exercise. Suppose V = R™,(v,) = (v,1,-,?
respect to | - ||, means

n,m)' Then (Vn) — v with

loo

(lgllix |’U,,”—’U,L-|) —0
(v, —v|) > 0forall 1 <i<m

=(v ,,”)—>U forall 1 <i<m

The convergence with respect to | - |; means

(i |vn,i - U1|> =0
i=1

<= (Jv,; —v]) 2 0forall 1 <i<m
= (v,,;) —v; forall 1 <i <m.



1 Normed Vector Spaces

Remark. Two different norms, same notion of convergence.

Convention. If T say (v,,) — v where (v,,) is a sequence in R™ without
specifying the norm, I mean w.r.t. | |1, o, || - |- (2ll give the same notion
for convergence).

Example. V = C|0, 1],

_J1l—nx x€[0,1/n]

Then | f, ]l = ](;1 |[fn(@)ldz = 55— 050 (f,,) = 0 wrt. |- ;.
But [[f, e =150 ([fnlloc) # 0de. (f)) # 0 wort. |- ]

Remark. Two different norms, two different notions of convergence.

1.2 Continuity

Definition (Continuity). Suppose V and W are normed vector spaces. We
say a function f:V — W is continuous if

(f(v,)) = f(v) in W whenever (v,,) = vin V.

Example.

1. f: V=5 R™ f(v) = (f1(v),..., [,,(v)) is continuous if and only if f; :
V — R is continuous for all 1 <¢ < m.
2. p; : R™ = R, p,(v) = v; is continuous.
3. F:C[0,1] > R, F(f) = f(0),
(a) If (f,,) is the sequence from the example on page 4, then F(f,) = 1.
Now (f,) = 0 w.r.t. ||-];. But (F(f,)) + 0 = F(0). So F'is not

continuous w.r.t. | -||;.
(b) If (g,) = g wr-t. |- o, then (max|g, () —g(x)[) = 0 s0 (|g,,(0) —
90N =0, (|F(g,) = F(9)]) = 0, s0 Flg,) = F(g)-

Fis continuous w.r.t. | but not w.r.t. |- |;.

4. If f:V;, =V, and g : V, — V; are continuous then go f : V; — V; are
continuous.

Proof. If (v,) — (v) in V; , then as f is continuous, (f(v,)) — (f(v)),
then as g is continuous, (g(f(v,,))) = (g(f(v))) in V. O

5. ||| : V — R is continuous.
Proof. If (v,,) — v, then (|v,, —v|) — 0. Now
0<[Ivall = IVl < vy = vl

by Reverse triangle inequality. So (||v,, — v||) — 0 by squeeze rule, i.e.
Vol = vl O
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Lemma 1.1 (Reverse triangle inequality). |v —w| > [|v]| — ||w]| for all
v,welV.
Proof. By triangle inequality, |[v — w| + |w] > |v| so |v —w]| > |v| — |w| and
v —wl| = —|v]+ [wl] O

More generally, if X C Vis a subset, we say f: X — W is continuous if

(f(x,)) = f(x)
in W whenever (x,,) — x in Vfor x and all x,, € X.

Example. f:R\ {0} - R,z — 1 is continuous.

1.3 Open and Closed Subsets

Let (V,| - |) be a normed vector space.

Definition (Open and closed ball). If vy € Vand r € R,
B.(vo) ={veV:|v—v| <r}

is the open ball of radius r centred at v, and

B.(vo) ={veV:|v-vo| <r}

is the closed ball of radius r centred at vy.
Example.
L (V,[-1) = (R,]-]), then

(a)=(a—r,a+T)

Wl W

(a)=la—r,a+7]

2. V =R?, then B;(0) with respect to to be filled in.
3. V=R3 ||, is the “three-dimensional ball”.

4 (V-1 = (€0, 1 - o),

B.(f)={g€C0,1]: f(z) —r < g(z) < f(z) +7r Yz €[0,1]}.

Proposition 1.2 (Alternate characterisation of continuity). f:V — W is
continuous if and only if

Vvg € V,Ve > 0,30 > 0s.t.|v — vo| < 6 = [f(v) — f(vo)| <& (%)

i.e.

f(Bs(vo)) € B.(f(vo))-
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Proof. Suppose (*) holds. Given (v,,) — v, must show (f(v,,)) — f(v). Given
€ > 0, pick ¢ such that (f(Bs(v)) C B.(f(v)). Since (v,,) — (v), exists N such
that whenever n > N, |v,, — v| < 4, i.e. v,, € Bs(v), so f(v,) € B.(f(v)). In
other words, whenever n > N, | f(v,,) — f(v)H <e.

Suppose () does not hold. Then exists some v € Vand € > 0 such that there
is no d > 0 with f(Bjs(v)) € B.(f(v)). In particular f(By,(v)) € B.(f(v))
for all n. Pick v, € By, (v) with f(v,) ¢ B.(f(v)). Then (v,) — v, but
(f(v,)) + f(v), since | f(v,,) — f(v)|| > € for all n. fis not continuous. O

Definition (Open subset). U C Vis an open subset of V'if for every v € U
there is some ¢ > 0 with B, (u) C U.

Proposition 1.3. If f: V — W is continuous and U C W is open then

fAU)={veV:fv)eV}

is an open subset of V.

Proof. If v € f~1(U), then f(v) € U. U is open in W so exists € > 0 such that
B_(f(v)) CU. Fis continuous so exist § > 0 such that f(Bs(v)) C B.(f(v)) CU.
So Bs(v) C f~1(U). f~1(U) is open. O

Remark. The converse statement is also true: if for any U C W open f~(U)
open in V, then f is continuous.

Example.
1. (0,1) is open in R.

2. The function h(v) = |v — vy is continuous: h(v) = go f(v) where f(v) =
v — 1y, and g(v) = ||v||. so B,(r) = h~1((—r,r)) is open in V.

Definition (Closed subset). C' C Vis a closed subset of V'if V'\ C'is open
in V.

Corollary 1.4. If f : V — W is continuous and C C W is closed, then
F7YC) is closed in V.

Proof.

WO =V fH(O)
so if C C Wis closed, W\ C'is open, so f~H(W\C) =V \ f1(C) is open. Thus
f71(C) C Vis closed. O

Example.
1. [a,b] is closed in R.
2. h(v) = |lv—voll, B,.(vy) = h71([0,7]) so closed ball is closed.
3. V., are both open and closed in V.

4. Q C R is neither open nor closed.
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Proposition 1.5. C C Vis closed if and only if for every sequence (v,)) — v
with all v, € C, v e C.

Proof. Suppose C'is closed and (v,,) — v ¢ C. Then v € V'\ C'is open, so 3¢ > 0
with B.(v) CV\ C, i.e. B.(v)NC = 0. (v,) = v so IN such that v,, € B.(v)
for all n > N. Thus v,, ¢ C for all n > N. In other word, if (v,,) — v, all but
finitely many of v,, ¢ C.

Conversely, suppose C'is not closed. Then V' \ C'is not open so dc € V '\ C
such that there is no e > 0 with B,(v) C V' \ C. In other words, B.(v)NC # )
for all € > 0. Pick v,, € By),(v) N C for all n > 0. Then |v, —v| < 1/n so
(v,) = v. Allv, € Cbutve V\ C. O

Example. Theset X = {f € C’[ ] x, f(x) > 0} is not closed with respect
to |-y or |+ |l since f,(z) = X, (f,,) = 0 with respect to either norm but
0¢ X

For future use, suppose for all o € A, U, C Vis open. Given U = UaeA
and f: U — W,
Proposition 1.6. If f[; : U, — W is continuous for all o € A, then
f:U — W is continuous.

Note. The hypothesis that U, is open is important. For example, let f: R —
R, f(z) =1if 2 € Q, f(z) = 0 otherwise, then f|g and f|g,g are both continuous
but f is not.

Proof. Suppose v,,,v € U with (v,)) = v. Must show (f(v,,)) = f(v). v€ U so
v € U, for some a. U, is open so J¢ > 0 with B_(v) C U,, (v,,) — v so IN with
v, € B.(v) for all n > N. Let u; = vy, then u; € U, and (u;) — v. Since
fly, is continuous, (f(v;)) — f(v ) which implies that (f(v,)) — f(v). O

1.4 Lipschitz Equivalence

Recall from the introduction of norms that | - |1, - |2, ] - | on R™ all induce
the same notion of convergence. We want to generalise this idea.
Suppose || - || and || - | are two norms on V. Consider

idy = (Vo[- ) = (Vs -1)
V= v

Proposition 1.7. idy as above is continuous if and only if 3C' € R with
vl < C|v| for allv e V.

Proof. Suppose |v|" < C|v| for all v. To show idy, is continuous, must show
(v,,) — v with respect to || - |* whenever (v,,) — v with respect to | - |.
If (v,,) — v with respect ot | - |, then (Jv,, —v|) — 0 so (C|v,, —v|) — 0. We
know
0 < v, — ol < Clo, =l

so by squeeze rule ||jv,, — v| — 0. Thus (v,,) — v with respect to || - |.
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Conversely, suppose idy, is continuous. There exist § > 0 such that
idy(Bs(0, [ - ) € By (0, ] -]")

Given v € V,v # 0, exists K € R with |Kv|| = 0/2 (take K = ﬁ) Then

Kv e Bs(0, ]| - ) :>2Kv € B,(0,]- H , Le [Ko| = 6/2,[Kv|” <1, so [Kvff
K] = Elo” < 3K|v|. Let C =3

Joke. The joke about a mathematician going for a firefighter

interview... Well you should know it by now if you are a
mathematician.
Definition (Lipschitz equivalence). If | - | and || - | are two norms on V,

they are said to be Lipschitz equivalent if

1
3C > 06w € V, ol < ol < Clo]

<30, Cys.t.|o]” < Cyoll, o] < Collv]’
idy: (Vo[- 1) = (Vo[- [") and idy = (Vo ]| -17) = (VL ][ - 1)

are both continuous.

Corollary 1.8. If (V,|-|) and (V,|-|) are Lipschitz equivalent, then

1. (v,)) = v with respect to | - | if and only if with respect to | - |,

2. f:V = W is continuous with respect to | - | if and only if with respect
to -1,

3. F: W — Vis continuous with respect to | - || if and only if with respect
to | -".

Proof. Example proof: if f: (V,||-|) — W is continuous, then f” : (V,|-|) = W
is the composition

V|- —Lsw

1dV

Vil 1) —

so continuous. O
Example.

1. V=R", |V|s < IIVls < lv]; < n|lv]s so all three are Lipschitz equivalent.

2. V=0[0,1],idy: (V, | ls) = (V] -lly) is continuous but idy, : (V|- [;) —
(V,] - lloo) is not so not Lipschitz equivalent.
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2  Uniform Convergence

2.1 Notions of Convergence

Suppose A CR, f, f,, : A — R. Wesay fis continuous if given x € A and € > 0,
36 > 0 such that |f(z) — f(y)| < € whenever y € A and |z —y| < §. We say f is
bounded if exists M such that |f(z)] < M for all z € A. Define

o C(A)={f:A—R: fis continuous},
e B(A)={f:A—R: fis bounded},
which are both vector space.

Example. C[0,1] C B[0, 1] by Maximum Value Theorem. g(z) = + € C(0,1]
so C(0,1] € B(0,1].

Definition (Pointwise Convergence). (f,,) — f pointwise if

(fn(x)) = f(z) for all z € R.

Definition (Uniform norm). The uniform norm on B(A) is given by

I flloe = sup [f(z)].
€A

Definition (Uniform convergence). If f,f, : A — R, we say f(z) — f
uniformly on A if (f, — f) € B(A) for all n and (|f, — fll«) — 0.

In other words,

e (f,) — f pointwise means: you give me z € A and ¢ > 0, I have to find N
such that |f,, () — f(x)| < € whenever n > N. This N only has to work
for that particular value of x.

e (f,) — f uniformly means: you give me £ > 0, I have to find N such that
|f(x) — f(z)| < e for all x € A and n > N. Same N works for all x € A.

Exercise. If (f,,) — f uniformly, then (f,) — f pointwise. The converse is
false.

Example.

o Suppose A =R, f,(z) =z + L, f(z) = z. Then f,(z) — f(z) = % so
(f,) — f uniformly.

o Let g,(x) = (z + 1)%,g(x) = 2%. Then (g,) — g pointwise but g, (z) —
T 1
n T n?

glz) =2 is not even bounded. So (g,,) + ¢ uniformly on R.
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Theorem 2.1. Suppose f, € C(A) for all n and (f,,) — f uniformly on A.
Then f € C(A) as well.

Slogan. The uniform limit of continuous functions is continuous.

Proof. Suppose f, are continuous and (f,,) — f uniformly. Given z € A and
e > 0, must find ¢ > 0 such that | f(z)— f(y)| < € whenever y € A and |z —y| < 4.
Since (f,,) — f uniformly, there exists N such that |f,(z) — f(z)] < /4
for all z € A and n > N. Since fy is continuous, exists 6 > 0 such that
|fn(@) — f,(y)] <e/2 whenever y € A and |z — y| < 4. Then if [z —y| < J,

[f (@) = f)l < [f(2) — In(@)] + [fn(@) = Fn@)] + [ n(y) = FY)]
<e/d+e/2+¢/4

=&

Example. Take A = [0, 1],

o fulx)=2a" f(x)=1ifx =1, f(x) =0if 2 # 1. Then (f,,) — f pointwise
on [0,1] but f, € C[0,1], f ¢ C[0,1] so (f,,) + f uniformly on [0, 1].

o g,(z)=2"(1—1x),9(z) =0. Then (g,) — ¢ uniformly.

Proof. Givene > 0,1—e < 1so (1—¢)® — 0. Pick N such that (1—¢)" < ¢
foralln > N. Then |f,(z)| = [(1—z)z"| < 1-(1—¢)" < e for z € [0,1—¢]
and |f,(z)] = (1 —z)a"| <e-1"=¢ for z € (1 —e,1]. Thus |f,(z)| <e
for all z € [0,1]. O

Note. The converse, at least when taken literally, is false. See example sheet 1

Ql1.

Remark. Everything I have said so far works fine for A C V, f: A — W, where
V, W are normed vector spaces.

Joke. A mathematician named Cliff measured his room for painting. His wife
went off to the paint store and told the counter how much paint she needed.
The counter said: “Thats a lot of paint. Are you sure you want that much?” To
which the wife answered: “Well my husband is a mathematician. I’'m sure he
gets the numbers correct.”

She arrived back home with really a lot of paint. Cliff moved all the paint in
the house and suddenly said:

“Oh, damn! I measured the volumn instead of the area!”

Recall that if f € C[a,b] then ||f|; = fab |f(x)|dx.

Definition (Convergence in measure). f, converges in measure to f if
(f,) — f with respect to | - |,

10
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Lemma 2.2. If (f,) € Cla,b] and (f,,) — f uniformly then (f,) — [ in

measure.

Proof. Given € > 0, pick N such that |f,(z) — f(z)| < e/2(b—a) for all x € [a, ]].
Then

b
I, — £l = / (@) — fla)lda
b

g/ c/2(b— a)dz
= (e/2(b—a))(b—a)

=g/2.
O
Bquivalently, the map id : (C[a, b}, |  |o0) = (Cla,B] |- ) s continuous.
Example. Let A =[0,1],
n z €10,1/n]
1. flx)=42—nz =z €[1/n,2/n] Then (f,) — 0 pointwise and in measure
0 x>2/n
but not uniformly.
n’x z €10,1/n]
2. g (®) =< 2n—n%r x€[1/n,2/n] Then (g,) — 0 pointwise but (g,,) +
0 x>2/n

0 in measure or uniformly.

2.2 Power Series

Question. Given
i=0
how do I know if f(x) is continuous or differentiable?
Recall some facts about series from IA Analysis I:

1. The series Z;o ¢; = ¢ € C means that (3 ) — ¢, as real vector space
(C 11 = (RE - )

2. 3., ¢ converges if and only if there exists N € N such that 3°~ ¢;
converges.

3. Geometric series: ) a' = % for |a] < 1.
4. If 3°° ¢; converges then (c;) — 0.
5. Comparison test: if 0 < a; < b; for all ¢ and ZZO b; converges then

oo (o) o0
) - < -
> @i converges and > " a; < 37 b,

11



2 Uniform Convergence

. o0 oo
6. Absolute convergence: if -~ |c;| converges then } " '¢; converges and

| gl <227 il

Lemma 2.3. If0 < [¢;| < b; for all i and 3777 b,

oo
; converges then 3 .~ ¢;
converges.

Proof. Combine property 5 and 6. O

Definition (Power series). A series of the form

a;(z—c)’,

“

S
Il
o

where a,, z,c € C'is called a power series. C'is the centre.

Proposition 2.4. If

converges then

converges whenever

|z —c| <|zp—c|.

Proof. By property 4 (a;(zy — ¢)?) — 0. Pick N such that |a;(z, — ¢)’| < 1 for
all ¢ > N. By Property 2 it suffices to show that

Z a;(z—c)’
i=N

converges. Now for ¢ > N,

z—c |t )
<l-a*

J— Z .
= la(zo — o'l | -,

Fundamental Estimate for Power Series

ZO’_CC|. Soif |z —¢| < |2y — |, < 1, ZZN a' converges by property

where a = |7

3.

In summary, we have
la;(z —¢)'| < o’

for all i > N and ZZN o' converges. By the lemma ZZN a;(z — c)* converges.
O

Definition (Radius of convergence).

o0
R :=sup{|z—¢|: Z a;(z — ¢)* converges}
=0

12
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| is the radius of convergence of ZZO a;(z—c)'.

Proposition 2.4 implies that if z € Bg(c) then Zzo a;(z —¢)* converges. In
other words, if we define

f:Bg(c) = C

ZH Zai(z—c)i
=0

n .
zZ Z a;(z—rc)’
=0

Proposition 2.4 says that (P,) — f pointwise on Br(c). As P, are polyno-
mials so they are continuous. A natural question is, is f continuous as well? We
know this answer will be yes if we can prove that the convergence is uniform.

Theorem 2.5. With notations as above,

(P,) = f
uniformly on B,(c) whenever r < R.

Note. Equivalently, we can say (P,) — f uniformly on B, (c) for r < R. The
closed ball B, (c) is just a convention when talking about uniform convergence
on a compact set.

Proof. Define

E,(2) = f(z) = Py(2) = ) a;(z—¢)".
i=n+1
Fix r < R. Given € > 0, need to find N such that |E,(z)| < ¢ whenever n > N
and z € B,.(c).
Choose z, with 7 < |z; — ¢| < R as in the proof of Proposition 2.4, pick N,
such that |a;(zy — ¢)|* < 1 for i > N,. Now we use Fundamental Estimate for

Power Series. For i > N, we have |a;(z — ¢)’| < a(z)" where a(z) = |==<I. For
z € B,(c),
a(z):‘z_c‘f T =qp<1
zg—cl T |z — (]

since r < |z, — ¢|. Hence for n > N,

o) ) o) ) anJrl
B2l < Y ozl < 3 ap= 20—
i=n+1 i=n+1 Qo
As oy < 1, (a) — 0. Pick N > N, such that
ab < e(l—ag)
for i > N. So for n > N,
1—
B ()] < =00
— o
for all 2z € B,(c). This is what we wanted. O

13
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Note. It need not be true that (P,) — f uniformly on By(c). For example,

o0
>
=0

does not converge uniformly on B, (0).

| Corollary 2.6. f as above is continuous on Bg(c).

Proof. Let U, = B,.(c),r < R. Then U,. is open in C. (P,) — f uniformly on
U, for r < R. Since the P, are continuous f ‘UT is continuous. By gluing lemma
f is continuous on

U= |JU, =Bglo.
r<R

O

To summarise, power series are locally uniformly convergent and thus contin-
uous on its domain of convergence Bg(c).

2.3 Integration & Differentiation
Recall from TA Analysis I that

Theorem 2.7 (Fundamental Theorem of Calculus). Suppose f € Cla,b],
¢ € [a,b], then

F(x) = /I f(y)dy

is well-defined for x € [a,b] and

and the following properties of (Riemann) integral:

1. If f(z) < g(z) for x € [a,b], j: f(z)dx < j{;b g(x)dz.
2. | [ flx)da| < [°|f()]dz.
3. 16b<a, [* f(w)de = — [ f(z)dx.

Lemma 2.8. If |f(x)| < C for all x € [a,b] then

\/ f(t)dt‘ < Clz—cl.
Proof. If © > ¢ then

’/xf(t)dt’g/E|f(t)|dt§/10dt:6(o:—c).
If z < ¢ then

’/m J(t)dt] < /I | — f(®)ldt < Clz —c|.

14



2 Uniform Convergence

Now suppose f,, € Cla,b] and (f,,) — f uniformly on [a,b] so f € C[a,b].
Define

Fo) = [ Cfa(t)dt
Flz) = / " ptyat

Proposition 2.9. With notations above,
(F,) > F
uniformly on [a,b].

Proof. Given ¢ > 0, there exists N such that |f,, (z) — f(z)| < e/(b—a) for all
n > N and x € [a,b]. Then

F@) =@l = | [ gwae— [ o
<| [ (i) — s0)at

<l|lz—¢|- £ by lemma
b—a
<e
since z, ¢ € [a,b], |x — ¢| < b—a. Thus (F,) — F uniformly on [a, b]. O

Now suppose f(z) = 3> a;(z —¢)" is a real power series with radius of
convergence R. Then for r < Rand P,(z) = Z?:o a;(z—e)?, (P,) — funiformly
on B,.(c)=[c—r,c+7].

Corollary 2.10.

c =0

forz € (c—R,c+ R).

Proof. Given z, choose r with |z —¢| < r < R. Then (P,) — fon [c—r,c+ 7]
so by Proposition 2.9

®) - [ " ft)de

uniformly on [¢ —r, ¢ + 7] where

P, (z) = /m > ait—eydt="" 111 (z — c)i*!

=0 =0

Since uniform convergence implies pointwise convergence,

o0

> St = /x F(t)dt.

15



2 Uniform Convergence

Question. If (f,) — f uniformly on [a,b] and f,, are differentiable, what can
we say about (f})?

The answer is, surprisingly, absolutely nothing.

Example. Let f(z) = fsinnz. Then (f,) — 0 uniformly on [0,7]. But
fr(x) = cosna does not even converge for any = # 0.

Nevertheless, if f(z) =32 a;(x — )" has radius of convergence R, we still
have

Proposition 2.11. f is differentiable on (¢ — R,c+ R) and
fla) =2 ia(w—c)
i=1

In other words, power series can be differentiated term-by-term.

1

| Lemma 2.12. g(z) = Zzl ia;(x—c)"! converges for ally € (c—R,c+R).

Proof. Given z € (¢ — R,c + R), pick z; with |v —¢| < |z —¢| < R. Then
ZZO a;(zq — c)* converges, so by Fundamental Estimate for Power Series, there
exists N such that _ _

la;(x —c)'| <o
for all 7 > N, where o = 2=cl 1. Then

|zo—cl

1a,

b, = ia»x—ci*1<‘ Az =) < o
where we assume y # c. Now
L+ 1
'limZJT a=a<l1
11— 00 1

o i i . Qs
SO Zi: | oo @' converges by ratio test. Since

. . 7 .
iog (e — )1 < o,

Zzl ia;(x — c)*~! converges by comparison test. If x = ¢ then the convergence
is obvious. O

o0

Proof of proposition. g(x) =3 " ia;(x — )~
by term-by-term integration

! converges on (¢ — R,c + R), so

[ o= oo -y = 1) - 560

=1

Now g(z) is continuous on (¢ — R, ¢+ R) so we can apply Fundamental Theorem
of Calculus so f'(z) = g(x) for all x € (¢ — R,c+ R). O

Application. Power series solutions of ODEs are legit as long as you check the
radius of convergence.
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8  Compactness & Completeness

3 Compactness & Completeness

3.1 Compact subsets of R"”

Let (V,]-]) be a normed vector space. If (v,) is a sequence in V and (n;)
is an increasing sequence of positive integers (i.e. n;; > n;) then (v, ) is a
subsequence of (v,,).

Exercise. if (v,) — v in v then any subsequence (v,, ) converges to v as well.

.)

Definition (Boundedness). A C Vis bounded if there exists m such that
[v]| < m for all v € A.

Remark. If |-| and || are Lipschitz equivalent then A is bounded with respect
to ||| if and only if with respect to |-|’. It follows that boundedness in R™ means
with respect to any one of ||, ||,

Recall from TA Analysis I:

Theorem 3.1 (Bolzano-Weierstrass). A bounded sequence in R has a con-
vergent subsequence.

Corollary 3.2 (Bolzano-Weierstrass for R™). A bounded sequence in R™
has a convergent subsequence.

Proof. Inducton on m: if m = 1 then done by Bolzano-Weierstrass. Suppose
it holds for R™! and let (v,) be a bounded sequence in R™. Write v, =
(Up1s s V) = (W, 0y, ) for some w, € R™ . Jw,| and |v,, .| < |v,] so

» Yn,n n’ “n,m

(v,,) is bounded implies that (w,,) and (v, ,,) are bounded. By induction (w,,)

has a subsequence (wnj) — w € R™" 1. Now consider (Un],m>~ This is a bounded

sequence in R so by Bolzano-Weierstrass there is a subsequence (vnj m) —vER.
"y

By Exercise (w,, ) — w so
Tk

(0n,) = (0, ) = (w,0) €RT.

Definition (Sequential compactness). C C Vis sequentially compact if any
sequence (v,,) in C has a convergent subsequence (vnj) —veC.

Remark. There is another (topological) definition of compactness using open
covers. For metric spaces, in particular subspaces of normed spaces, these two
are equivalent.

Example.
1. R is not compact as (n) has no convergent subsequence.

2. (0,1] is not compact as (1/n) — 0 but 0 ¢ A.

17



8  Compactness & Completeness

Theorem 3.3 (Heine-Borel). A CR™ is compact if and only if A is closed
and bounded.

Proof.

o <«: Suppose A is closed and bounded. Given a sequence (v,,) with v,, € A,
must find a convergent subsequence. Since A is bounded, (v,,) is bounded so
by Bolzano-Weierstrass there is a convergent subsequence (vnj) —veR™.

As A is closed and U, € A, (’unj) — v implies that v € A.

e =: If A is not closed or not bounded, we will find a sequence (v,,) with
v,, € A with no convergent subsequence:

— if A is not closed, there is a sequence (v,,) — v with v,, € A but v ¢ A.
Suppose (vnj) — w is a convergent subsequence. Then by Exercise

(vnj) — v. By uniqueness of limits v = w ¢ A.
— if A is not bounded, then for each n > 0 there exists v, € A with

|v,,]| > n. Consider the sequence (v,,). Suppose there is a subsequence
(v,, ) — v. Then we can find J such that ||11nj —v| <1 forall j>J

J
Pick K > max(J, |v| + 1). Then for j > K,
[on, I < lvg, — vl + o] <14+ o] < K <n;

since n; > j > K. So anj | <n, for j > K, contradiction.

O
1— 0,1
Example. (V,|-|) = (C[0,1],]|,)- Consider f, (z) = nz x € [0, /n]
0 x>1/n
. 1 z=0 S )
Note if f(z) = 0 >0 then (f,,) — f pointwise. Claim (f,,) has no conver-
x

gent subsequence with respect to ||| -

Proof. Suppose ( fnj) — g uniformly. Then ( fnj) — ¢ pointwise. But we know

from Exercise ( fnj) — f pointwise so f = g. But f,, is continuous so g is
continuous. Contradition. O

Note. f, € B;(0) C V.

Corollary 3.4. B;(0) is closed and bounded in (C[0,1],||.,) but is not
compact.

Proposition 3.5 (Continuous image of compact set). Suppose C C V is
compact and f : C — W is continuous then f(C) is also compact.

Proof. Suppose (w,,) is a sequence in f(C). Pick v,, € C with f(v,) =w,,. Cis
compact so (v,,) has a convergent subsequence (vnj) — v € C. fis continuous so

(w,)) = (f(v,)) > f(v) € F(C).

J

O

Joke. There is no joke today.
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8  Compactness & Completeness

3.1.1 Application I: Maximum Value Theorem

| Lemma 3.6. If ) +# A C R is compact then sup A € A.

Proof. A is closed and bounded so & = sup A € R. For each n > 0, exists a,, € A
such that « — 1/n < a,, < a. Then (a,,) — «. Since A is closed and a,, € A,
a € A as well. O

Theorem 3.7. Suppose f : C — R is continuous and C' is compact and
nonempty. Then exists v € C such that f(v) > f(v") for all v’ € C.

Proof. f(C) is compact and nonempty by the Proposition, so Lemma implies
that o = sup f(C') exists and o € f(C). Pick v € C with f(v) =a. If v € C
then f(v') € f(C) so f(v') < a= f(v). O

Corollary 3.8. Let f and C be as above. Then there exists v_ € C with
floo) < f(v') for all v € C.

Proof. Apply Theorem to —f. O

3.1.2 Application II: Equivalence of Norms on R”

Let ||-| be some norm on R™.

| Lemma 3.9. The map id : (R™,|-[|;) — (R™, |-|) is continuous.

Proof. By the criterion in Proposition 1.7 it suffices to show that there is a
constant C such that |v| < C|v|; for all v € R™. Let v = (vq,...,v,,) =

yYm

m . .
2., vie; where e; is the standard basis vector. Take C' = max;;,,,[€;[|. Then

m m m
lol <D losedl =D loillledl < C Y logl = Clolly
i=1 i=1 =1

Corollary 3.10. The map f: (R™,[-[;) = (R,|-|) given by f(v) = |Jv| s
continuous.

Proof. f = goid where g is the continuous map from R to R in Example 5 on
page 4. O

Recall that two norms |-|| and |-|* on Vare Lipschitz equivalent if there exists
C such that

1
5||U|| < ol < O
forallveV.

Remark. This is trivially true if v = 0 so suffices to check for v # 0.
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8  Compactness & Completeness

Theorem 3.11. If || is a norm on R™ then it is Lipschitz equivalent to

Il

Proof. Let S = {v € R™ : |v||; = 1}. Claim S is compact with respect to |-|;: S
is clearly bounded. Consider g : (R™,|-|;) = (R,]|-|),v > |Jv|l;. ¢ is continuous
and S = g 1({1}). As {1} C R is closed S is closed. So by Heine-Borel S is
compact.

By Corollary f : (S, ]1;) = (R, -|) given by f(v) = Jo] is continuous. By
the Maximum Value Theorem there exists v € S with

flo) < F(0') < floy)
for all v € S. Let C_ = f(v,). Notice that
v, e€S=uf,=1=v,.#0=C_=|v.| #0.

Let C' = max(C,,1/C_). Then

IN

O <f)=l<0, <C

Ql =

forallve S.
Finally, if v € R™ \ {0} then v/|v||; € S so

1 v
=<\l =<
¢ lvll4
and Lipschitz equivalence condition follows. O

| Corollary 3.12. Any two norms on R™ are Lipschitz equivalent.

Proof. Lipschitz equivalence is an equivalence relation. O

3.2 Completeness

Let V' be a normed vector space.

Definition (Cauchy sequence). A sequence (v,,) in Vis Cauchy if for any
€ > 0, there exists N such that for all n,m > N, |v,, —v,,|| < &.

Example.

1. If (v,,) — v then (v,,) is Cauchy.

Proof. Given € > 0, pick N such that ||v,, — v| < /2 for n > N. Then for
n,m > N,
lvn, = vl < v, =0l + llv = v, | <e.

O

2. If (327" 1/i) is not Cauchy since for any fixed N, 3°™ 1/i — oo as
m — 00.

20



8  Compactness & Completeness

Informally, a Cauchy sequence wants to converge: given £ > 0, pick NV such
that v, — v,,| < € for all n,m > N. Then |v, —vy| < € for all n > N so
v, € B.(vy).

But there may not be anything for it to converge to!

0 x €10,1/2
Example. V = C[0,1] with ||-|;. Let f,(x) =< n(z —1/2) =z €[1/2,1/2+ 1/n]
1 x>1/2+1/n

Then (f,,) is Cauchy but does not converge to any f € C[0, 1].

fal2)

Example ((Not quite an) Example). Let (V,|-]) = (Q,|]), let v,, be the first
n-decimal place expansion of m. Then (v,,) is Cauchy but does not converge to
any v € Q.

Definition (Completeness). A normed vector space (V, |-|) is complete if
whenever (v,) is a Cauchy sequence in V, there exists v € V such that
(v,,) = v.

Example. (C[0,1],]|;) is not complete.

Theorem 3.13 (Completeness of Euclidean Space). R™ is complete.

The proof uses two lemmas about Cauchy sequences: suppose V'is a normed
vector space and (v,,) is Cauchy, then

| Lemma 3.14 (Boundedness of Cauchy sequence). (v,,) is bounded.

Proof. Example sheet. O

| Lemma 3.15. If there exists a subsequence (vnj) — v € Vithen (v,) = v.
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8  Compactness & Completeness

Proof. Given ¢ > 0, pick N such that for all n,m > N, |v,, —v,,| < €/2. Since
(v,,) = v, exists J such that whenever j > J, ||vnj —v| < e/2. Pick j > J such
that n; > N. Then for all n > N,
lop, = vl < v, — v | + [0, —v] <e/2+e/2=e.
O

Proof of Theorem 3.13. Suppose (v,,) is a Cauchy sequence in R™. By Lemma 3.14,
(v,) is bounded. By Bolzano-Weierstrass, it has a convergent subsequence
(vnj) — v € R". By Lemma 3.15 (v,,) — v € R". So any Cauchy sequence in
R™ converges to v € R™. R” is complete. O

We saw before that (C[0, 1], |-||o.) does not have Bolzano-Weierstrass property.
Nevertheless, it is complete:

Theorem 3.16. Let [a,b] be a bounded interval in R, then Cla,b] is complete
with respect to |||| o -

Proof. Suppose (f,,) is Cauchy in C[a,b]. We must find f € Cla,b] such that
(f,) — f uniformly on [a, b].
Give € > 0, pick N such that whenever n,m > N,

(@) = [ ()] < max [fo(@) = Fn @) = 1fp = finlloo < /2 (%)

z€(a,b

i.e. for all z € [a,b], the sequence (f,, (z)) is Cauchy in R. Since R is complete,
lim,, . f,(x) exists. Now define f(z) = lim,_, f,(x). Claim (f,) — f uni-
formly on [a, b]: given € > 0, choose N as in (x). Given z, choose M such that
|fn(z) — f(z)| < e/2 for n > M. Let m’ = max{M,N}. Then for n > N,

[fo(@) = f(@)| < [fo(@) = frr (@) + | frr (2) — f(2)] <e/2+e/2=¢.

Since the uniform limit of continuous functions is continuous, (f,,) — f € C[a,b].
(Cla,b], |'|l) is complete. O

Definition (Normed subspace). Let (V,|-|) and (V’,|-|") be two normed
vector spaces. We say V'is a normed vector subspace of V' if

1. V <V’ as a vector space,

2. Jv| = |v| for all v € V.

Remark.

1. If V. C V’, Vis complete then V'is a closed subset of V.

Proof. Suppose (v,,) is a sequence in Vand (v,) = v" € V'. Then (v,) is
Cauchy in V'so (v,,) — v € V. By uniqueness of limits v =v" € Vso VCV
is closed. O
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8  Compactness & Completeness

2. If (V,|]) is a normed space then there exists a complete normed space
(V,|-]) which contains V as a dense subspace (dense means that any v € V'
is a limit of sequence in V). This Vis the completion of V and is unique up
to isomorphism of normed space.

Example.
1. R is the completion of Q with |- |.
2. The completion of (C[0,1],|-];) is the space of Lebesgue integrable func-

tions on [0, 1].

3.3 Uniform Continuity
Suppose Vand W are normed spaces and X C V,

Definition (Uniform continuity). f: X — W is uniformly continuous if
Ve>0,30 >0Vo,we X, Jv—w| <d=|flv)— fw)| <e.

Note.

e fis continuous means that if I give you e > 0 and v € X, you find 6 > 0
such that | f(v) — f(w)| < & whenever |v—w| < 4.

e fis uniformly means that if I give you € > 0, you find é > 0 which works
for all v e X.

Clearly uniform convergence imples convergence but the converse is false.
Example.

1. f:R = R, f(z) = 22 is not uniformly continuous since f(z+6/2)— f(x) =
8+ 8%/4>1if 2 > 1/4.

2. Suppose a,b € R, f: (a,b) — R is uniformly continuous, then f is bounded
on (a,b):

Proof. Suppose |f(z) — f(y)| < 1 whenever |z — y| < 20, then

Tty
2

Tty

[f(2) = fy)l < |f(2) = /( >

|+ - | <1+1=2

Similarly |z — y| < nd implies that |f(z) — f(y)| < n so f is bounded on
(a,b). O

3. f:(0,1) > R, f(z) = 1/ is continuous but not bounded so not uniformly
continuous.

4. f:(0,1) = R, f(x) = sin(1/x) is not unifornly continuous since for any
d > 0, there exists z,2” € (0,4) with f(z) =1, f(2’) = —1.
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8  Compactness & Completeness

Theorem 3.17. If C C Vis compact and f: C — W is continuous then f
s uniformly continuous.

Proof. By contradiction. Suppose f satisfies the hypotheses but is not uniformly
continuous, i.e. Ja > 0 such that there is no § > 0 with ||f(v) — f(w)| < a
whenever |v— w| < §. Thus Vn > 0, Jv,,,w,, such that v, —w,| < 1/n but
If(v,) — f(w,)| > a. Since C is compact, (v,,) has a convergent subsequence
(vnj) — v € C. Claim (wnJ) — v

Proof. (vnj) — ¥ 80 limjﬂooﬂvnj —v| =0. v, —w,| <1/nso limjﬁoonvnj —
W, | = 0. Then

0. < fwn, — vl <y, — vy | + o, — ]

so by squeeze rule limjﬁoonwnj —v|=0. 0

Now we claim limjﬁooﬂf(vnj) — f(wnJ)H =0:

Proof. (vnj) — v, fis continuous so (f(vn])) — f(v). Similarly (wnj) — v, SO
(f(w,,)) = f(v) as well. Then

0 < 1f(v,,) = Fw, )l < If(v, ) = F@) + £, ) — FO)]
and the result follows by squeeze rule. O

Now choose J such that Hf(vnj) — f(wn])” < a whenver j > J. Then let

N =ny, |f(v,) — f(w,)| < a whenever n > N. However, this contradicts the
fact that | f(v,) — f(w,)| = a > 0 for all n. O

3.3.1 Application: Riemann Integral

Recall from TA Analysis I: g : [a,b] — R is piecewise constant if Ja = ay < a; <
-+ < a,, = bsuch that g(z) = ¢; for all z € (a;_,a;). Let
Pla,b] = {g: [a,b] = R : g is piecewise constant}
Notation. f < g means for all z € [a,b], f(z) < g(x).
If g € Pla,b], define

n

I(g) = Z ci(a; —a; )

=1
to be the signed area under the graph of g.
Lemma 3.18. If f,g € Pla,b], then
1. f+Xg € Pla,b] and I(f+ Ag) = I(f) + X (g).
2. If f >0 then I(f) > 0.
3. If f > g then I(f) > I(g).
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If f € Bla,b], define
Now define

so given g, € U(f),g_ € L(f), 9_ < f<g,s01(g_) <I(g9.). Now define

u(f) = infU(f)
I(f) = sup L(f)

Definition (Riemann integral). fis Riemann integrable if u(f) =1(f). In
this case define

b
/ f(@)dz = u(f) = 1(f).

| Theorem 3.19. If f € Cla,b] then f is Riemann integrable.

Proof. By Maximum Value Theorem f € Bla,b]. Claim given ¢ > 0, 3g, €
U(f),g_ € £(f) such that I(g,)—I(g_) <e:

Proof. Since [a, b] is compact, f is uniformly continuous. Choose d > 0 such that

|f(z) — f(y)| < &/(b—a) whenever |x —y| < d.
Choose a = ay < -+ < a,, = b such that a; —a,_; < ¢ for all i. Define

¢ = max f(z)
z€la; y,a,]
¢; = min f(z)
z€la; 1,a,]

Ifz,y€la;,_q,a), |t —y| <dsoc —ci <e/(a;_y,a;). Now take g, (z) = ¢f if
x € [a;,_1,a;]. By construction for z € [a;_4,a;],

so g, > f. Similar for g_. It follows that I(g,) —I(g_) <e. O
With this result, the proof of the theorem is almost apparent: since
I(g-) <IU(f) <ulf) <I(g,),

0<u(f)—IUf) <I(gy)—1(g9_) <eforalle>0. Thus u(f) =I(f) and fis
Riemann integrable. O
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4 Differential Calculus on R™

4 Differential Calculus on R"

4.1 Derivative, First Attempt

It is natural to ask what is the generalisation of differentiation on R to higher
dimension. More specifically,

Question.
1. What does it mean for F : R? — R to be differentiable?
2. If Fis differentiable, what is its derivative?
Recall from multivariate calculus the partial derivative

or
0x,

— D,F|,,

as)
(ay,az)

(c(lit (a; +1, a2)) |t:0

— lim F(ay + h,ay) — F(ay, ay)
h—0 h

Similar for %
2

Note. Just becuase % exists does not mean that F'is differentiable at a =

(ay,ay):
Example.

o Let

7 ) 0 ifa; =00rzy,=0
Ty, Ty) =
b2 1 otherwise

Then 8871: = gTF =0 at (0,0) but F'is not even continuous. Heuristically,
a good deﬁmtlon of differentiability should not allow this as this is not
compatible with the definition of differentiability on R.

e If one insists that differentiability does not imply continuity (by whatever
means) and declare F as differentiable whenever g E

G(xy, 1) = F(xy + Ty, ; — ), whose derivative 2 8
This reveals a bigger problem with this definition of “dlfferentlabﬂlty” the
composition of differentiable functions is not differentiable!

The failure in the above attempt to define differentiability is because the
existence of partial derivatives is not strong enough as % merely tells us about
the behaviour of when F'is restricted to coordinate axes.

To answer Q1, recall that f: R — R, f'(a) = ¢ means that

fla+h) = f(a)

lim m— 2"~ ~ —¢.
h—0 h
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4 Differential Calculus on R™

Graphically, y = T'(z) is the tangent line to y = f(x) at (a, f(a)) where T'(z) =
f(a) + c(x — a). In other words,

. fla+h)=T(a+h) fla+h)—f(a) ch
tig [OED LD _ gy (Lot =Sl) 2t
— f'(a) ¢
=c—c

=0

so f is differentiable at a if and only if f is well-approximately by its tangent
line near a in the sense that
i @t h) —T(a+h)
h—0 h
Answer (Answer to Q1). F : R? — R is differentiable at a if it is well-

approximated by its tangent plane z = T(xy,2,) at (a,F(a)) in the sense
that

=0.

Fla+h) —T(a+h) )
7 =0 (*)

where the limit will be made rigorous later.

lim
h—0

Now we have to ask: what is the tangent plane? It is the equation
z=T(zy,25)
= Fl(ay,a3) + ¢ (21 — ay) + cp(z5 — ay)
for some ¢; and ¢, s0
T(a+h) = F(ay,ay) + c1hy + c3hy = Flay, ay) + L(h)
where h = (hy,hy) and L : R? — R is a linear map.
Answer (Answer to Q2). The derivative DF|, is the linear map L.

What should ¢; and ¢, that we used to parameterise T'be? Equation (x) says

that
F(a+h)—F(ay,ay) —cihy — cyhy

s Il -
Taking h = (h,0) gives
0 = lim Fla+h)—F(ay,a) —cihy
h—0 hy
— lim (F(al + h,a;) — Fay, ay) —01)
h,—0 hl
_or
o (ay,az)
S0 ¢; = %kal,az)' Similar for ¢,. So
OF oF
DF|a = h1 + h2

o0, " o,
_(or oy (n
-\ 0z, Ox, hy
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i.e. as a map DF|, is given by the matrix
(DIF|(1 ﬂ2F|a)'

Example. Let F' be the same as in the previous example. % = 0 so if there
were a tangent plane at 0 it would be given by

z2=T(x1,29) =04+0-2,+0-2,=0
which is, to say the least, a terrible approximation of F.

More generally,

Definition (Differentiability). Given F : R™ — R™, F'is differentiable at a if
there is a linear function L : R™ — R"™ such that
F h)— F(a) — L(h
L Flath) —F@)— L) _, “
h—0 2]

If so, say DF|, = L is the derivative of F at a.

If F = (Fy,..., F,) is differentiable at a, the derivative is given by the matrix

Z)lF1|a Z77’L'F1|a
DF|, = : :

DlFm|a @nFm|a

n(®)
Dl = ( : )
Tm (t)

Recall the chain rule: given F': R™ — R,

Example. If v: R — R",

GO =

%)
(@5, 25,) (v;;(t))

=[]

OF )
Oz, v(ﬂ%

As matrix multiplication is composition of linear maps
D(F 07|y = ﬂF"y(t) o Dy,
Similarly for F': R” — R™, G : R™ — R! differentiable, we will show that

D(FoG)=2DFoDG.

4.2 Limits
Suppose Vand W are normed spaces, U C Vopen, and vy € U, f: U\ {vy} — W.
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4 Differential Calculus on R™

1.
2.

1
2

Proof.

5.

Definition (Limit). We say the limit of f at v, is w, denoted by

Jim f(v) = w,

if for every € > 0, exists § > 0 such that |f(v) — w| < ¢ whenever 0 <
[v—vg]| <9 and v e U.

lim,_,, f(v) =wifand only if lim,_,, |f(v) —w| = 0.

lim, ,, f(v) =w if and only if for every sequence (z;) in U \ {v,} which
converges to v, the sequence (f(z;)) — w.

If |||y and |-|{ are Lipschitz equivalent on Vand || and |||, are Lipschitz
equivalent on W then lim,,_,, f(v) = w with respect to |-, and || if and
only if with respect to ||, and |-|jy. In particular if V = R", W = R™
then the limit is unambiguously defined without specifying any norms.

Proposition 4.1 (Properties of limits).

iy, (f(0) + Ag(v) = lim,,_, f(0) + Alim,,_,, g(0).
D IfA U\ A{vg} = R then

lim A(v)f(v) = lim A(v) lim f(v)

’U*}’Uo ’U*)’UO ’U*)’UO

if both limits on RHS exist.

Squeeze rule: if | f(v) —w| < |lg(v) —w| and lim,_,,, g(v) =w then
hmvavo fv) =w.

. Iff : U\{UO}' - Rmaf(“) = <f1(v)’ ...,fm<’U)), w = (w1>“' 7wm) then

lim,_,, f(v) =w if and only if lim,_,, f;(v) =w; forall1 <i<m.

Iflim, ,, f(v) =w and x € U \ {0} then lim,_,, f(tz) = w.

For (4), (f(x)) — w if and only if (f;(z,)) — w, for all i so the result follows
from sequential characterisation of convergence.
For (5), given ¢ > 0, exists 4 > 0 such that ||f(v) — w| < e whenever

0<|

v| < §. Then for 0 < |t| < §/||z||, 0 < |tz|| < 0 so |f(tz) —w| < € so

lim,_,, f(tz) = w.

Note

. lim, ,, f(tx) = w for all x € U \ {0} does not imply that lim, ,, f(v) =

w. This is similar to the case the existence of % for all ¢ does not imply
differentiability of f.

Example. Let

f:R2\ {0} =R

{1?2
Forzy) = Slai+a3) @, #0
R ) 2y =0
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4 Differential Calculus on R™

Then if x = (2, 2,) with z, # 0,

2
- L1 0 2\,2
lim f(tz) = lim 2 (1 + 23)t* =0

If x = (x,0) with z; # 0 then lim, ,, f(tx) = lim, ,, 0 = 0. But
t,t? —t2t2 th=1+t*>1
F2) = S ) =1

for t # 0 so taking ¢ = 1, we find points (1/n,1/n?) arbitrarily close to (0,0)
with f(1/n,1/n%) > 1 so lim,_,, f(v) # 0.

Definition (Continuity). f: U — W is continuous at v, if

lim f(v) = f(v)-

V=g

Lemma 4.2. f is continuous at vy if and only if (f(x;)) — f(v,) whenever
(x;) is a sequence in U converging to vg.

Proof. Sequential characterisation of convergence. O

Recall that previously we have defined continuity of a function on a domain.
Here we define continuity of a function at a point. Fortunately, these two notions
of continuity agree:

| Corollary 4.3. f is continuous if and only if f is continuous at every v € U.

Proof. f is continuous at every v € U if and only if (z;,) - v e U = (f(z;)) —
f(v) if and only if f is continuous. O

4.3 Derivative, Revisited
Suppose U C R" is open, f: U — R™ and a € U. We recall

Definition (Differentiability). Given F': R" — R™, F'is differentiable at a if
there is a linear function L : R™ — R such that

. Fla+h)—F(a)— L(h) .
o ] =0 *)

If so, say DF|, = L is the derivative of F at a.
Note.
1. Equivalently, f(a + h) = f(a) + L(h) + |h|a(h) where lim,_,, a(h) = 0.

2. If (%) holds for two linear functions L, L” : R™ — R™ then L = L’ so Df|,
is well-defined.

30



4 Differential Calculus on R™

Proof. Subtraction gives

lim L(h) — L'(h) =0
h=o
which implies that for any v € R™ \ {0},
0= Jig L) = L(tv) L) — L(v) _ L(v) = L'(v)
150" o] 150+ o] Il

so 0= L(v) — L'(v) = (L — L")(v) for all v # 0. They certainly agree at
0. O

3. The definition of derivative does not depend on the norm used.
Let U CR™ be open and f: U — R"™.

Notation. L(R™ R™) is the space of linear maps from R™ to R™, which is
isomorphic to M, . (R).

Example. If L € L(R",R™),y, € R", f(z) = y, + L(x) then

fla+h)=yy+ L(a+h)
=19y, + L(a) + L(h)
= f(a) + L(h)

flath)— fa)— L(k)
W A = Tl

so f is differentiable and Df|, = L.

Definition (Differentiability). f is differentiable if f is differentiable at all
acU.

There are two ways to think about derivatives:
o analyst way: Df: U — L(R",R™),a— Df|,.

e geometer way: define the tangent bundle TU = U x R™ if U C R"™ is open,
then

df : TU — TR™ =~ R™ x R™
(a,v) = (f(v), Df]4(v))

The analyst way says that given f in the previous example, the derivative
Df:R™ - L(R",R™),a — L is the constant map.

4.4 Directional Derivative

Let F/: U — R".
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4 Differential Calculus on R™

Definition (Directional derivative). If v € R™\{0}, the directional derivative
of Fat a in the direction v is

D F|, = lim F(a+tv)— F(a)

t—0+ t

if RHS exist.
Example. If ¢, is the standard basis vector of R" then D, F|, = D, F|, if
D,F|, exists.
Proposition 4.4. If F is differentiable at a then
D, F|, = DF|,(v).
Proof. Suppose

lim F(a+h)— F(a)— L(h)
h=0 i

Then by the property of limits

0= lim
h—0+ [[tv]|
— lim F(a+tv) — F(a) —tL(v)
h—0* t
% F t F
lim (a+tv) = Fla) = L(v)
t—0+ t
Thus

Example. In the example above,
@F|a(ei) = ﬂe,vF‘a = ﬂiF|a'
If F'is differentiable, the derivative is representated by the 1 x n matrix

(91F|a DnF|a)

Corollary 4.5. If F is differentiable at a then D F|, is a linear function
of v.

Example. Let

F(xlaxQ)

3 3
{ S (2y,1) # (0,0)
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4 Differential Calculus on R™

Then
F(tv) — F(0

t—0+ t

(v} +v3) 1
10+ t2(v? +v3) t
B ks
R

so D, Fy exists for all v # 0. But Dy o) Flg = Doy Flo = Dy, 1y Flo = 1,
DaoyFlo+DonFlo # PayFlo-
D,F|, is not a linear function of v so F'is not differentiable at 0.
Remark. If F: U — R, the gradient is
VF|,=(DFl,D,F|,) € R"
There is a vector space isomorphism

R™ — (R™)*
whewt=w- —
sending a vector to its dual. In particular
VF|,— DF|,
SO

D, F|,=DF|,(v)=VF|, - v.

Proposition 4.6. f = (f1,..., f,,) : U = R™ is differentiable at a with
derivative L = (Ly, ... L,,) where L; € (R™)* if and only if f,’s are differen-
tiable at a with derivative L; for all1 < i < m.

Proof. By property of limits,

i~ ] -0
if and only if
L flat ) = R - L)
h—0 2]

for all 7.

Corollary 4.7. If f is differentiable at a then Df|, € L(R™,R™) is given
by multiplication by the m X n matrix

ﬂlfl'a an1|a
Dfl, = : :
plfm|a anm|a
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4 Differential Calculus on R™

Sometimes it is better to differentiate by hand:

Example. Let

F:RxR—=R

(ay,a) > ay - ay
Then

Fla+h)=(ay+hy) (ag+hy) =ay -ag+hy-as+a; - hg+hy - hy
—_—— ————
F(a) L,(h)

Observe that L,(h) = a; - hy+ay-hy is a linear function of h. Claim DF|, = L,:

a*

Proof.
F h)— F(a)— L (h hy-h
h—0 [2] h—0 ||
By Cauchy-Schwarz,
hy - By 1A ]2 15y |
0< < = Nhell < [hs]
IRl (Ihal? + 1hol®)V2 (1|2 + [hof2)2/2 T2 ?
so by squeeze rule
hy-h
li 1 2 _
O T
and it follows that DF|, = L,,. O

Recall from IB Linear Algebra that given V', W vector spaces,

LV,W)={T:V — W : Tis linear}.

| Lemma 4.8. If L € L(R™,R™) then L is continuous.

Proof. Suppose L(z) = (Ly(x),..., L, (x)). Write L,(z) = Z;;l a;;x; and let

A = (a;;) be the matrix representation of L. Since 7, : x = z; is continuous, L;
is a linear combination of continuous functions so continuous. All components
of L are continuous and so is L. O

Note. The lemma assumes that the domain and codomain are finite-dimensional.
The result does not hold for general normed spaces. For example,

(C[O, 1]7 HHI) - R
[ f(0)

is not continuous.
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4 Differential Calculus on R™

Proposition 4.9. If f: U — R"™ s differentiable at a then f is continuous
at a.

Proof. Since f is differentiable at a, we may write
fla+h) = f(a)+ L(h) + |[h]a(h)

where L(h) = Df|, € L(R™,R™) and lim;,_,, a(h) = 0.

Since L is continuous,
lim f(a+h) = lim f(a) + lim (k) + lim a(h)
= f(a) + L(0) + lim|A| - lim «(h)
h—0 h—0

= f(a)+0+0
= f(a)

Thus f is continuous at a. O

Joke. Unfortunately the author missed this lecture and could not
reproduce the joke in its original form.!

Definition (C! space). F : U — R is C! if all the partial derivatives D, F
exist and are continuous on U. Denote

ClU)={F:U—R:Fis C'}.

Theorem 4.10. If F is C' then F is differentiable on U.

Joke. Lecturer: I'm not usually superstitious, but last time I lectured this
course I messed up proving this theorem. The next day Trump was elected.

Proof. For the ease of notation we show the n = 2 case here. The proof for
n > 3 is entirely analogous.
We need to show that F(a + h) — F(a) is well-approximated by

L(h) = Dy F|, - hy +DyF|, - hy.

From now on assume |h| < € where B_(a) C U.

ezy(h) = a+h
$1a(h)
330(}5 —a Yy 71(};)7 - z1(h) = (ay + h,a,)

IThe author would upon request produce a list of references from which an interested
individual could hear the original joke.
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4 Differential Calculus on R™

The black dots in the above illustraction show that we can do a two step
approximation

Fla+h)—F(a) = F(xy) — F(xy) + F(z,) — F(x)
Recall from IA Analysis I

Theorem 4.11 (Mean Value Theorem). If f : [a,b] — R is differentiable
then there exists ¢ € [a,b] such that

f() = fla) = (b—a)f'(c).

Now apply this to f(t) = F(a; +t,a5), f'(t) = D1 F|(q, 41,4, there exists
y1(h) = (a; + ¢, (h), ay) such that ¢, (h) € [0, h,] and

F(zy) — F(zg) = hy - 2)1F|yl(h)’

Similarly apply Mean Value Theorem to ¢(t) = F'(ay + hy, ay + t): there exists
yo(h) = (ag + hq,ag + cy(h)) such that cy(h) € [0, hy] and

F(zy) — F(xy) = hy - Dy F|,,, 1)
Notice that since y, (h) = (ay + ¢;(h),ay) where ¢;(h) € [0, hy], we have
ly: (h) = all < Ryl < [[R]-
Similarly |y,(h) — al| < ||k]. Claim that
}Lli%ﬂlFLyl(h) - DIFLJ, =0

Proof. By hypothesis D, F is continuous so given € > 0, there exists § > 0
such that |D,F|, — D,F|,| < € whenever |z —a|] < 6. Then if |h| < 4,
ly1(h) —af <] < 4. Then

|D1F|y1(h) - DlFlal <Eé.

Similarly we see that

%ILI%)DQF‘yl(h) 7$2F|a =0.

Now ‘HthH‘ < 1 so by squeeze rule

lim (91F|y1(h) - Z)1}7‘|a)h’ _
h—0 [2]

and similary for 2,. Then

F(a+h)—F(a) = F(zy) — F(zy) + F(z,) — F(x)
= hy - D Fly n) + o - Do Fly, )
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4 Differential Calculus on R™

Thus
F(a+h) —F(a) = L(h) = hy - (D Fl, ) — D1 Fl,)
+ hy - (Do Fly, n) — Do Fl,)
Divide by ||k| and take limits,

F(a+ h) — F(a) — L(h) hy (D1 Fly ) — D1 Fl,)

li =1
o [l o 2]
hy, (D, F — D, F
+ lim 2 ( 2 ‘y2(h) 2 |a)
h—0 |2
=0+0
=0
Thus F'is differentiable at a. O

| Definition (C*! space). f = (fi,..., fn): U — R"is Ctif f, is C! for all 4.

| Corollary 4.12. If f € C*(U) then f is differentiable on U.

Proof. fis differentiable if and only if f; are differentiable for all s. O

4.5 Chain Rule

4.5.1 Limits and Compositions

Let V;,V,, Vs be normed vector spaces, U; C V;,U, C V, open, v, € Uy,
f:U = Uy g:Uy— Vs

Lemma 4.13. Iflim, f(v) =w and g is continuous at w then

lim g(f(v)) = g(w).

V=g

Proof. gis continuous at w so given & > 0, exists ; > 0 such that |g(w")—g(w)| <
¢ whenever |w" —w| < §;. As lim,,, f(v) = w, exists d, > 0 such that
[f(v) —w| < §; whenever 0 < |Jv — vy|| < d,. Taking w’ = f(v), we see that
lg(f(v)) — g(w)| < & whenever 0 < |v — vy| < d5. Thus

lim g(f(v)) = glw).

V=g

4.5.2 Derivatives and Compositions

Let U; C R®, U, C R™ open, F : U, — Uy, g: Uy, — R If f is differentiable
at a € Uy, Df|, € L(R",R™). If g is differentiable at f(a) € Us, Dgly, €
L(R™,R), so the composition

Dg|f(a) ° Df‘a € L(anRe)
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Theorem 4.14 (Chain rule). Suppose f and g are as above. If f is differ-
entiable at a and g is differentiable at f(a), then go f is differentiable at a
and

p(gof)|a:Dg|f(a)°Df|a'

Proof. We first use alternate characterisation of differentiability to rephrase the
problem. We know that

fla+h) = f(a)+ Ly(h) + [h]a(h)
where L, = Df|, € L(R",R™) and lim,_,, a(h) = 0. Similarly

9(f(a) +7) = g(f(a)) + Ly(r) + |7 5(r)
where Ly = Dyl () € L(R™ R¥) and lim,_,, B(r) = 0.
Joke. I had some trouble finding a good name for the infinitesimal variable.

Certainly f or g can’t be used although they are close to h. In the end I settled
for r, although it does not have much h-ness.

Note. If I define 8(0) = 0 then § is continuous at 0.
The objective is to show that

9(fla+h)) = g(f(a)) + Ly(Ly (h)) + [R]~y(h)

where lim;,_,,v(h) = 0.
So we want to find y(h). Using the estimates for f(a + h) and g(f(a) +r),
we see that

g(fla+h))=g(f(a) + Ly(h) + |h|a(h))
E(h)
(f(a)) + Ly (Ly (h) + [|he(h)) + [E(R)|B(E(h))
+ Ly(Ly(h)) + [R| Ly (a(h)) + [E(R)|B(E(h))

0]
G AEm))

Always remember divide and conquer. The first term is easy so we focus on
E(h) for now.

V(h) = Ly(a(h)) +

Lemma 4.15. There exists 6 > 0 such that |E(h)||/|h] < M whenever
0 < |h| <.

Proof. Recall that
E(h) ( h )
—= =L, | — | +a(h)
IR “\
h

= €8 ={veR": v =1}
€5 =1 Joll = 1}

We have seen before in the proof of Theorem 3.11 that S is compact. By Max
Value theorem there exists M’ such that |L;(v)|| < M’ for all v € S.

where
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Choose ¢ such that |a(h)|| < 1 whenever 0 < |h| < §. Then for 0 < |h| < 6,

|MM|§W(h)H+MmH§AT+I_M

[ [
O
Corollary 4.16.
lim E(h) = 0.
h—0
Proof.
E(h)
lim E(h) = li . =
lim E(h) = lim T [h] =0
by squeeze rule. O
Finally we are ready to estimate y(h). L, is continuous so
li = lim L =1L =0.
lim a(h) =0 = lim Ly(a(h)) = Ly(0) =0
[ is continuous so
lim E(h) =0 = lim S(E(h)) = 8(0) = 0.
h—0 h—0
Applying Lemma, squeeze rule shows that
lim 5(h) = 0.
O

Remark.

1. fy:R—-R" F:R" - R, let f = Fo~. Then

DEF ), = (1)
= DF"y(t) o Dvl,

71(t)
= (D1 Flyu) - DpFlyw) ( : )
Y ()

= [VF|, -7 ()]
ie. f'(t) = VF| 4 - (0).

In TA Analysis I, we proved the Mean Value Theorem which is an important
result in differential calculus. The result generalises to higher dimensions.

Definition (Convex set). U C R™ is conver if whenever z,z; € U then
try + (1 —t)z, €U

for ¢t € [0, 1].
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Theorem 4.17 (Mean Value Inequality). Suppose U C R™ is open and
conver. If F: U — R is differentiable and satisfies

IVE| <M

for all a € U then
|F(21) — F(zo)| < Mz, —

forall zy,z, € U.

Proof. Given what we have so far, it takes more words to state the theorem than
to prove it (well, maybe not).
For t € |0,1] define
v(t) =ty + (1 —t)x,.

Then
V() = —
and Im~ C U. Let f(t) = F(vy(t)), then
IO =V Flq -~ (@)
< HFl’Y(t)H v ()| by Cauchy-Schwarz
< Mlzy — o
Mean Value Theorem applied to f(t) says that
|F(z1) = F(zo)| = [f(1) = £(0)]

= |f’(c)]| for some ¢ € [0, 1]
< Mz, —

4.6 Higher Derivatives
Let U C R™ open, a € Uand f : U — R™ differentiable. Then D f, € L(R™ R™).
Question. How should we define the second derivative at a?

Given v € R™, define

a,:U—=R"
x> Dfl,(v)

Note. a, depends on .
Example.

L o, (z) = Df,(e;) = D; f(x).

2. 0y o, (@) = D] (01 +Avg) = D, (v1) + ADf|,(vg) = ay, () + Ay, (2).
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Definition (Twice differentiability). fis twice differentiable at a € U if o,
is differentiable at a for all v € R™.
If so define

22f|a :R™ x R — R™
(v, w) = Dav, [ (w)

Example.
D2 fla(e;. €5) = Do, lale;)
=D(D;f)lale)
Di(Dif)la
Notation. Let
o of

(97]» ox;

ﬂijf'a = Dj(Dif> =

a

Lemma 4.18. If f is twice differentiable at a then
D2f|, : R" x R* — R™
1s bilinear, i.e.
1. D2 flo(vy + Avg,w) = D2 f| (v1, w) + AD? f|,(vg, w),
2. D2 flq(v,wy + Awy) = D2 f|(v,wy) + AD? f|, (v, w,).

Proof.
1.
2)2f|a(vl + >‘U2’ ’U}) = Dav1+)\v2|a(w)
= D(ay, + Ay, )|o(w)
= Da,,[o(w) + ADa, |, (w)
= DQfla(th) + )‘DQ.ﬂa(’U%w)
2.

D2 flo (v, wy + dwy) = Dav, |, (wy + Aw,)
= Dav|a(wl) + Aﬂav|a(w2)
= sz'a(vvwl) + )\DQf|a(’U,’U)2)

Now suppose m =1, i.e. F': U — R. Then

D2F|,(v,w) = D2F|, (Z% ijez)

= Zv@zm e, e;)w;
= TH()
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where

H(a) = (D*F|,(e;,¢5) = (D Fl,)
is the Hessian matriz of I at a.
Example. Let F: R? - R, F(x,,1,) = 2122, then

D F=122323 D, F =83,
Do F =832y Doy =217

H(1,1) = (182 2)

D?F|11)((3,1),(1,2) = (3 1) (182 2) (é)

SO

and

Definition (C? space). F : U — R is C? if Fiis C! and all second partial
derivatives D, F exist and are continuous on U. If so F' € C?(U).

Remark. We conduct a reality check that F' € C?(U) does imply that Fis twice
differentiable: if F € C?(U) then D,F € C*(U) for all i. Since o, (z) = DF|,(v)
it follows that

zn:vDFecl U).
=

By Theorem 4.10 ¢, is differentiable for all v so F'is twice differentiable on U.

Theorem 4.19 (Symmetry of Mixed Partials). If U C R? is open and
F € C*(U) then
Do F =Dy F.

Lemma 4.20.

1
Doy F, :}llig(l)ﬁ(F(al—|—h,a2+h)—F(a1+h,a2)—F(al,a2—|—h)+F(a1,a2)).

Note. h € R, not R2.

Proof. The proof is similar to the proof of Theorem 4.10 in that we apply Mean
Value Theorem to a two step estimation.

(aj,a9 +h)e o(a; +h,ay +h)

(aj,ay)® o(a; +h,ay)
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Let

A =F(ay + hyag + h) — F(ay + hyay) — F(ay,a5 + h) + F(aq,a,)
A(t) = F(ay + h,t) — F(ay,t)

so that

A = A(ay + h) — A(ay)
A'(t) = DyF (4, +h,t) — DoF(ay 1)

By Mean Value Theorem applied to A, we see that
A= h- A (y(h))
where x4(h) € [ag, ay + h]
=1 (Do Fl(a sy — DaFl(ay g
=h-(B(a; + h) — B(a,))
where
B(s) = Dy Fl( 4,0
B'(8) = Dy(DoF)(5,0y(n)) = P21 Fl(s,05(n))
so by Mean Value Theorem again
= W2 D1 gy (b))

In summary, A = h*Dy, F|, ) ) 50

A
}lgl%ﬁ = }ILILI%)DmF(xl(h)al‘z(h))

where x4 (h) € a1, a, + h],z5(h) € [ag, as + h]. Thus we know
}Lim(xl(h>a‘r2(h)> = (a1, a9).
—0
Since F' € C?(U), D4, F is continuous so
A
lim Doy F(x1(h),29(h)) = Dy F|, = lim —..
h—0 -0

O

Proof of Symmetry of Mixed Partials. This should be almost apparent from the
symmetry of the expression on RHS above. Let G(z,x5) = F(xy, ;). Then

2)12}7‘|(¢11,¢12) = 2)21G|(ag,az)

1
= lim -5 (G(a; + h,ay +h) — G(ay,ay + h) — G(a; + h,ay) + Glay, ay))
h—=0 h?2

1
:}Ilig(l)ﬁ(F(al+h,a2+h)—F(a1—|—h,a2)—F(al,a2+h)+F(a1,a2))

= 921F|(‘117a2>
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4 Differential Calculus on R™

Corollary 4.21. Suppose U C R" is open, F € C*(U). Then
DijF|a = DjiF|a
foralll<i<j<nandalla€eU.
Proof. Apply Symmetry of Mixed Partials to

G(21,29) = F(Qy, ey Qi 1,81, Qg5 03 Qg T, Aoy e, Q)

To summarise, if ' € C?(U) then the Hessian matrix
H|, = (DijF|a)
is symmetric. We have proved that the second derivative is given by
D2F|, :R*" xR* - R
(v,w) = vTH| ,w
so D2F|, is a symmetric bilinear form:
D2F|,(v,w) = D?F|,(w,v).

We could rephrase our theory for second derivatives developed so far using
the language of linear maps, which gives an alternative description from a slightly
different point: if f: U — R™ is C?, then

Df:U— LR",R™) =M
D(Df)

R) = R™"

m,n(
€ L(R™, L(R",R™)).

la

ie. if we R" ve R,
D(Df)la(w) € LR, R™).

Define a function
B(v,w) = (D(Df)]a(w))(v)

which is a clearly bilinear map R” x R™ — R™ and it is not hard too see that
B(v,w) = D*f| (v, w)

as we defined it.
4.6.1 Third and Higher Derivatives

Definition (C* space). F: U — R is C* if the partial derivatives D, F are
Ck1lforall<i<n.
If F € C*(U), define the kth derivative

DFF|, : RN =R
(V1 ooy 0) > D(DFF (v, v ) 0 (0g)

which is a symmetric multilinear form.
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4 Differential Calculus on R™

Note. The above definition also applies to F': U — R™.

4.7 Taylor’s Formula

Let U C R" be convex and open, F' € C¥(U) and z(,z, + v € U. Define
f(t) = F(zy + tv).
Note that f:[0,1] — R.

Proposition 4.22. f is k-times differentiable and

fE(t) = DkF\%HU(v, ey V).
Proof. 1If G € C*(U), g(t) = G(z + tv) then
g/(t) = DUG|xO+tU - 9G|m0+tv(v)' (*)
Proof is by induction on k. k =1 is (x) with G = F. In general define
h(t) = fED (@)
= Dk71F|z0+tv(vﬂ 7”)
= H(xzq + tv)

where H(z) = DF1F| (v, ...,v).
Applying () to h gives
FO(t) =h(1)
= pH|w0+tv(v)
= D(D*1F(v,...,v))(v)
= DFF(v,...,v)
O

Corollary 4.23 (Multivariable Taylor’s Formula). If U is open and conver,
T, Tg +v €U and F € CF(U) then

l'O +U Z $2F|x0 ) klﬂkFlaco-i-tv( ,’U)

for some t € [0, 1].

Proof. This seems like a horrible mess but, like many other things we have
encountered in this course, its nothing more than ideas from IA Analysis I
applied new (actually gneralised from old) definitions. Define

F(t) = F(zy + tv).

Then the single variable Taylor’s formula says that
k—1

F) =3 OO + 2 1k

i=0
for some t € [0,1]. Subsituting the formula for f*) as in the proposition above
gives the result required. O
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4 Differential Calculus on R™

4.8 Speed & Distance

Well the title says all. This a bewildering section that doesn’t seem to go
anywhere or belong to any part of this course. Nevertheless it is required by the
faculty.!

All norms are Euclidean norms in this section since we require inner product.

Lemma 4.24. If o : R — R" is C' then
d
@Ol < e’ )]
Proof. |la(t)] = (- a)'/? so

%(a ca)l? = %(a ca) 1220 - @)
_da
()2

le/ [l

el

=[]

by Cauchy-Schwarz. O

Corollary 4.25. If v: R — R" is continuous then

/ 1 fy(t)dtH <[ (o) e

Note. If v(t) = v(t) is the velocity then this says displacement is smaller than
distance on the odometer.

Proof. Let a(s) = j(;s ~(t)dt. Then by the lemma

Lol < o' (9 = ()]

where the equality comes from Fundamental Theorem of Calculus. Let §(s) =
Jy Iv(@)lidt then 8'(s) = [[y(s)].
Since ||a(0)|| = £(0) and

Lla(s)l < h(s)l = S 5(s),

lac(s)]| < B(s)
for all s > 0. Take s =1 to get the result required. O

And that marks the end of this vestigial section.

L« All right let’s go ahead and get started.”
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5 Metric Spaces

5 Metric Spaces

In this chapter we take a short break from differential calculus (but don’t forget
them! We will need them shortly after).

5.1 Definitions

Definition (Metric space). A metric space is a set X with a distance function
D: X x X — R satisfying

1. positivity: d(z,y) > 0,d(z,y) = 0 if and only if z = y.

2. symmetry: d(z,y) = d(y,z) for all z,y € X.

3. triangle inequality: d(z,z) < d(x,y) +d(y, z) for all z,y,z € X.
Example.

1. A normed space (V,||-]) is a metric space with
d(v,w) = |Jv —w]|.

Proof.
(a) d(v,w) = |v—w| >0 and d(v,w) = 0 if and only if |v, w| = 0 if and

only if v —w = 0 if and only if v = w.
(b) d(v,w) = |v—w|=[(=1)(w—2)| =] 1] |w—v]| = d(w,v).
(¢) d(vy,v3) = [lvy —vs]| < vy — vl + [vg — v3| = d(vy,vy) + d(vg,v5).

O

2. If (X, d) is a metric space and Y C X then (Y,d|y,y) is metric space. We
say Yis a subspace of X.

3. For any set X, let

d(x,m{é Y

which is the discrete metric.

Most of the definitions and theorems we gave about subsets of normed spaces
apply equally well to metric spaces by replacing v — w| with d(v,w). Actually
metric is a more fundamental concept than norm: every norm induces a metric
as outlined above but not vice versa. This means that we could have organised
the contents in a more structured and formal way by introducing metric spaces
and its properties upfront and subsequently allowing normed spaces to inherit
these properties. However, we choose not to do so since

1. for most of the course up to this point, properties of metric spaces are in a
sense add complexity but not richness to our theory because we work with
R™ and function spaces, which come with a normed structure. Differential
calculus in high dimension is already hard and we don’t want to make
things more complicated.
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5 Metric Spaces

2. in fact, we don’t use metric properties until the last chapter. It might be
better to give an ad hoc definition here lest one forget if we do it at the
very beginning.

That is enough digression about the structure of the course. As promised,
here are some definitions and results that generalise easily those from normed
space. You should find them at this point very familiar (and more so if you’ve
taken IB Metric and Topological Spaces).

Definition (Convergence). A sequence (z,,) in X converges to x € X if for
every € > 0, there exists N such that d(x,,,z) < & whenever n > N.

Definition (Continuity). If (X, d,) and (Y, dy) are metric spaces, f: X — Y
is continuous if (f(x,)) — f(x) with respect to dy whenever (z,) — 2z € X
with respect to dy.

Proposition 5.1 (Alternate characterisation of continuity). f is continuous
if and only if for every ¢ > 0 and x € X, there exists § > 0 such that
d(f(z"), f(z)) < e whenever d(z’,x) < 4.

Definition (Open ball). The set
B.(z)={2' € X :d(a',z) < r}

is the open ball of radius r centred at x.

Definition (Closed ball). The set
B.(z)={2" € X : d(a',z) <r}

is the closed ball of radius r centred at .

Definition (Open subset). U C X is an open subset of X if for every x € U,
there exists € > 0 such that B, (z) C U.

Proposition 5.2. If f: X — Y is continuous and U C 'Y is open then

[ Uycx

s open.
We have stressed this before but in case one has forgotten,
Note. Being open (and closed) is a property of a subset, not a space.

Example. Let X = R with metric d(z,y) = [z — y|. Then [0, 1) is not an open
subset of X. If Y = [0,1] C X with the subspace metric then [0, 1) is an open
subset of Y.
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5 Metric Spaces

Definition (Closed subset). C'is a closed subset of X if X \ C'is an open
subset.

Proposition 5.3. C C X is closed if and only if whenever (z,) — x in X
and x,,’s are all in C then x € C as well.

Definition (Cauchy sequence). A sequence (z,,) in X is Cauchy if for every
€ > 0 there exists N such that d(z,,,z,,) < € whenever n,m > N.

Definition (Completeness). X is complete if whenever (z,,) is a Cauchy
sequence in X, there exists € X such that (z,,) — =.

Proposition 5.4. Suppose X is a complete metric space and C C X 1is
closed. Then C with the subspace metric is also complete.

Proof. Suppose (z,,) is a Cauchy sequence in C. Then (z,,) is also a Cauchy
sequence in X. Since X is complete there exists € X such that (z,,) — =.
Since C' C X is closed = € C so C is complete. O

Joke. This is a story about John Conway. Before he moved to the U.S. he was
a professor here in Cambridge. He was a very unusual guy and liked playing
games. His office was full of toys, such as balls to study sphere packing. In fact
he had two offices full of toys: the first one was filled up so he was given a second
one.

One day he had his attic repainted. When the painters finished, they left
behind this long roll of paper and an enormous pair of shears. They came back
and collect hte shears but not didn’t bother the paper.

Back then Conway was interested in finite simple group. Around that time
someone suspected a new finite simple group and Conway proposed a way to
build it. Other group theorists told Conway that, well, if you want to prove it
then just write down the character table (which is enormous). But he was too
busy to get started.

Just about then he thought it would a really good idea to use the paper at
hand to do this. He cover the floor of attic with paper and started working on
the character table. And indeed he found it, so now we have a finite simple
group (actually three) called Conway group.!

5.2 Lipschitz Maps
Suppose (X,dx) and (Y, dy,) are metric spaces.

Definition (Lipschitz map). f: X — Yis K-Lipschitz, where K € R, K > 0,
if for every z, 2" € X,

dy(f(x), f(2")) < Kdx(z,2").

IMoral of the story: sometimes you just need a really big piece of paper!
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5 Metric Spaces

Say fis Lipschitz if it is K-Lipschitz for some K.

Example.

1. If fis Lipschitz then it is uniformly continuous:

Proof. Suppose fis K-Lipschitz. Givene > 0, d(f(z), f(2')) < Kd(z,2") <
¢ whenever d(x,2’) < ¢/K. O

. Suppose U C R" is open, FF € C1(U). If K = B,.(1,) C U then F|, is

Lipschitz:

Proof. The function

U—R"—R
= VE|, = [VF|]

is continuous. K is closed and bounded and thus compact. Thus by
Maximum Value Theorem there exists M such that [|[VF|,[| < M for all
x € K. K = B,(z) is convex so by Mean Value Inequality

|F(z) = F(2')| < Mz — 2/

so fis M-Lipschitz. O

I f: X — Yis Kj-Lipschitz, g : Y — Z is K,y-Lipschitz then go fis

K, K,-Lipschitz:
Proof.

d(g(f(x)), g(f(x"))) < Kad(f(x), f(2))
< K K d(z,x')

. Consequently, composition of Lipschitz maps is Lipschitz.

. If |-] and |-|" are two norms on V. Then they are Lipschitz equivalent if

and only if the maps

id: (V|- = (V)
id: (V1) — V.-

are both Lipschitz.

5.2.1 Operator Norm

Definition (Operator norm). Let Vand W be normed spaces. Given L €
L(V,W), the operator norm is

L(v
“LHO = sup ” ( )”W = sup
P pev\{o} lvlly veV\{0}

(il
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5 Metric Spaces

Remark. If Vand W are finite-dimensional, L € L(V,W) is continuous and
S(V)={veV:|v| =1} is compact. By the Maximum Value Theorem,

sup |L(v)| = max |L(v)]|-
s L] = ma 1201

so we can replace sup with maz in the definition.

Observe that if v € Vthen [L(v)| < L], - [o].

We call something a norm without checking whether it is a norm so we had
better do it now:

Proposition 5.5. H~Hop is a norm on L(V,W).

Proof. Example sheet. O
Form here on let V = (R", |-|5) and W = (R™,||).

Proposition 5.6. Suppose U C R" is open and convez, f : U — R™ is
differentiable and HDﬂz”op < M for all x € U. Then f is M-Lipschitz.

Proof. The proof for the general case is similar to that of Mean Value Inequality
and is left as an exercise. Here we want to draw our attention to the case where
fis C! and show how it arises as a corollary of Mean Value Inequality.

Given z,,x; € U, define

x:[0,1] = U

t= (1 —t)zy + tay
~v:[0,1] - R™

t fa(t)

By Corollary 4.25,

“(H)dt|| < () ||dt
/Om _/0|v<>|

By Fundamental Theorem of Calculus, LHS is

1
[ 0] = ) =201 = 1) - el
0
and by chain rule the integrand on RHS is

I @) = |2 fla @ @) S 1D F Lol - |2 (O] < Mlary =]

Thus putting everyting together we get

1 (z1) = flzo)| < Mz, — .

5.3 Contraction Mapping Theorem

In this section we will learn a new way to solve equations.
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5 Metric Spaces

Definition (Contraction map). Let X be a metric space. f: X — X is a
contraction map if it is K-Lipschitz for some K < 1, i.e.

d(f(2), f(z)) < Kd(z,z").

Intuitively, f shrinks distances, ergo the name.

Definition (Fixed point). « € X is a fized point of f: X — X if f(x) = .

Theorem 5.7 (Contraction Mapping Theorem). Suppose X is a complete
metric space. If f: X — X is a contraction map then f has a unique fized
point.

Proof. Since f is a contraction, there is some K < 1 such that

d(f(x), f(2)) < Kd(z, ).

We prove the uniqueness part first since it is short. Suppose x and z’ are
both fixed points of f, then

d(z,2") = d(f(z), f(2")) < Kd(z, ")

where K < 1. The only way for this to hold is d(z,2") =0, i.e. z = 2.

Next we prove the more interesting part about existence. Heuristically,
completeness appears in our hypothesis although it is not in any part of the
definition of a contraction map or fixed point, so we better find a Cauchy sequence
to which we can apply the condition. Pick x, € X and inductively define

Tpy1 = flz,) = fr (o).
Observe that
Ay, 0 10) = d(f (2, 0), f(2,)) < Kd(z,_q,2,)
so by induction we see that
d(@,, 2, 1) < K"d(zg,7,) = K"R

where R = d(zy,x;). Claim (z,,) is Cauchy:

Proof.
d<xn7 xn+r) < d<xn7 xn+1) + d(xn+17 mn+2) +oee d(x’l’k‘r’(‘fl’ $n+r)
<K'R+K""'R+4 ...+ K" IR
1—-K"
— Kn
R 1-K
<K"R_
- 1-K
As K < 1,
K’n
lim r =0.
n—oo | —
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Given € > 0, pick N such that % < € whenever n > N. Then for
m>n> N,

so (z,,) is Cauchy. O

Since X is complete, there exists « € X such that (z,) — z. fis Lipschitz
so it is continuous so (f(z,)) — f(x), i.e. (2,.1) = f(x). But (z,,,) = x so
by uniqueness of limits in metric space f(x) = x, i.e. z is a fixed point of f. O

Remark. How does this help us solve equations? The theorem says that the
equation f(z) = z has a unique solution and the proof shows that we can
approximate the fixed point by starting with x, € X and repeatedly applying f.

In practice, not every map is contraction so we often have to restrict the
domain of f in order to get a contraction map.

Example (Finding square roots using iteration). An elementary method to find
the square root of a non-negative number n is to let

f+(0,00) = (0,00)

1 n
T 3 (33 + x)
and iterate f.
Why does this work? We are essentially finding a fixed point of f. But then
z = f(z) = £(z+n/x) so 22 = n. Therefore the fixed point of f is precisely v/n.
That seems promising. Now we are left to show f is a contraction:

£@) = )l = 5lo+ 2 —y=2] = G —ul - 2|

Unfortunately, this means that if z and y are small fis definitely not a contraction.
To fix this, we restrict f to Iy = [/n/K,K\/n]. Then f(Iy) C I and if we
choose K = /2, for example, then

=

<j1-2/=1
zy

SO 1 1
1@ = f@)] < Jlo—yl - 1=l —y

for z,y € Iy so f|1ﬁ is a contraction map. Therefore if I start with z, € I 5

and iterate it will converge to /n.
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6 Solving Equations

In this final chapter we are going to learn methods to solve equations, first in
R"™ and then in function space.

6.1 Inverse Function Theorem
Definition (Diffeomorphism). Suppose U;,U, C R™ is open. A map f :
U, — U, is a diffeomorphism if f is a bijection and both f and f~! are C*.
Example.
1. If L € L(R™,R™) is invertible (i.e. det L # 0) then the affine map
A:R" — R"
is a diffeomorphism with inverse y > L™t (y — y,)-
2. The polar coordinates map
f:(0,00) x (0,7) = R x (0,00)
(r,0) = (rcos,rsind)

is a diffeomorphism. It is easy to see that f is bijective and C! and its
inverse is y
[ y) = ( a? +y? tan”! 7>
x

also C.

The second example gives us another way to interpret diffeomorphism: if
f:U; — U, is a diffeomorphism then (f(x), ..., f,,(x)) is a different coordinate
system on U;. This is the basis of differential geometry.

Remark.

1. If f: U — Uy and g : Uy — U, are diffeomorphisms then so is the
composition geo f: Uy — Us.

2. If U;,U, C R™ are open, write U; = U, if there is a diffeomorphism
f:U; — U,. Then = is an equivalence relation on open subsets of R”.

3. Differentiable functions are continuous so if f : U; — U, is a diffeomorphism
then it is also a homeomorphism. The converse is not true: f: R —
R,z = 2% is a homeomorphism with f~!(z) = z'/3. However f is not a
diffeomorphism since f~! is not differentiable at 0.

4. If f : Uy — U, is a diffeomorphism then f~' o f =idy, . Applying the
chain rule,

@f71|f(;c) oﬂf‘x = D(ldUl)‘x =tL€ L(Rn7Rn)
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This implies that D f], is invertible and

(DfF D) = (Dfl)

3

We can use this to prove the above proposition: f(z) = z*° is not a

diffeomorphism since D f|, = (32?) is not invertible at z = 0.

In the rest of the section we are going to prove a single theorem. This theorem
gives a sufficient condition for the existence of a local diffeomorphism. Roughly it
says that if we are interested in determining whether a map is a diffeomorphism
near a point, we only have to consider its invertibility at that point.

This theorem is of enormous importance and is considered Theorem 0 of
differential geometry:

Theorem 6.1 (Inverse Function Theorem). Suppose U C R™ is open, f :
U — R" is C' and z, € U is such that Dfl,, is invertible, then there
exists U; C U, U, CR" open with xy € U; such that f|U1 U = U, isa
diffeomorphism.

As said, this is a huge theorem and we will take two lectures to prove it so
before we start to prove it let us discuss its intuition and implications.

Remark.
1. We can choose U; = B_(z,) or U, = Bs(f(x,)) but not both at once.

2. The theorem says that if det Df|, # 0 then (fi(z),..., f,(z)) are local
coordinates on R™ near x.

3. On R, if f: R — R is C! and f’(x) # 0 then f is a diffeomorphism onto
its image. But this is false in higher dimension: that f: R” — R" is C!
with det Df|, # 0 does not imply f is a diffeomorphism onto its image.
For example, let

f:(0,00) x R — R%*\ {0}
(r,0) = (rcosf,rsin )

has
cosf —rsin 0)

sinf rcos@

Df|r,9: (

and det Df|, =7 # 0 (note that we excluded the origin in the definition,
which is always a problem for polar coordinates). But fis not injective since
f(r,0) = f(r,0 + 27). This shows that there is no global generalisation of
the one-dimensional result and Inverse Function Theorem is, in a sense, the
best alternative we can have in terms of the local generalisation thereof.

Proof of Inverse Function Theorem. As this proof is long, I will interleave it
with comments and remarks for clarity.

First consider a special case. Let f : U — R™ 0 € U, f(0) = 0 and
Dflg =1t € L(R™,R™).
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Remark. Before we prove the theorem for this special case, note that to pass
from the special case to a general case where Z)g|m0 is invertible, we consider the
function

flx) =L (g(z + 20) — g(z))
where L = Dy, € L(R",R").

The hard bit is to show that f is locally invertible near 0, i.e. there exist ¢ > 0,
d > 0 such that if y, € B.(0) then there is a unique = € Bs(0)with f(z) = y,.
If this holds, take U, = B_(0), U; = f~1(U,y) N Bs(0), then f : U; — U, is a
bijection.

The way we solve f(x) = y, is to use the tool we have just acquired: Con-
traction Mapping theorem. If we could write down a contraction map N, whose
fixed point N, (z) = z solves f(z) = y, then we are done.

Let us write done the map first. Take

Nyo(w) =z 4y, — f(z).
Check that Ny (z) =z if and only if x = z + y, — f(z) if and only if f(z) = y,.

Remark. Okay so this map works for us. The question is, how do I come up
with this map? The answer (essentially) is Newton’s method. Recall Newton’s
method in one-dimension: to solve f(z) =y, for f: R = R, let z,,,,, = N (z,,)

where fo)
Ind _ Yo —J &
Ny (z) =z + )

This easily generalises to a function f: R"™ — R": let

f\fyo (r) =z + (Z)f|w)_1 (Yo — f(x)).

It is now only one step from its final form. We simplify further by approxi-
mation Df|, ~ Df|,. By hypothesis Df|, = so we get

N, (z) = -+ Yo — f(x) =z +yo — f(2).

We want to find § > 0 such that N,[g ) is a contraction map. We first
prove it is Lipschitz:

| Lemma 6.2. There exists 6 > 0 such that N|p, o) is 1-Lipschitz.

Proof. Notice that

Now fis C! so the map Df : U — L(R™,R") = R™ is continuous. All norms
on R™ are equivalent so Df is continuous with respect to ||-||Op. Thus there

exists > 0 such that )
1251, = Dbl < 5

whenever ||z] < 4, i.e. HDNy|wHOp =|Dfl|, — L”Op <3
By Proposition 5.6, Ny|B5(O) is %—Lipschitz. O

That is one step in the correct direction. However, we still haven’t quite got
a contraction map as N, (z) may end up not in the ball B;(0). Our objective is
to make sure when y is small enough it is also small.
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Lemma 6.3. Let ¢ = g. Then if y € B.(0),

Ny(EJ(O)) C B;(0).
Proof. Suppose z € B;(0). Then
IN, (@) < IN,0)] + IN, () - N, 0)]
<[o+y— FO]+ 3l 0]

1
= lyl + 5l

b8
2 2

=9
so N,(x) € B;(0). O

In summary, we get

NylB,0) B;(0) — B;(0)

is %-Lipschitz and is thus a contraction map.

Proposition 6.4. Let € and ¢ be as above. If y € B.(0) there is a unique
x € Bs(0) with f(x) =v.

Proof. Check the hypotheses for Contraction Mapping Theorem: R™ is complete
and B;(0) C R" is closed so B,(0) is a complete metric space. Contraction
Mapping Theorem applied to N[5, o) : B5(0) = Bs(0) shows that there is a

unique 2 € Bs(0) with N, (z) = z, i.e. there is a unique = € B;(0) with f(x) = y.
To remove the bar on top of the ball, apply N, again so we get

r = N,(x) € Bs(0).

O

Corollary 6.5. There exists U; C U open with 0 € U; and Uy C R™ open
with 0 € Uy such that f|y Uy — U, is a bijection.

Proof. Take Uy = B_(0) and U; = f~1(U,) N B4(0). f is continuous so f~1(U,)
is open so U; is open. By construction f(U;) C U,. The proposition above says
that for every y € U, then there exists a unique x € U; with f(z) = y. O

So far we have got a well-define map g = (f\Ul)’1 : Uy — U;. The next goal
is to show g is C' so that f|;, : U; — U, is a diffeomorphism.

| Lemma 6.6. g is 2-Lipschitz.
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6 Solving Fquations

Proof. Suppose g(y;) = x; and g(y,) = 5. Then N, (z,) =z, and N, (z,) =
Z4. Notice that

Ny () =N, () =z +y, — f(x) —x —yo + f(z) = y1 — Yo

We have
|z — x| = [Ny, (1) = N, (z5)]
<Ny, (@1) = Ny ()| + [N, (25) = N, (25)]
< glley = 2ol + Iy — ol
50 gllzy — ol < vy — el ie l9(y1) — 9(ya)| < 2]yy — ol O

| Corollary 6.7. g is continuous.

Proof. g is 2-Lipschitz so uniformly continuous. O

Suppose y € Uy, g(y) = . We want, to show Dg|, = (Df],)~". Note that
although Df|, is invertible, we don’t know about Df|, yet.

| Lemma 6.8. Df|, is invertible.

Proof. In the proof of a previous lemma we know that |Df]|, — LHOP < 1/2. Write
A=1—Df|, so ||AHOp < 1/2. From an exercise on example sheet we know the
series B = ) " A" converges and B = (v — A)~" = (Df[,)". O

We have set up everything properly and are ready for the final step. The
ideas involved should be very reminiscent of those in the proof of (baby) Inverse
Function Theorem in IA Analysis I.

| Proposition 6.9. g: U, — U, is C'.

Proof. Fix y € U,, let g(y) = x. Since U, is open there exists n > 0 such that
B,(y) CU,. For k € B,(0), define

h(k) = g(y + k) — g(y),

ie. gly+ k) =g(y) + h(k) so f(x + h(k)) =y + k. We know f is differentiable
at x € U; CUso

y+ k= f(x+ h(k))
= f(z) + L(h(k)) + |h(K)|e(h(x))

where L = Df|, and lim;,_,, «(h) = 0 by the definition of differentiability

=y+ L(gly + x) — g(y)) + [h(k)|a(h(k))

which implies that

9y +r) = g(y) + L7 (k) — [h(k) L™ (a(h(r)).
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6 Solving Fquations

To show that g is differentiable, it suffices to show that

B LI
lim £ (@A () =0

Now g is 2-Lipschitz so
IR = llg(y + £) = g(w)] < 2|5
Since h is continuous lim,,_,, h(x) = 0. o and L™! are continuous at 0 so

tim 2O 1))y = 0.

=0 k||
by squeeze rule. Therefore g is differentiable.
We are almost there. To show g is C!, the derivative map
U, — L(R™,R")
x> (Dfl)7"

is continuous by composition. O

We have essentially done the proof. Now we have to prove the theorem in
the form stated. Begin with an obseravtion:

Lemma 6.10. Suppose f : U; — U, is Ct. If U3 C U, is open then
f|U3 Uy — f(Us) is C.

Proof. f(Uy) = (f~1)"1(U;) is open since f~! is C* and thus continuous. By
construction f|y, : U — f(U;) is a bijection. As f and ftare Ct, fly, and
(f*1)|f(U3> are C1. O

Now suppose D f |x0 = L is invertible. Let

~

f@) = L7H(f(z + x) — f(20)),
which is to say f: Ay o fo Ay where
A Ay R - R™
Ay (z) =z +
Ay (y) = Ly — flap))
are both affine diffeomorphisms. Now f (0) =0 so
Dﬂo = DAz\f(Al(x)) ° Df\Al(m o DA,y
=L 10Loy
=1

~

f: ATH(U) — R™ satisfies all requirements we used above and thus there exists
U, C ATY(U) such that ﬂg1 : U, — f(U,) is a diffeomorphism. All that’s left is
to write the correct subset on which the functions are defined.

Let U; = A,(U;) C U. Then

f|U1 = A51|f(A11(U1)) °© f|A;1(U1) ° AI1|U1'
Done! O

Remark. The proof of differentiability of g is non-examinable.
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6.2 Implicit Function Theorem

Question. Suppose f: R" — R™ is C! and y, € R™. What can I say about

f71 (yo)a
the set of solutions to f(z) = y,?
Let’s begin with a simple example. Let

F:R? =R
2

(x17x2> = 1’% — T3

Figure 1: Level sets for different y’s

For most x € R?, there exists ¢ > 0 such that B_(x) N F~1(F(x)) is the
image of a parameterised curve. But something different happens at the origin:
two curves intersect there and there is no neighbourhood of the origin in which
it looks like a curve.

Question. What is different about (0,0)?

The answer lies in the derivative of the map. DF| ) = (231, —235) €

T1,To

L(R?,R) is surjective everywhere except (0,0).

Theorem 6.11. Suppose f : R* — R™ is C', 2, € R" and Dfl,, €
L(R™,R™) is surjective. Then there is an open subset U C R"™, x, € U and
diffeomorphism h : U — U’ such that

f(I) = (hl(‘r>’ R hm(l‘))

forxzeU.
The theorem says that there are local coordinates (yi, ..., ¥, ) on R™ near z,

such that y;, = h;(z), with respect to which f is the projection of the first m
coordinates.
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6 Solving Fquations

Proof. Let Ly = Df|, € L(R",R™). L, is surjective so dimker L; =n —m by
Rank-nullity. Pick L, € L(R™,R"™™) such that ker L, Nker L; = 0. There are
many possibilities for L,, for example the orthogonal projection onto ker L; =
R™™™. Define

h:R" - R™ x R*"™™ >~ R"
= (f(2), Ly())
Then the derivative Dhl, : R"™ — R™ x R"™™ is given by (Df|, ,DL,|, ) =
(Lla LQ)
R" DU — U’

7=foh 1
S
Rm

If v € ker Dh, then v € ker Ly Nker L, = 0 so v = 0. That is to say
Dhl,, € L(R",R") is injective and thus invertible. Thus by Inverse Function
Theorem there exists U C R™ open, z, € U such that Al is a diffeomorphism.
By construction

f@) = (hy ()0 By ().

Corollary 6.12. With f and z as above, there is an open set V C R"™™
and an injective map g : V — R™ such that

FHyo) NU =g(V)

where y, = f(xy). That is to say f~(y,) is locally the image of a function
g:V—>R".

Proof. Consider the map
L:RP™ — R™ =2 R™ x R*™

Z= (y07z)

UCR — " s RrrDU’

N

Vv C R—™

Let V = }(U’), which is open since ¢ is continuous. g : V — R" is given by
g = h"1 o Then g is injective since both h™! and ¢ are, and f(z) = y, if and
only if h(z) = (y,, 2), if and only if z € Im g. O

We have the tools ready for (stating) our theorem. Before that let’s introduce
some terminologies. Let f : R™ — R™.

Definition (Critical point). « € R" is a critical point of fif Df|, is not
surjective.
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6 Solving Fquations

Definition (Critical value). y € R™ is a critical value of fif any € f~*(y)
is a critical point.

Definition (Singular). If z € f~1(y) is a critical point then x is a singular
point of f~1(y).
If y is a critical value of f then f~1(y) is singular.

And the one final definition:

Definition (Manifold). An n-manifold is a metric space X such that any
p € X has an open neighbourhood U homeomorphic to an open subset of
R™.

With these fancy languages, our previous result could be succintly stated as
follow:

Theorem 6.13 (Global Implicit Function Theorem). If y € R™ is not a
critical value of f, f~1(y) is an (n — m)-dimensional manifold.

Remark. In differential geometry, Sard’s Theorem asserts that in a sense, most
points in R™ are not critical values.

6.3 Solving ODEs

Given V : R™ — R™ which is C* (think of it as a vector field on R") and x, € R,
the main question in the section is to find a map x : (—¢,e) — R"™ for some
€ > 0 satisfying

dx

prie V(x(t)), x(0) = x,. (%)
Example. Solve

{96’1 (t) = zy sin(z,x3)

#h(t) = et el

z,(0)
2,(0)
Let’s set up a physical model for n = 2. Let R? be the surface of the ocean.
V(p) is the velocity of the current at position p. If T drop a rubber duck in
at position x; at time ¢t = 0, then x(¢) is the position of the duck at time ¢.
Then (*) says that 2%, the velocity of the duck at time ¢, equals to V(x(t)), the
velocity of the current at the duck’s position, i.e. the duck moves at the same
speed as the current. For this reason, solutions to (*) are often called flowlines
of V.
The tangent vector to x(¢) at time ¢ is x'(t) = V(x(¢)), i.e. the flowline x(¥)
is everywhere tangent to V.

with initial conditions

0
0

Remark.
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1. If |[V(p)| grows rapidly with |p| then the duck may escape to infinity in
finite time. So, the physical model being a model, shouldn’t be taken too
literally. For example for n = 1, the problem

d
d—f =z% z2(0)=1
has a solution x = ﬁ There is no solution on [0,¢) for any ¢ > 1. This

hints that we may not be able to get global solution, but only a local
solution in an e-neighbourhood of certain points.

2. Argurably a more realistic physical model would allow V to have time-
dependence, i.e.
V:RxR"—R"
and solve
dx

i V(t,x), ()

However, there is a cheap trick that reduces the problem to the previous
form. Consider y,(t),y;(t), ..., y,(t) which are components of y : R"*1 —
R™*1 satisfying

with initial conditions

0
(y1<0)a 7yn(0)) = X0

This is an equation of type (x) with V(p) = (1,V(p)). Any solution
satisfies y, (t) = t so x(t) = (y;(¢), ..., y,,(t)) is a solution to (xx). Therefore
we can reduce the problem of solving equations of type (*x) to the problem
of solving equations of type (x).

To solve this type of equation, we will use Contraction Mapping Theorem.
Recall that we need two things: a complete metric space X and a contraction
F:X—> X

Take

X, ={x:[—¢,¢] - R": x is continuous}

where ¢ is to be determined. This is a normed vector space with

Ix[ = max [x(@)]; = [lxC)ll
te[—e,e]
We showed back in Theorem 3.16 that Cla, b] is complete with respect to || -

| Corollary 6.14. X_ is complete.
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6 Solving Fquations

Proof. Suppose (x;,) is a Cauchy sequence in X_. Write x,(t) = (v 1(t), ..., 2y, (t))-
Then for 1 <i <n, (z,) is Cauchy in C[—¢,¢]. Thus there exists y; € Cl—¢,é]
such that (z;;) — y;- Then (x,) — y = (y1(t),...,,(t) in X, so X_ is
complete. O

Before we look for a contraction map note that the equation x’(t) = V(x(t))
is not good for iteration since differentiation is a map C™ — C"~!. Instead,
consider the integral equation

Mﬂ=%+/V@®Ms M)
0

| Proposition 6.15. If x € X_, x satisfies (T) if and only if x satisfies (x).

Proof. Suppose x € X,_. Then Vex : [—¢,e] — R" is continuous so the function

ym=m+/vwwm
0

is well-defined. By Fundamental Theorem of Calculus

Thus if x satisfies (1) then x’(¢t) = V(x(t)) so x satisfies (x).

Conversely, if x'(t) = V(x(t)), x is differentiable and thus continuous so
V € X_. Moreover x’(t) = V(x(t)) is continuous (since V o x is) so x(t) is C.
Integrating both sides of (x) gives (). O

Consider the map

then x solves () if and only if x is a fixed point of F. Now there is only one
question left: when is F'a contraction map?

| Proposition 6.16. If 'V is K-Lipschitz the F is Ke-Lipschitz.

Thus if V is Lipschitz, taking € small enough guarantees that F'is a contrac-
tion.
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6 Solving Fquations

Proof. For t € [—¢,¢],

[F(e)(8) = F(x2) (@)]l2 =

/vww»—w@@mS
0

2

ggwuw»w@@mm

t
g/Khw%«wm@
0
< Kt max |x;(s) — x5(5) |
s€[0,t]

< Kt Sg[lixs]\lxl(S) —%5(8) [l

= Kt|x; — x|

SO

[F(x1) = F(xo)] = t;n[jgdllF(xl)(t) — F () ()2 < Kelx; — %o

Corollary 6.17. If V is K-Lipschitz then there exists a unique solution to

() on [—e,e] for any e <1/K.

Proof. If e < 1/K then F : X, — X_ is a contraction. X, is complete so F has

a unique fixed point so (*) has a unique solution.

This is a nice result but not quite the answer to what we have asked at the
beginning of the section since V, being C'', may not be Lipschitz in general.

Question. What if V is C* but not Lipschitz?

As a common trick, choose a cut-off function p : [0,00) — R which is C! and

satisfies

0 z>2

mwz{lxgl

Now let V(p) = V(p)p(|lp — %,|)). Intuitively this weight p localises V to

the ball B, (x,).

Lemma 6.18. V is Lipschitz.
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6 Solving Fquations

Proof. V is C! so the map
R™ —» L(R",R") —» R
p DV|p > H@v\p

op

is continuous. B,(x,) is compact so there exists M such that Hﬂv\p‘ on <M

for all p € By(x,). On the other hand V(p) = 0 for p ¢ B,(x,) so 27’\7|p =0.

Thus HD,\7|pHOp < M for all p € R" so V is M-Lipschitz. O
By the corollary, the equation

% (t) = V(R(1)), %(0) = x(0) = % (5 %)

has a unique solution on [—¢,e] when ¢ < 1/M. Since V is continuous, there
exists M’ such that |[V(p)[, < M’ for all p € B,(x,), i.e. [V(p)| < M’ for all
p € R". Choose ¢ < min{1/M,1/M"}.

| Lemma 6.19. With ¢ and X as above, |X(t) — Xglly < 1 for allt € [—¢,¢].

Proof.
%(t Xg o = V(%(s))ds
(1) — o Z xtods|
_/WV&@wﬂs
0
< M'Jt|
< M'e
<1
O
So for t € [—¢, €],
X/ (t) = V(X(t))
= V(x(t)p(|%(t) — x0]2)
= V(%(1))

i.e. X solves (x).
Conversely, a solution to (%) on [—e, €] gives a solution to (x s ).
In summary, we have proved that

Theorem 6.20. If V : R" — R" is C! and x, € R", there exists ¢ > 0
such that there is a unique x : [—¢,e] — R™ satisfying

X/ (t) = V(x(1)), x(0) = X,.

Remark.
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1. If V is Lipschitz then there exists a unique solution x : R — R"™, which
solves the equation for all time ¢. See example sheet.

2. If V is continuous it can still be shown that solutions exist.

3. If V is not Lipschitz, however, the solutions may not be unique. For
example consider

a'(t) = a3, x(0) = 0.

Then x(t) = 0 and z(t) = 2 are both solutions. The reason is that
V'i(y) = %y’z/?’ is not bounded and thus V'is not Lipschitz.

6.4 General ODEs

We end our course by a brief disussion on general ODEs. In general, an ODE
may not have a solution, for (a stupid) example

(2 ()% = -1, 2(0) =1

or have many solutions
(z'(1)* =1, 2(0) = 0.

But we can reduce a general ODE into a form we are familiar with, namely
first order equation:

1. Eliminate ¢t (as a term in the equation) at the cost of adding an extra
variable. We have already shown how to do this before. For example,

t2(y')? + y3 = sint
can be rewritten as

2y (1)2(})? + 2 = sina,
x5 =1

2. Eliminate higher derivatives by adding extra variables. For example,

y'y+ ()P =1

can be rewritten as
’ 3 _
THT x5 =1
r_
Ty = Tg

3. After the previous two steps, we have reduced the problem to the form
F(y,y')=0,y(0) =Yy,
At this stage, we can try to

(a) look for solutions to F(y,,z,) = 0, which is an algebraic problem,

(b) and then use Global Implicit Function Theorem to find a function
G : B_(yy,) — R” such that
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If I find such a G, then solutions to

y'(t) = G(y(t)), y(0) =y,

will be solutions to F(y,y’) = 0.
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