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0 Introduction

Examples of derived functors:

e cohomology theory: eg sheaf cohomology, group cohomology, Lie algebra
cohomology (the latter two are deeply related to extension problems).

o Ext functor, higher direct images.

They generalise to hyperderived functors and spectral sequences and ulti-
mately, derived categories.

0.1 Categorical preliminaries

An additive category is an Ab-enriched category with all finite biproducts. An
additive category is an abelian category if

e for every morphism f: A — B, ker f and coker f exists.
e every monomorphism (resp. epimorphism) is a kernel (resp. cokernel).

Example. Modpg is an abelian category. An example that is not abelian:
Vect y, the category of vector bundles over X. Then “kernel” of f may not be
a vector bundle.

For simplicity of argument, we will not be using generalised element to do
diagram chasing in this course. Instead, we will pretend that our categories of
interests are concretisable. This is justified by

Theorem 0.1 (Freyd-Mitchell). If A is a small abelian category there exists
an unital ring R and an exact fully faithful functor A — Modg.

0.2 Homological algebra preliminaries

Let A be an abelian category. A short eract sequence is the data of morphism

A" 5 A2 A in which ¢ is monic, p is epic and ker p = im 4. We write

0 ATty AP A 0

An additive functor F' : A — B is exact if it preserves short exact sequences.
More generally we have a left-exact sequence

0 A A’

and similarly right-exact sequence.

Example. Let A = Modg. Suppose there is an exact sequence

0 M’ M M 0

Fix an R-module N and define an endofunctor F : M — M ®4 N. Then in
general we only have a sequence on the right

MN — MN — M"@N —— 0
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Proposition 0.2 (snake lemma). Given a commutative diagram with exact

rows
M’ M M" 0

O N

0 N’ N N"

then exists a morphism ker h — coker f making the snake sequence exact

ker f ker g ker h --
M M ——==5 M 0
lf /,/l’g/ lh
0 N =" 4 N N

T l |

5 coker f — cokerg —— coker h

Definition (differential object). In an abelian cateogry A, a differential
object is a pair (A, d) where A € Ob(A), d: A — A with d? = 0.

We define Z(A) = kerd to be (co)cycles and B(A) = imd to be (co)bound-
aries. Since d?> = 0, B(A) is a subject of Z(A) and we call H(A) =
Z(A)/B(A) the (co)homology of A.

A morphism of differential objects f : (A,d) — (B,d') is a morphism
f:A— Bsuchthat d' o f = fod.

Denote by Diff (A) the category of differential objects in A.

Given a morphism f : (A,d) — (B,d'), we have f(Z(A)) C Z(B), f(B(A)) C
B(B) (here “C” means being a subobject) and hence there is an induced mor-
phism H(f): H(A) — H(B). In other words, H : Diff(A) — A is a functor.

long exact sequence of cohomology (triangle) Given a short exact se-
quence of differential objects

0 A—sB-L,C 0
we call
H(4)
H(A) —> H(B)

S Ew
H(C)

an ezact triangle. The construction of the morphism ¢ is a standard exercise.
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1 Derived functors
1.1 Complexes

Definition (differential complex). A (differential) complex in A is a col-
lection of objects {A"},en and {d, : A" — A"T1}, ey with d,1d, = 0.
Define Z"(A) = kerd,,, B"(A) = imd,,_1 and H"(A) = Z"(A)/B"(B).
A morphism of complexes f : (A®,d) — (B*,d’) (of degree 0) is a collec-
tion f = {f, : A" — B"™ such that for each n € N, d}, o f,, = fn110dp.
Denote by Ch(A) the category of complexes of objects in A.

Note that given a morphism f : A* — B®, we have morphisms H"(f) :
H"(A) — H™(B) for all n € N.

Example (de Rham cohomology). Let X be a smooth manifold and Q*(X) the
collection of differential k-forms on X. Then exterior derivative d : QF(X) —
QF+1(X) satisfies d?2 = 0. We call the cohomology of the complex (2°*(X),d
the de Rham cohomology of X, HX; (X) = H*(Q*(X),d).

Suppose X = U UV where U,V are open. Then

0 —— QFX) —— Q¥ U) e (V) —— Q*UNV) —— 0
wr——— (w|y,w|v)
(Vﬂ’) = Vlunv — T|UNV

is exact for all k.

We say a sequence of morphisms of complexes A®* — B* — C* is exact if for
each n the sequence A™ — B™ — C™ is exact.

Theorem 1.1. If
0 —— (A%, d) —— (B*,d) —— (C*,d") —— 0

is exact, we have a long exact sequence

—— H"(A) —— H"(B) —— H™(C) —— H"Y(4) — -

Example (Mayer-Vietoris sequence). The short sequence of de Rham com-
plexes in the previous example gives

0 » Hp(X) —— Har(U) ® Hig(V) —— Hir(UNV

() s

1.2 Homotopics of complexes
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Definition (chain homotopy). Two chain maps f,g : (A®,d) — (B®,d’') are
chain homotopic if there exists z, : A — B" ! such that

Jfn—9n =2nt10dn +dp_102p.
| Proposition 1.2. If f and g are chain homotopic then H™(f) = H"(g).

| Definition (homotopic complex). Two complexes A® and B® are homotopic
if there exists f : A* — B®,g: B®* — A® such that go f ~id s, fog >~ idpge.

| Proposition 1.3. Homotopic complexes have isomrphic cohomologies.

Definition (quasi-isomorphism). We say a map between two complexes
f: A®* — B* is a quasi-isomorphism H™(f) is an isomorphic for all n.

Proposition 1.4. Given a complex A®, if idge ~ 0 then H"(A) = 0. In
other words if the identity is null-homotopic then it is acyclic.

More generally, if a complex A® has null-homotopic identity from degree ng
then H"(A) = 0 for all n > ny.
| Proposition 1.5 (Poincaré lemma). H5;(R") =0 for k > 0.

Proof. Recall Hi (M) = H*((2*(M),d)). We must find z : QF(R") — QF~1(R")
such that. Given w € QF(R"), write

w = Z Wiy i da™ Ao AdatE
i <o <ldg
Set
k 1 R
(zpw)(x) = Z z:(—l)p*1 (/ i (txdt)) z'rdz’ A date A - - date
i1 <o <iy, p=1 0

Integration by parts gives the desired result. O

1.3 Left and right exact functors

Left and right derived functors are dual to each other so it suffices to deal with
one of them.

Definition (left exact functor). An additive functor F' : A — B between
abelian categories is left exact if given an exact sequence

0 A A A" 0

in A,

0 —— F(A) F(A) F(A")




1 Derived functors

| is exact in B.

Example.

1. Given B € A, Hom(B,—) : A — Ab is left exact. So is Hom(—, B) :
A°P — Ab.

2. Given M € Modpg, — ®r M is right exact.

1.4 Resolution

We will define right derived funcotrs R‘F of a left exact functors F are defined
using injective resolutions.

Definition (resolution). Suppose A € A. A resolution of A is a pair (L®,€)
where L* € Ch(A) and €: A — L° a morphism such that the sequence

do

0 A——1I° Lt

is exact.

Example. By Poincaré lemma, (Q°,¢) is an resolution of R, where € is the
inclusion of smooth functions.

In an abelian category A, the following diagram is a pushout
A—71 B
9 |

C —— BaC/im(f,—g)

Proposition 1.6. Given a short exact sequence in A

0 Aty A By g 0

then TFAE:
1. i has a retraction,
2. p has a section,

3. A=A @ A", with i inclusion in the first factor and p projection onto
the second factor.

If any of these conditions hold then the short exact sequence is said to split.

Proposition 1.7. Let I € A. Then TFAE:
1. Hom(—, 1) is exact,

2. ifi: A" — A is monic then for all f : A’ — I exists g: A — I such
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that goi = f

3. every short exact sequence

0 1 A A" 0

splits.

If any of these conditions holds then I is called an injective object of A.
Proof.

e 1 < 2: given an exact sequence

00— A —L A9, 4" 4

Hom(A,I) o, Hom(A’,IT) — 0 is exact if and only if 2 holds.

e 1 = 3: applying the exact functor Hom(—, ) to the exact sequence,
we can find f € Hom(A, I) such that f oi=id;.

e 3 = 1: assuming all such exact sequences split, we prove j* : Hom(A,I) —
Hom(A’, I) is surjective. Form the pushout P

O%A’%A

Since the top row is monic, so is the bottom row. We can find a retraction
h:P—1. Then f=hogoj=j*(hog).

O

As a first example, recall that an abelian group A € A is divisible if for all
a € G and all n € Z there exists h € G such that g = nh.

| Theorem 1.8. Divisible groups are injectives in Ab.
Proof. Exercise. O

Example. Q is divisible and

0 Z Q Q/Z 0

is an injective resolution of Z.
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Definition (have enough injectives). An abelian category A is said to have
enough injectives if for all A € A there exists a mono A — I where [ is
injective.

Exercise.

1. Show that every abelian group embeds in a divisible group, thus Ab has
enough injectives.

2. Show the extension of scalars of an injective module is injective, so Mod g
has enough injectives.

3. A has enough injectives if and only if every object has an injective reso-
lution.

Now we can start constructing right derived functors of a left exact functor.
Suppose F': A — B is a left exact functor between abelian categories and we
assume A has enough injectives. Given A € A, we take an injective resolution
A — I*. F(I*)is a chain complex but not exact in general.

Definition (right derived functor). We defined the right derived functors
of F' to be
R"F(A) = H"(F(I*))

for n > 0.

This really should be done in the derived category where there will be no
ambiguity on choices. Unfortunately for now we will stick to the classical for-
malism and instead will show R"F is well-defined up to isomoprhism, because
any two injective resolutions of an object A are homotopy equivalent.

Note that there is a natural isomorphism R°F = F. For example we will
later see that the Oth sheaf cohomology is isomorphic to global sections.

Lemma 1.9. Given an abelian category A, two injective resolutions of an
object A € A are homotopy equivalent.

This in turn follows from the lifting propery: suppose A — L*® is an injective

resolution and

do

B —1 0 It

is a complex with I*’s injective. Then a morphism f : A — B lifts to a morphism
of complexes L®* — I*. Moreover any two such lifts are homotopy equivalent.

Given this, we can also finish the definition of R™F as a functor defining
the map on morphisms: given a morphism f: A — B and injective resolutions
A—1°B— J* fliftsto g:I* — J*®. Then we define

RF(f) = H"(F(g)) : R*F(A) = H*(F(I*)) - H"(F(J*)) = R"F(B).
Again this is well-defined.

Example. Suppose A is an abelian category with enough injectives and A € A.
We have seen Homa (A, —) : A — Ab is left exact. We define the Ezt functors
to be

Ext’ (A, —) = R'Homa (4, —).
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The first Ext functor Ext! is related to the extension problem: given A, C ec
A, can we find B € A and an exact sequence

0 A B C 0

In this case B is called an extension of C' by A. One can show that there is
a bijection between Extl(C, A) and the equivalence classes of extensions under
the relation B and B’ are equivalent if there is a commutative diagram

B

AN

0—— A f c——0

N

B/
By five lemma f is an isomorphism. This is an equivalence relation.

Example. Here is an example that illustrates the duality principle. Recall
that —®r M : Modg — Modp, is right-exact. The category of R-modules has
enough projectives. Thus we define

Tor;(—, M) = F'(— ®g M).

In more detail, for N an R-module, take a projective resolution P* — N and
we define Tor;(N, M) = H'(P* @ M).

Example: Lie algebra cohomology

Definition (Lie algebra and representation). A Lie algebra g over a ring R
is a R-module with a skew bilinear operation [-,-] : g X g — g satisfying the
Jacobi identity

[z, 1y, 2] + [, [@, y]] + [y, [z, 2]] = 0

for all z,y,z € g.
A representation of g is a pair (M, p) where M is an R-module and
p: g — Endr(M) preserves the Lie bracket, i.e.

ple,yl = lp(@), p(y)]-
If (M, g) is representation, we define the invariant submodule to be
M® ={me M : p(z)(m)=0 for all x € g}.

Rep(g) is abelian. If it has enough injectives then we can derive the left-exact
functor (—)? : Rep(g) - Modpg and we can define Lie algebra cohomology to
be
H'(g, M) = R(~)9(M) = R'M?.
To show Rep(g) has enough injectives, define the universal enveloping alge-
bra of g to be
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where [ is the two-sided ideal generated by elements of the form x @y —y Rz —
[z,y]. Then by the universal property of U(g), Rep(g) = Mody ).

It can be computed using Chevalley-Eilenberg complex (C*®, d) where C* =
Homp(Alg, M). When g is free over R,

1.5 Long exact sequence of a derived functor

Suppose F': A — B is a left exact functors between abelian categories where
A has enough injectives. Suppose we have an exact sequence

0 A A A" 0

We will show there exists a long exact sequence

0 —— ROF(A) —— ROF(A) —— ROF(A")

do
FA) — RlF(A) — RIF(AN)

Recall that R°F = F, this makes precise the statement that right derived
functors measure the failure the extent to which a left exact functor fails to be
exact.

To derive this long exact sequence we want to construct a short exact se-
quence of complexes.

Lemma 1.10 (horseshoe lemma). Given a short exact sequence in A in
which there is enough injectives, we can fit it into a commutative diagram
0 0 0
0 A A A" 0
0 I° JY K° 0
0 It Jt K! 0

where the columns are injective resolutions and all rows are exact.

Proof. Take injective resolutions A" — I*, A” — J*. Let J® = I"@® K™. Clearly
they are injective objects. We construct arrows A — J® and J* — J"*! so

10
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that J*® is a chain complex making the above diagram commute, and it follows
from the long exact sequence induced from short exact sequences that it is a
resolution.

As usual induction on n. For n = —1 by injectivity of I° there is a lift
A — IY which composes to give A — JY.

0 A — A A 0

|, |

0 I° JO K° 0

By five lemma, the cokernels of the vertical maps also form a short exact se-
quence so apply the above the above procedure to the cokernels. O

Lemma 1.11. [If

0 B’ B B” 0

is a split short exact sequence in A and F : A — B is left exact then

0 —— F(B) F(B) F(B") —— 0

is short exact in B.

Proof. Let s : B” — B be a section of p : B — B”. Then by functoriality
F(p) o F(s) = idp(pry so F(p) is epic. O

Given this, we can take a short exact sequence of injective resolutions

0 I° J* K* 0

which splits in Ch(A) as I*® is an injective object. This gives a short sequence
in ChB
0 — F(I*) — F(J*) —— F(K*) —— 0

It induces a long exact sequence and by definition H™(F(I°*)) = R"F(A’) etc.

1.6 Acyclic resolution

Let F: A — B be a left exact functor between abelian categories and A has
enough injectives.

Definition (acyclic object, acyclc resolution). An object C' € A is F-acyclic
if RPF(C) =0 for all i > 0. A resolution L*® of A is F-acyclic if all L™’s are
F-acyclic.

Note that if L® is any resolution of A, there always exist morphisms H"(F(L*®)) —

R"F(A).
Proposition 1.12. If L*® is an acyclic resolution of A then H"(F(L®)) —

R"F(A) is an isomorphism for all n > 0. Moreover this isomorphism
is matural in the sense that if f : A — A’ lifts to F-acyclic resolutions

11
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g: L* — H® then the following diagram commutes

H(F(L) Y E Y En (P (H))

| |

R F(A) Y prpar

Proof. Write Z™ = ker(d,, : L™ — L"*1) 2 im(d,,_; : L"~' — L"). Then the
acyclic resolution is equivalent to the following short exact sequences

0 A Lo VA 0

0 z" " A 0

for n > 0. As L™ is acyclic, we have exact sequences
0 — F(A) —— F(L’) ——— F(Z') —— R'F(A) —— 0
0 —— R'F(ZY) —— RF(A) —— 0
for ¢ > 0. Similarly the followings are exact
0 — F(Z2") —— F(L") —— F(Z""') —— R'F(Z") —— 0

0 — Ri(Z") —— R*FY(Z") —— 5 0

SO
R'F(A)= R™'F(Z")
= R'F(Z'71)
~ P27
im F(L1)
~ ker(F(LY) — F(Z'1))
N im F(Li—1)
~ ker(F(LY) — F(L'TY))
N im F(Li-1)
= H'(F(L*))
Naturality can be checked by noting that all morphisms involved are func-
torial. O
Example.

1. A sheaf F on X is flasque if for all U C X open, F(X) — F(U) is sur-
jective. Flasque sheaves are acyclic so we may compute sheaf cohomology
using flasque sheaves.

2. Free modules are projective so we may compute right derived functors
using free resolutions.

12
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1.7 J-functors

Properties of (right) derived functors: the right derived functors R‘F : A — B
of a left exact functor F' : A — B has the following properties:

1. given a short exact sequence, there are connecting morphism ¢§’s that fit
into a long exact sequence.

2. naturality.

There are the properties we would like to extract. We thus define

Definition (J-functor). A 6-functor A — B is a collection {T"};cy of ad-
ditive functors T : A — B such that

1. for any exact sequence

0 A A A" 0

in A, there are morphisms d; : T%(A”) — T*+1(A’) such that there is
a long exact sequence

0 —— TOA") —— TY(A) —— TO(A")

THA) —— THA) —— -

2. For every morphisms of exact sequences there are commutative dia-
grams

Ti(A//) di Ti+1(A/)

l |

Ti(B//) 3; Tz‘+1(B/)

Remark. 79 is left exact.

Definition (effaceable). A functor F' : A — B of abelian categories is
effaceable if for all A € A there is a monomorphism ¢ : A — A’ such that
F(g)=0.

Lemma 1.13. If A has enough injectives and F(I) = 0 for all injective
objects I € A then F is effaceable.

Proof. Take a monomorphism 0 — A — I and apply F. O

Definition (universal 6-functor). A §-functor {T%,§;} is universal if for any
other §-functor {S%, o;} with a morphism f° : 70 — SO there are unique

13
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morphisms f?: 7% — S* such that

Ti (A”) i Ti+1

! !

Si(A//) Ti Si+1(A/)
commute for all exact sequences

0 A A A" 0

Theorem 1.14. A §-functor {T%,5;} such that T? is effaceable for all i > 0
is universal.

It follows that unviersal §-functors {T%,6;} and {S?, o;} such that T° = §9
are isomorphic via a unique isomorphism.

Corollary 1.15. Let F: A — B be a left exact functor. Assume A has
enough injectives. Then {R'F,5;} is a universal 6-functor. In particular if
{T%, 0;} is a universal 6-functor such that T® = F then T* = R'F.

Proof. From the observation at the beginning of the section {R'F,¢;} is a d-
functor. It is also effaceable since 0 — I — I — 0 is an injective resolution. [

Applications: on paracompact space Cech cohomology is the same as sheaf
cohomology: proof by showing Cech cohomology is a universal d-functor, and
0th Cech cohomology is exactly global sections.

14
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2 Sheaves

2.1 Presheaves

If X is a topological space, form the category of open sets Op(X) of X. TIts
objects are open subsets of X and the morphisms are inclusions. A presheaf of
abelian groups on X is a contravariant functor P : Op(X) — Ab. A morphism
of presheaves is a morphism of functors.

Example.

1. Constant presheaf: fix an abelian group G and define the constant presheaf
by U — G and all morphisms to be idg.

2. The sheaf of continuous functions.

For z € X, the set of open neighbourhoods ordered by reverse inclusion is a
directed set. Thus if P is a presheaf on X, we define the stalk of P at = to be

P, = lim P(U).

Usz

Elements of P, are called germs (of sections of P at x).

2.2 Sheaves

Definition (sheaf). A sheaf F is a presheaf satisfying the sheaf axioms

1. if U is an open set, {V;} is an open cover of U and s € F(U) is such
that s|y, = 0 for all ¢ then s = 0.

2. if U is an open set, {V;} is an open cover of U and s; € F(V;) are such
that s;|v,nu;, = sjlv,nu; for all i, j such that U; N U; # () then exists
s € P(U) such that s|y, = s;.

Remark. If both axioms hold then S1 implies that the s in S2 is unique.
Example.

1. The constant presheaf does not satisfy S2.

2. Let X be a differentiable manifold. Define a presheaf by U — H}g (U).
Choose U such that Hiz (U) # 0. We can cover U by contractible V;’s.
Thus we can find nonzero £ € H} (U) such that |y, = 0 for all 7. Thus
it does not satisfy S1. Note the stalk at every point is 0. We will see its
associated sheaf is 0.

Exercise. If F is a sheaf on X such that 7, = 0 for all x € X then F = 0.

2.3 Sheafification

Given a presheaf P on X, we construct the étalé space P =[], x P. together
with a natural map 7 : P — X. If U C X open and s € P(U) then
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defines a section of w. Topologise P by giving a basis {s(U) : U C X open, s €
P(U)}. Then 7 is continuous (in fact this topology is the weakest topology for
which 7 is continuous). We then define the sheafification of P, P% to be the
presheaf

U +— {continuous sections U — P},

which is a sheaf since continuity is a local property.
The natural map i : P — P induces an isomorphism on all stalks.

Example.

1. The sheafification of the presheaf U — H}g (U) in the previous section is
the zero sheaf as all stalks are zero.

2. The sheafification of a constant preseheaf is the constant sheaf, whose
sections are locally constant functions.

Proposition 2.1. For a presheaf P on X, sheafification i : P — P% has
the following universal property: for any sheaf F on X, any morphism of
presheaves f : P — F factorises uniquely through 7.

P, F

Thus given a morphism of presheaves f : P — Q, there is a natural map
f:PY — QF so sheafification defines a functor.

2.4 Exact sequences of presheaves and sheaves

If A is an abelian category then for any category B, [B,A] is naturally an
abelian category. One readily checks that a sequence of presheaves

0 P’ P P 0

is short exact if and only if

0 —— PI(U) PU) P'(U) —— 0

is short exact for all U.

Given a morphism of sheaves f : 7 — G, the presheaf ker f is always a sheaf
but this need not be the case for coker f. For example let X be a complex
manifold. Then

exp

0 Z Ox

Ox
is not exact on the right as presheaves, as exp(f)(z) = exp?™*/ (%) is not surjective

on some open sets U C X. However every x € X has a neighbourhood U on
which exp is surjective, so the sequence is exact on the stalks.

16
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Definition (exact sequence of sheaves). A sequence of sheaves

0 F F F" 0

is exact if it is exact on all stalks.

Example. Let X be a smooth manifold. Let Q% be the sheaf of p-forms on X.
Then exterior derivative d : 2% — Q%" defines sheaf morphisms and gives rise
to a complex

c Q% e Q 0

This is called the de Rham complex. It is exact in positive degrees by Poincaré
lemma. This gives a resolution of the constant sheaf R. Note that as presheaves,

H*(Q%)(U) = Hip (U).
2.5 Some constructions of sheaves

Definition (pushforward). Let f : X — Y be a continuous map. We define
functors

. f* :Shx — Shy by
[ F U F(FHU)).
It is left exact.

e f71: Shy — Shyx by defiing f~'G to be the sheafification of the
presheaf
U lim G(v).
V2f(V)

It preserves stalks so it is exact.

Proposition 2.2. f~! is left adjoint to f., i.e. there are natural isomor-
phisms
1Shy — f*f_17 f_lf* — 1shxa

or equivalently, there are natural isomorphisms

Homsn, (f7'G, F) = Homgn, (G, f.F).

2.6 Sheaf of modules

Definition (ringed space). A ringed space is a pair (X, Ox) where X is a
topological space and Ox is a sheaf of rings on X.

A morphism of ringed spaces (f, f#) : (X,0x) — (Y,Oy) where f :
X — Y is a continuous map and f# : Oy — f,Ox is a morphism of
sheaves of rings.

17
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Definition (sheaf of module). Let (X, Ox) be a sheaf of modules. An Ox-
module is a sheaf of abelian groups M on X such that each M(U) is an
Ox (U)-module and restrictions are compatible with module maps.

A morphism of sheaf of Ox-modules ¢ : M — N is a morphism of
sheaves ¢ such that ¢y : M(U) — N(U) is a morphism of Ox (U)-modules
compatible with restriction maps.

| Proposition 2.3. Modop, is an abelian category.

Example. Consider the ringed space (X, Ox) where X is a complex manifold
and Ox is the sheaf of holomorphic functions on X. Let # : £ — X be a
holomorphic vector bundle. Then we can define the sheaf £ of sections of FE by

U+ {s:U — E : s holomorphic, 7 o s = idy }.
Then £ is an Ox-module.

Example. Given any topological space X, consider the ringed space (X,Zx)
where Zx is the constant sheaef Z. Then an Zx-module is exactly a sheaf on
X.

Definition. Let f : (X,0x) — (Y,Oy) be a morphism of ringed spaces.
We define functors

e f.:Modop, — Modp, by
fM U = M(fHU))

where RHS is regarded as an Oy (U)-module via Oy (U) — f.Ox(U).
It is left exact.

e f*:Modp, — Modp, by defining f*A to be the sheafification of
the presheaf
U+ fﬁlN(U) ®(f*1(9y)(U) Ox(U)

where f~10y — Ox is obtained from f# : Oy — f.Ox using ad-
junction. It is right exact. f is said to be flat if f* is exact.

(? Claims f is flat if and only if Ox , is a flat Oy, f(;)-module for all .
Check this)

Proposition 2.4. Let f : (X,0x) — (Y,0Oy) be a morphism of ringed
spaces. Then f* is left adjoint to fi.

Sketch proof. This follows from tensor-Hom adjunction: let R,S be rings, Y
an R-module, Z an S-module and X and (R, S)-bimodule. Then there is a
bijection

Homg (Y @ X, Z) 2 Hompg (Y, Homg(X, Z)).

18
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Globalise to get

Homx (f*G,F) = Homx (f~'G @10, Ox,F)
= Homy (f~'G,Homx (Ox, F))
= Homy (f71G, F)
= Homy (G, f«.F)

O

Let (X,0Ox) be a ringed space. For Ox-sheaves M and N, we define a
preshaef Homx (M, N) by

U+~ HOInU(M|U,N|U).
This is a sheaf of Ox-module.
Exercise. Let M be an Ox-module. Show

Homyx (M, —) : Modp, — Ab
Homx (M, —) : Modp, — Modop,

are both left exact Homyx (M, —) = I'(X, —) o Homx (M, —). Upon showing
the category of sheaves has enough injectives, we can then define right derived
functors

EXté{(M, )= R Homx (M, —)
Extly (M, —) = R"Homx (M, —)

The two are thus related by a spectral sequence.

Let M, N be Ox-modules, We define M ®0, N to be the sheaf of Ox-
module obtained by sheafifying

Uw— M) ®ox () N(U).

The functor — ®o, M : Modp, — Modp, is right exact.

Proposition 2.5. We have
(M ®OX N)z = Mm ®Ox,,; NI

forallx € X.
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3 Cech cohomology

3 Cech cohomology

Let X be a topological space and P a presheaf on X. Let U = {U;} be an
open cover of X where I is totally ordered. Suppose ig < --- < ip, we use the

notation
Uz’g-ui,, = Uio n---N Ui,,-

For p > 0, we define the Cech compler (C*(U,P), ) where
cru,P) =[] PWi.,)
i< <ip
and § : CP(U,P) — CPTHU, P) is given by

p+1

k
(5a)io"'ip+1 = E (_1) Oéi(]“-%k-“ierl‘Ui0-~-ip+1'
k=0

One can check that 62 = 0. We then define Cech cohomology of U with coeffi-
cients in P to be
H*U,P) = H*((C*U,P),9)).

| Proposition 3.1. If F is a sheaf then H*(U,F) = F(X).
Proof. Suppose a € HO(U, F) = ker(d : CO(U, F) — C*(U, F)). Then o;|u,, =

ajly,, for all i, j so exists a unique & € F(X) such that &|y, = a;. This defines
amap H°(U,F) — F(X). It has an obvious inverse. O

Exercise. Compute H*(U,R) for X = S! where U consists of three arcs that
intersect pairwise but has empty triple intersection. The result is isomorphic to
Hig(X).

Suppose
0 P’ P P 0

is a short exact sequence of presheaves on X. Then for all coverings & we have
a short exact sequence of complexes

0—— C*U,P) —c'u,r) — C*U,P") —— 0
which gives rise to a long exact sequence

0 —— H'U,P") —— H'U,P) —— H°(U,P")

TUP) — HUP) — -

We would like to remove the dependency on the choice of open covering. Par-
tially order the open covers of X by refinement so they form a filtered category.
Then define

H{(X,P) = lig H'(U, P).
u
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Exercise. A presheaf is separated if it satisfies sheaf axiom 1. Show that if P
is a separated presheaf then H°(X,P) = Pi(X).

As filtered colimit commutes with finite limits (and certainly colimits) in
Ab, taking direct limit is exact so we have a long exact sequence

0 — HX,P') — HY(X,P) —— H(X,P")

HY(X,P) — H(X,P) —— -+

3.1 Cech cohomology for paracompact spaces

Lemma 3.2. Let X be a paracompact topological space and P a presheaf
on X such that P® = 0. Let U be an open cover of X and o € C*(U,P).
Then there is a refinement V of U such that 7(«) = 0 where 7 : C*(U, P) —
c*V,P).

Proof. Hirzebruch, Topological methods in algebraic geometry, lemma 2.9.2. [

For any presheaf P, the morphism P — P! induces a morphism

H*(X,P) — H*(X,P"). (%)

Proposition 3.3. Let P be a sheaf on a paracompact space X, then (x) is
an isomorphism.

Proof. Let Q1, Q2 be thg kernel and co}qernel of the presheaf morphism P — P?.
Then Qq = Qg =0so H*(X,Q1) = H*(X,Q2) = 0. We have two short exact
sequences

0 o P Z 0

0 Z Pt Q 0

By considering the long exact seqeuence of cohomology we get

H*(X,P)= H*(X,Z2) = H*(X,P".

Corollary 3.4. Let X be a paracompact space. Then a short exact sequence
of sheaves

0 F F F" 0
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induces a long exact sequence of Cech cohomology groups

0 — HYX,F) — HYX,F) — H(X,F")

HY(X,F') — HYX,F) —— -

Proof. Let @ be the presheaf cokernel of F' — FsoQ'=F". Apply H*(X,Q) =
H*(X,F") to the long exact sequence of cohomology groups of presheaves. [

Theorem 3.5. If X is paracompact then H'(X,—) : Shy — Ab together
with the connecting morphisms previously defined is a §-functor.

Proof. We need to prove that for any commutative diagrams with exact rows

0 F F F 0
L
0 g g g" 0

we have for every i > 0 commutative diagrams

Hi(X, F') =2 H*Y(X,F)

Hi(X, g//) i Hi+1 (X, g/)
Again we replace F” and G” by the respectively presheaf cokernels P and Q.

Then we have a morphism of long exact sequences of Cech cohomology groups.
In particular

H{(X,F") —— H{(X,P) — H*Y(X,F)

| |

Hi(X,G") —— H(X,Q) —— Ht(X,g)

Definition (skyscraper sheaf). Let X be a topological space, z € X and G
an abelian group. The skyscraper sheaf of G at x is

G ze€U

G(x):UH{O v ¢ U

Exercise. G(z), =0ify ¢ {z}.
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| Proposition 3.6. Modp, has enough injectives.

Proof. Let F be an Ox-module. Then F, is an Ox z-module so we can find an
injective Ox z-module I, such that F, — I,. For z € X, let j, : {z} — X.

Define

By adjunction we have
Homoy (F, ju,«1z) = Homoy , (Fz, 1)

so we obtain an injective morphism g : F — Z.
Now we show 7 is an injective Ox-module. Let S, : Modp, — Modoy, ,,F
JF, which is exact. Then

Home, (F,Z) = H Homoy, , (Se(F), 1)

zeX
As
Homp, (—,7) = H Homoy ,(—, 1) 0 Sy
reX
is a composition of exact functors it is also exact. O

In particular if we equip a topological space X with the constant structure
sheaf Zx then Shx has enough injectives.

Note that in general, given a ringed space (X, Ox), the categories Modo,
and Shx have different injective objects.

Modp, — I'(X,Ox)-Mod

| |

Shy — -~ s Ab

We look for I'-acyclic sheaves whose definition is the same in both, which will
be flasque sheaves. After that we show any injective O x-module is flasque and
hence acyclic so the right derived functors of these two coincide.

Definition (flasque sheaf). A sheaf F is flasque if for all U C X open,
F(X) — F(U) is surjective.

Do flasque sheaves exist in general? Recall that F = F%, which is defined
as the sheaf of continuous sections of its étalé space F. We define the flasque
envelope of F to be the sheaf Go(F) of all sections of F, which is flasque. One
then obtains the Godemont resolution of F as follow. Let Qp = Go(F)/F.
Take the flasque envelope of Qg and call it G1(F). Then there is a morphism
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Go(F) = G1(F). Continuing this way one get a flasque resolution of F.

0
1l
\ \L
Go(Qo) = G1(F)
{ \
0 9 Go(Q1) = G2(F)

.

We would like to show that flasque sheaves are I'-acyclic

Lemma 3.7. If

0 F' F F 0
is an exact sequence of sheaves and F' is flasque then

0 —— F(U) F(U) F'U) ——0

is exact for every open U.

Proof. Only need to show the last map is surjective. Suppose s € F"(U).
Consider the collection

{(Vit):t € F(V),9(t) = slv}

partially ordered by (V,t) < (V/,¢/) if V. C V' and ¢'|y =t. As F, — F. is
surjective for any x € U it is nonempty and by Zorn’s lemma there is a maximal
element (V,t). Now we show V = U. Suppose not, then let z € U D V. By
surjectivity on stalks can find W a neighbourhood of x and ¢ € F(W) such
that g(t') = s|w. Then t|ywry — t'|wny € ker g so it can be written as f(r) for
some r € F'(WNV). Since F is flasque, r extends to a 7 € F'(W). Then ¢t and
F(7) +t glue to a section of F(W U V), contradicting maximality of (V,¢). O

| Lemma 3.8. A quotient of flasque sheaves is flasque.

Proof. For any U C X we have a commutative diagram with exact rows

00— FI(X) — F(X) — F'(X) — 0

|

0 —— F'(U) F(U) F'U) ——0

The composition F(X) — F(U) — F"(U) is surjective and hence F"”(X) —
F"(U) is surjective too. O
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| Proposition 3.9. FEvery injective Ox-module is flasque.

We introduce a construction that will be used in the proof. Suppose U C X
open, F an Op-module. Let j : U — X. We define extension by zero jiF an
Ox-module by

VH{J—'(V) VCuU
0 Vgu

Proof. Let Oy = 51Oy as an Ox-module. Suppose 7 is an injective Ox-
module and suppose V' C U. Then we have an injection Oy < O). Apply
Homp, (—,Z), we get

Z(U) = Homo (O, T) — Homoy (O, Z) = Z(V).

Remark. In particular injective sheaves are flasque.

| Theorem 3.10. Flasque sheaves are acyclic for sheaf cohomology.

Proof. Suppose F is a flasque O x-module. Inject F into an injective O x-module
7 and let Q@ = Z/F which is flasque. Taking sheaf cohomology, we get an exact
sequence

0 — HYX,F) — H°(X,I) — H°(X,Q) —— HYX,F) —— 0
and H(X, Q) = H™Y(X,F) fori > 1. As F,Z and Q are flasque the first three

terms are already exact so H'(X,F) = 0. This holds for all flasque sheaves F
so inductively H*(X,F) = 0 for all i > 0. O

Corollary 3.11. If F is any Ox-module and

0 F FO F!

is a flasque resolution then

HY(I'(X,F*)) = H(X,F)

for alli > 0.

In particular we can take any Godemant resolution G*(F).

3.2 Higher direct image

Suppose f : (X,0x) — (Y, Oy) is a morphism of ringed spaces. We can take the
right derived functors of f. : Modp, — Modo, , called higher direct images
and denoted R'f,. Similarly we can consider the higher direct image between
categories of sheaves.

Suppose F is an Ox-module. Then we define a sheaf of Oy-modules S’}(]:)
on Y by the associated sheaf of

U— H(fY(U),F).
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Exercise.
1. {S}} defines a J-functor.
2. This o-functor is universal (this follows immediately from effaceability).

3. Show SY(F) = f.F so S} = R'f..

3.3 Comparison theorem of Cech cohomology

Let U be an open cover of X and F a sheaf on X. We construct morphisms
H'(U,F) — H'(X,F). The strategy is to promote Cech cochain to a complex
of sheaves, and then lift the identity on the global sections to a morphism to
injective resolution.

Let jig-.i, : Uig-.. i, = X. We define a sheaf
ép(u,f) = H (jlolp)*f
i0< - <ip

and define ¢ : CV'Z’V(Z/{,]-') — CPTY(U, F) in the usual way. We then get the Cech
sheaf complex (C*(U, F), ).

U,

i ip

Proposition 3.12.

1. For V C X open we have

ccu,F(vV)= [[ FVNU,..)

i0<"'<ip
and in particular T(X,CP(U,F)) = CP(U, F).
2. There is a a sheaf morphism € : F — C°(U, F) defined by F(V) >t —

(tlvau, )-

3. We have a resolution of F

)

0 —— F = C'U,F) == C'U,F) — ---

Proof. € is injective by the first sheaf axiom. kerdy = ime = F by the second
sheaf axiom. To show the complex is exact in positive degree if suffice to check
exactness on stalks by exhibiting a null homotopy. Define K : CP(U,F), —
CP~Y(U,F), as follows. Suppose s, € CP(U,F) is represented by (V,s) where
wlog V' C Uj for some j. Then define

(sz)io,~<-7ip71 = (_1)0-87:0"'.7."'7;;)71
where o is the sign of the permutation (7,9, ...,9p—1) = (l0, ..., J,p—1). O

Now take an injective resolution 0 — F — Z* and we can extend identity to
a morphism of resolutions

0—— F —— C*(U,F)

|

0 F z°
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Taking global sections, taking cohomology and passing to direct limit we thus
get H*(X,F) —» H*(X,F).
In general this morphism is not an isomorphism. But we can say in general

« in degree 0 both groups are I'(X, F), so an isomorphism,
e in degree 1 it is always an isomorphism,
e in degree 2 it is always an injection.

Example (from Tohoku paper). Let X be an irreducible topological space. Let
Y1,Y> be two irreducible closed subsets such that Y1 NY; = {p,q}. Take the
constant sheaf ky on Yy UYs. Then H2(Y, ky) # H?(Y, ky).

What we want to show is
1. if X is paracompact then for all F, H*(X,F) = H*(X, F).

2. if X is a noetherian separated scheme and F a quasicoherent O x-module
then for U an affine open cover H*(U,F) = H*(X, F).

The second can be be used to show Pic(X) & H(X, O%).

Lemma 3.13. Ifi"-' is flasque and U is an open cover of X then H'(U, F) = 0
fori >0 and so H(X,F) = 0.

Proof. If F is flasque then the sheaves C?(U, F) are flasque. O

Theorem 3.14. When X is paracompact then d-functor H (X, —) : Shx —
Ab is universal.

Proof. Injective sheaves are flasque so HY(X,T) = 0 for all Z injective and all
i>0so HY(X,—) is effaceable. O

Corollary 3.15. When X is paracompact the natural morphisms I:Ii(X, -) =
HY(X,—) are isomorphisms.

Lemma 3.16. If X is a noetherian affine scheme and

0 F F F 0

is an ezact sequence of Ox-modules and F' is quasicoherent then the se-
quence is exact also as a sequence of presheaves.

3.4 Leray’s theorem

Let X be a topological space and F a sheaf on X. Then the theorem roughly
says that H'(U,F) = H'(X,F) for all i > 0 whenever U is “fine enough” to

ensure that F has no cohomology on the intersections Uy,,...;, -

27



3 Cech cohomology

Theorem 3.17. Assume there is an integer n such that Hi(UiO...ip,}') =0
Jor all 1 < i < n for all intersections Us,...;,. Then H'(U,F) = H'(X,F)
foralll <i<n.

Since for a separated scheme intersections of affines are affine and quasico-
hernet sheaves on noetherian affine schemes are acyclic, the second comparison
theorem thus follows.

3.5 Comparison with de Rham cohomology

Theorem 3.18. If X is a differentiable manifold then
H'(X,R) = Hip(X)

for allv > 0.

Definition (support of a sheaf, support of a section). If F is a sheaf on X

then its support is
supp(F) = {z € X : F, # 0}.

If s € F(U) then its support is

supp(s) = {z € U : s, # 0}.

Exercise.
1. Show supp(s) is closed.

2. Find an example where supp(F) is not closed (hint: consider j.F).

Definition (fine sheaf). A sheaf of rings F on a topological space X is fine
if it admits a partition of unity subordinated to any locally finite open cover,
i.e. if {U;}ier is a locally finite cover then there exists a family {p; € F(X)}
such that

1. supp(p;) C U; for all 4,

2. Zie]pi =1.

Theorem 3.19. If F is a fine sheaf of rings on a paracompact topological
space X and M is an F-module then Hi{(U, M) =0 fori>0 whenlU is a
locally finite open cover. Then H"'(X, M) = 0.

In other words on a paracompact space, sheaves of module over a fine sheaf
of rings are acyclic.

Proof. The second statement follows from the first since paracompactness im-
plies that locally finite covers are cofinal in all covers. For the first we show
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C* (U, M) is acyclic by constructing a null homotopy. Suppose a € CP(U, M),
we set

p
(Ka)io"'ipfl = Z(_1>k Z PjQig-ig—1jigqr--ii—1-

0 i1 <j<ik

Recall the de Rham complex

0 R % Q% e % 0

which, by the result we have just shown, is an acyclic resolution of R so it follows
that . ' '
HY(X,R) = H'((2%(X),d)) = Hig (X).

There is a parallel result in complex geometry using the Dolbeault complez.
Let X be a complex manifold. Then there is a sheaf morphism  : Q%9 — QR

such that 52 = 0. For a fixed p > 0, the 0-Poincaré lemma says that

0 0% R0 2, ot 9, qr2

is exact, where Q% is the sheaf of holomorphic p-forms. More over each Qg’éo is
a C'P-module so acyclic. Thus

HI(X,08) =~ HY((QP*(X),0)) = ng(X)7

where RHS is the Dolbeault cohomology.

3.6 Cohomology of a good cover

Definition (good cover). Let X be a differentiable manifold. An open cover
{U;} of X is good if all nonempty intersections U; are homeomorphic to
R™ (where n = dim X).

0 lp

All differentiable manifold admits a good cover. To see this one picks a
Riemannian metric on X and takes geodesic balls of sufficiently small radius
For details see volume II of Kobayashi-Narimen.

For a good cover {U;},

H*(Uiy...i,, R) = Hgp (Uig-..i,) = 0
for k£ > 0 so
H*(U,R) =~ H*(X,R) = H;(X)

for all £k > 0 by Leray’s theorem. Note that since Uiy...i, 18 connected, the
information associated to this cover is essentially combinatorial.
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4 Spectral sequences

4 Spectral sequences

We consider a collection of complexes {(Ej,dr)}rez where Ej4q is the coho-
mology of (Fy,dr). When this goes well the sequence stabilises so Ey & Ej41
for all k > kg.

For simplicity we work in the category of R-module, but the discussion
applies to all abelian categories with all coproducts.

4.1 Filtered complex

Suppose { K™}, en is a complex with differential d. Assume there is a filtration
in subcomplexes
K=Ky2Ki 2Ky 2~

meaning that d(K,) C K,. Write K;' = K, N K". Consider the associated
graded module Gr(K) = @,z Kp/Kpt1 (we set K, = K for p <0).

A double complex gives a natural filtered complex. What we consider be-
low is called first quadrant double complex. Consider {K?7}, ;en with two
differentials §; : KP9 — KP*T1a §, : KP4 — KP4+l which anticommute, i.e.
8162 + 0201 = 0,62 = §2 = 0. Consider the total complex associated to the
double complex

)

(T = @@ KP,d=25+35).
pt+g=n

Example (Cech-de Rham double complex). Let X be a differentiable manifold
and U an open cover. Let KP? = CP(U,Q%). Let § : KP4 — KPt1a d .
KP4 — KP9tl They commute so we set 6; = 4,52 = (—1)Pd.

The total complex of a double complex has two natural filtrations: the fil-

tration by columns is given by T}, = Pn>p K™. Then Gr(T), = @ >, K77
920 —
Analogously we have filtration by rows Ty = @p>0 K7™ and Gr(1") = 5o K.
n> -

Definition (regular filtration). A filtration K, of a complex (K*,d) is reg-
ular if for every n the filtration

K'=K!DK'DKPD -
is finite, i.e. there is a number ¢(n) such that K’ = 0 for p > £(n).

Both filtration of 7™ by rows and columns are regular since the double
complex is first quadrant.

Now we begin the construction of the spectral sequence. We forget for a
second the grading. Let (K, d) be a complex and consider a filtration

K=KyD>K D...

Let G = @pEZ K, which is naturally a differential object. The inclusion
Kp+1 — K, induces a morphism i : G — G with cokeri = Gr(K) =: E.
Then we have an exact sequence of differential modules

0 G —— G E 0

30



4 Spectral sequences

giving an exact triangle
H(G) —— H(G)

T

H(E)

We assume the filtration is regular, i.e. of finite length ¢. We have the
following sequence (not exact!)

0 — H(Ky) — HKp—1) — - — H(K;) — HK) — HK_1) — -+

whose direct sum we call G;. As the filtration is compatible with the differential,
i+ G — G induces H(K,) — H(Kp+1) which we also call i. Then in the
following sequence

0 — i(H(Ky) — -+ — i(H(Ky)) — HK) — HK_1) — -~

i(H(K1)) — H(K) is an inclusion so injective. We call the direct sum Gs.
Tteratively we apply @ and at each step we call G the sum of the terms in the
sequence. Eventually we get

0 — i“(H(Ky)) — -+ — i(H(K,)) — HK) — H(K_1) — ---

where all arrows are injective so can be regarded as a decreasing filtration £, =
iP(H(K,)) of H(K). The sequence then stabilises: G,11 = G, whenever r >
¢+ 1. We thus define Goo = Gy41 = @pez E,.

Let £y = H(E) and we can rewrite the above exact triangle as

GlLGl

k ljl
Ey

We define a differential dy : 1 — E; by di = j1 o k1. Let By = H(Eq,dy).
Recall that G5 is the image of i : G; — G1. We define morphisms such that
the triangle

Gy —2 Gy
N
Ey
is exact:
e 19 is induced by i1 by letting is(i1(2)) = i1 (i1(x)).
e jo is induced by j; by letting ja(i1(x)) = [j1(2)] g,
o ko is induced by k; by letting ka([y]) = k1(y).

Check these are well-defined and give the desired exact triangle.
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Iterate this process and we get a sequence of derived triangles. For r > £+ 1
the morphism ¢,. becomes injective so F;. stabilises and k,, = 0. As i is injective,

the exact triangle
Goo —= Goo
SN2
Few

becomes a short exact sequence
0 Goo —= Goo -2 B, 0

80 Eoo = @, <y Fp/ Fpt1-

Definition (spectral sequence). A sequence of differential modules {(Ey, dj)}
such that H(E}y,dy) = Ej41 is called a spectral sequence. If the modules Ej,
becomes stationary, we call the stationary value F.,. If F, is isomorphic
to the graded module associated to some filtered module H, we say that the
spectral sequence converges to H.

Thus in our motivating example the spectral sequence converges to H(K).

Remark. If {K,} has length ¢ but {E,} stablises at some ko < ¢, we say that
the spectral sequence degenerates at ro. In particular d, = 0 for r > rg.

The next step is to switch the grading on. Everything we have done so far
is compatible with grading so we just need to carefully track them through the
calculation.

Theorem 4.1. Let (K*,d) be a complex with a compatible regular filtration.
Then there is a spectral sequence {(Ey,dr)} where each Ey is graded, which
converges to the graded module associated to some filtration on H*(K,d).

Proof. G, is graded by degree: G = €D, o G where G7! = @D, o7, i H™(K)).
For every n if 7 > ¢(n) + 1 then i, : G — GT is injective, so k, : G? — GH1

is zero. Thus in every degree the derived triangle stabilises and we get a short

exact sequence

0 Gn, =, g E" 0

oo

Fr = i*™(H"(K,)) gives a filtration of H"(K,) and E%, = @, Fy'/Fp,,. O

4.2 Bidegree
In our previous example we can write
Kp/Kpi1 = @KS/KZ+1 = @K5+q/K£IiI
q€EL q€Z
then E is actually bigraded:

E=@ K,/ Kyo = @ KE'/KLTE.
pEZL P,q€L
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4 Spectral sequences

We let E5'? = K2t1/KPTd. The natural grading on E can then be seen as the
grading of the total complex of the double complex by total degree, i.e.

D B = @ KK = DK - 1
pHa=n pta=n P
As d: KT — KBTatl it descends to do : Ef? — EPTT We let
Ef’q = Hq(Eg’.»dO) = Hp+q(Kp/Kp+1)

Then by construction

Ey = H(Ey,do) = P EP?

p,q

so it is also bigraded.
Claim that d; : EP? — EPTY: for ¢ € EP? = HPYY(K, /K,y 1), write
x=[y] for y € K,,/Kp,+1. Then

di(2) = ji(k1(2)) = j1(k(y)) € HPY T (K1 /Kpro) = BPHH

since k shifts degree by 1 (so ki : HPT9(K,/Kp+1) — HPYITL (K1 q)).
Set BV = HP(E}?.dy) and dy : EY? — ENT97' denote by [~], the
cohomology class in F, of a cocycle in E,_;... (?computation postponed)

Theorem 4.2 (five term exact sequence). Assume that K =0 forp>n.
Then there is an exact sequence

d2

0 EY° HY(K) Byt E2° H2(K)

The remaining three nontrivial arrows are called edge morphisms.

The existence of the edge morphisms is the content of the following lemmas.

Lemma 4.3. For every r > 1 there are canonical morphisms HI(K) —
E%4,

Proof. Ko =K so
EY = FY/F{ = HY(K)/F}

so there is a surjective morphism HY(K) — E%4.

On the other hand for » > 1 a nonzero class in Eg’q cannot be a boundary
as E;"9t7=1 = 0, so cohomology classes are cycles. But cohomology classes are
elements in E2f1 so %4 D E2f1 D .- D E%4. Composing these two maps give
the desired morphism. O

Lemma 4.4. Assume K;) =0 for p > n. Then for every r > 2 there is a
morphism EPY — HP(K).
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4 Spectral sequences

Proof. K, =0 for p > n implies that for ¢ <0,
: +
E(IJ) q _ Kg"'q/Kﬁ_,_f — Kg-&-q

so for r > 1, Ef'? = for ¢ < 0. Thus for r > 2 each element in EPY is a
boundary so we have surjections EP0 —» Effl — -+ — EPY. Again due to the
fact K} =0 for p >n, H"(K,) =0 so

E?0 =FP/FP | =F?

p

so B2 C HP(K). Combining these two gives the desired morphism. O

4.3 Spectral sequences associated with a double complex

Let K be a (first quadrant) double complex with two differentials §; : K¢ —
KPtha 5,0 KP4 — KP4+ that anticommute. Let (T,d = &; + d2) be the total
complex graded by total degree. The filtration by columns is given by

_ n,q
L= @ K
n>p,q€L

As before from this filtered graded complex we form

et Y Lt
p

p j=0
In fact G is bigraded: if we set

q
QP — Trta — @ Kpta—ii
P
j=0

P ¢r=am

p+g=n

then

One can check
D4 _ rp+q /P4 _ pop,q
Ept =10 T = K

and dj : Eg’q — Eg7q+1 is 52, SO Ef’q = Hq(Eg’.,(SQ). Ef’q = Hp+q(Tp/Tp+1).
On the other hand T},/Tp1 = @, K?7% So (?) di = 6. Thus E57 =
HP(EY?,61).

If we use filtration by rows then 'K?? = K% and

BP9 = HY(K*P,8,),'EY" = HP('E}, 55).

The upshot is that under our assumptions, both spectral sequences converge to
H*(T).

Example (Cech-de Rham theorem). Let X be a differentiable manifold with a
good cover U. Define a double complex by

KPd — Cp(u’ Qg{) = H Qg((Uio---ip)a

g <+ <ip
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81 the Cech differential and §; = (—1)Pd. This gives E}Y = K?:¢. Apply column
filtration first, we have

B = HCPU,95). ) = [ Hi (U .0,) =

i0<...<ip

CP(U,R) ¢=0
0 q>0

where in the last equality we used U is a good cover. Thus in Ey, everything
other than the first row is 0. Thus to compute Es suffices to compute

Ego = HP(EI7O76) - HP(C.(U,]R),6> = HP(U7R)

As ds = 0, the spectral sequence degenerates at the second page so Fo, = Fs.
As E” has only one nonzero graded piece E™°, so does H"(T) so H"(T) =
E™0 = HP(U,R).

Now take the row filtration,

OP(X) q=0

"BV = HI(K*P,6) = HY(C*(U, %)) =
PO = HI(K*,0) = HO(C* (U, 9%)) {0 "

since QP is acyclic and

'EY° = HP(Q°(X),d) = Hp(X)

and again the spectral sequence degenerates at the second page so 'Ey, = 'Ey =
H(T). Thus
H*(U,R) =2 H*(T) =2 HIz(X).

Now take a direct limit of good coers, LHS also equals to H®*(X,R). Later we
will generalise this to Cech spectral sequence.
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